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FOREWORD

The competitive exams like JEE test an aspirant’s conceptual knowledge & how fast

he/ she solve the problems with accuracy. So it becomes necessary that the students

should know the short-cut methods in addition to the traditional methods of analysis.

Keeping this in mind DISHA Publication brings a unique & innovative book Autleuntic

SHORTCUTS, TIPS, TRICKS & TECHNIQUES in MATHEMATICS for JEE Main, Advanced

& KVPY to enable aspirants for advanced abilities to Solve KVPY, JEE Main & Advanced

level Questions well within the stipulated time.

An earnest effort has been made to bring the book Aufftentic SHORTCUTS, TIPS,

TRICKS & TECHNIQUES in MATHEMATICS. We have really worked hard researching for

the best possible Tips, Tricks, Techniques and Shortcut Solutions which students must

know and can utilize in the examination hall.

«  Shortcuts to help you in providing a different perspective to a concept/ problem
thus strengthening your conceptual understanding.

«  Tips provide you the Most Important Points to remember that aids in Conceptual
Understanding & Problem Solving.

«  Tricks empower you with magical tools that help you develop unique approaches
to solve a problem.

«  Shortcut Solutions provides alternate faster methods that save you a lot of time
during examination.

The book encompasses 26 Chapters, which start with Review of Key Notes and Formulae,

followed by Shortcuts, Tips, Tricks and Techniques which are further followed by

Illustrations demonstrating Shortcut Solutions. The book in all contains:

1. 250+ Chapter-wise Shortcuts, Tips & Tricks to solve JEE Level Problems.

2. 400+ lllustrations with Shortcut Solutions of JEE Level Questions including JEE
Past Years Questions.

25+ International Techniques to crack JEE Advanced Level Questions.
4. 500+ Chapter-wise JEE Level Questions Exercise with Accurate & Shortest Possible
Solutions.
5. Chapter-wise 350+ Important Key Notes Formulae.
This book provides you with hundreds of short-cut methods for the most conceptual
and relevant problems. This book can also be used as a REVISION BOOK for various
competitive exams. | hope that the book will fulfill the needs of the students for which it
has been designed. We have made our best efforts to keep the book error-free but some

errors might have crept in by mistake. We request our readers to highlight these errors
and their fruitful suggestions so that we can keep on improving this book.

Author:  Er.vaibhav Singh

No Matter where You Prepare from, keep this book as your companion.
It would definitely improve your score by 25-30%.
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‘!f\‘ / Review of Key Notes and Formulae ,

Definition: If A and B are two non-empty sets, then the rule that, for each and
every element of set A is uniquely associate with set B.
f:A->B

-~

f@)=x
Domain: All elements of set 4
Df: {1,2,3}
Co-domain: All elements of Set B
Co-Df: {1,4,9, 16}
Range: Elements of set B which are involved in mapping.
Rf— {1,4,9}
Different Types of Functions

1. Polynomial function: Function in the form of:

f(x):aox’“ralx”’hr ........... +ta ;a,#0;Degree=n
where,n,n—1,n—2 .......... are non-negative integers. Domain of f(x) = R
2. Rational function: Functions in form of
p(x)
F) = q(x)#0
q(x)
where, P (x) and ¢ (x) are polynomial in x. Domain of f (x) =R — {x : ¢(x) =0}
Function Graph Domain & Range
3. | Constant function: y Dom:x € R
N
y=1f(x)=c VxeR, y=c,c>0 Range : y = {c}
where ¢ is a constant -1
—T—>x
N
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Modulus function:

Dom:x € R

: y=-x y y=ux
v=f(x)=]|x| x<0\|/x20 Range: y € [0, 0]
> X
5. | Exponential function: y=a » a>1 Dom:x e R
y=f(x)=a" Range: y € (0, «)
where a>0,a#1
y= ax O0<a<l
X
6. | Logarithmic function: y o} Dom: x € (0, »)
o
y=/f(x)=log,x Y N Range:y € R
where a>0,a#1 ¢
7. | Signum function: y Dom: x € R
y=/(x) =8gn (x) . Range:y € {-1,0, 1}
|x] . 0
—,ifx#0 X
= f(0)=9x
0, ifx=0 -l
Dom: R
8. | Greatest integer function: ! o x e
o Range = {z}
y:f(x) N [x] | —o0O
— o123
! —0
x greatest imnteger
if x is integer less than x 0
y .
9. | Fractional part function: Dom: x & R
Range: y € [0, 1)
y=rx) = {x} 1
w}=x—[x] {
X|
10.] Trigonometric function:
Functions Domain Range
y=sinx XER yvel[-1,1]
y =cosX xeR ye[-1,1]




Functions

y=tanx xeR_{(2n+1)§} yeR
y=cotx xeR—-{nm} yeR
Y = cosec x xeR—-{nm} ye(-m,-11U[l, x)
y=secx xeRf{(2n+1)§} ye (o, -1]U[l,®)

Equal or Identical Functions:

Two functions f'(x) and g (x) are said to be identical if.
(i) Domain of /' (x) = Domain of g (x)

(i) Co-domain of f'(x) = Co-domain of g (x)

(111) f(x) = g (x) for every x belonging to their domain.
Classification of Functions:

1. One-one function: The mapping /- 4 — B

(Injective Function) is one-one function if different elements in 4 have differ-
ent images in B.

f:A—>B

x,x, €4
n#x, = f(a)#f(x)

2. Many-one function: The mapping /: 4 — B is many-one two or more than
two different elements in 4 have the same image in B.

f:A—>B

x, X, €4

—
| N Ex, = )= ()

3. Onto (surjective) function: A function is said to be onto if

3:A—>B

Range = Co-domain

\\|
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4. Into function: A function is said to be into if ‘Range # Co-domain

JA—=B
1

*Note = | Bijective function < One-one + Ont0|

Composition of Function:

Iff:4 — Band g: B — C are two functions, then composite function of fand g
are go'f: A — C will be defined as g (f (x)) = gof (x) V xe 4

Even and Odd Functions
(1) Iff)+f(x)=0Vx e Domain of f(x)

= 0dd function = Symmetric about origin
(i) Iff(x)=f(—x) V¥ x € Domain of f(x)

= Even function = Symmetric about y-axis
* Note f(x) =0 1s even as well as odd function.
Homogeneous Function:
Functions consists of variables both x & y such that f(x, y) is homogeneous if:

Jx,ty) =1"f(x, )
v

Homogeneous of degree 'n'

Periodic Function:

A function is periodic if its each value is repeated after a definite interval. So a
function is periodic if there exists a positive real number 'T' such that

f(x+T):f(x)VxeDf
* Period=nT;nel

|f +n)=f (%)

* Note: Constant function has no fundamental period.

nel




Functions
Inverse of a Function:

If f: 4 — B is a one-one and onto fn. both then we can define the inverse of the
functionas g: B— A, suchthatf(x) y = g () =x

\
Inverse of f(x).

Properties of Invertible Function:

(1) Inverse of bijective function is unique and bijective.
i H'=s

(iiD) (gof ) ' =/"log!

(1v) Inverse of a function is a mirror image about y = x line.

TIPS TIPS AND TRICKS: (T-1)

e

There are only two polynomial functions exists, which satisfies the condition

s +r(2)=re@-r(2)

are | f(x)=1xx"|;nelt:xcR

Illustration 1

1
Find the polynomial function which satisfies the condition f (x) + (—)
x

1
=71 (x). (—J of degree 3 and is always increasing function.
x

@ Short-cut solution :
f) =1+ (. degree is 3)

Now, for function is always Tsing

So, f)=1+x3 or f(x)=1-x3
Differentiate,  f'(x) =3x2>0 & f'(x)=-3x2<0
= Tsing = Tsing
Hence, we conclude that the required function is
fx)=1+ %3
e,

TIPS AND TRICKS: (T-2)

——

Ify = f(x) = [x] is a greatest integer function then,

s xel

0
[x]Jr[*x]: {_1 x,é/I
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Illustration 2

3
Find the value of j W[Z cos x] dx, where [ ] is the greatest integer function.
a

o@ Short-cut solution :
3
Using T-2 _[ R[Z cos x| dx, where [ ] is greatest integer function.

3n
Tet I= L [2 cos x] dx (D

Apply, King Property : jbf(x) dx = J-bf(a +b—x)dx

3n
- I= jo [-2 cos x] dx (2
Now, add (1) and (2)
3
= 2= _[OE[Z cos x]+[-2 cos x] dx
Since 2 cos x is not always ‘0’ or Integer
3n
= 27— [ (-Ddx
n1=2F
2

TIPS AND TRICKS: (T-3)

T—

If y=f(x)= {x} is a fractional part function.
0; xel

then, {x}+{x}—{1 : x/_'—[I

TIPS| TIPS AND TRICKS: (T-4)

e

"C and "C , simultaneously possible only when n = r

Illustration 3
Let f(x)=*"1C, g@=2"3C_, ifh(x)=/() g@®).
Then find domain and range of /4 (x).

@ Short-cut solution :

Using T-4| x+1=2x-8

= x=9

Hence domain is x € {9} and Rf: 1.
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TIPS AND TRICKS: (T-5)

T —

ax+b —-d . d
XF— 1s R—| —
cx+d @ ¢

Range of the function f'(x) =

Illustration 4

2x+1 2
X#E=
5x—2 5

Find the range of the function f'(x) =

c@ Short-cut solution :
ver-{2)
TIPS TIPS AND TRICKS: (T-6)

——

To find Range of /'(x) = cos (K sin x)
where K e R then,

IfK e [0,m) = Rangeisy € [cosK, 1]
IfK e [n,0) = Range >y e [-1,1]

INlustration S
Find range of the function y = cos (2 sin x)

@ Short-cut solution :
Using T-6 v K=2 (case M) andK <n

= Range =y € [cos 2, 1]

Illustration 6
Find range of the function y = cos (3 sin x)

@ Short-cut solution :
Using T-6 v K=3 = K<m (case ™)
= Range -y € [cos 3, 1]
Illustration 7
Find the range of the function f(x) = cos (4 sin x)

(@ Short-cut solution :
Using T-6 v K=4 = K>n (caseI®)

Hence, Range -y € [cos —1, 1]
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TIPS AND TRICKS: (T-7)

Identification of function using graph:

If it 1s possible to draw lines parallel to y-axis which cuts the curve more than
one point then the given relation is not a function and when the line cuts the
curve at only one point than it is a function.

INlustration 8
Check whether it is a function or not y2 =4 ax

@ Short-cut solution :
[Using T-7 e tax
/

T
N

~~

Vertical line cuts the graph more than one time then it is not a function.

Illustration 9
Check whether x2+ )% = a2 is a function or not

o@ Short-cut solution :
:

//\\ |
N LY

= It is not a function.
Illustration 10
Check whether y = \/; is a function or not.

@ Short-cut solution :

:

| | )

= It is a function since it cuts the curve once.



Functions

TIPS AND TRICKS: (T-8(i))

Graphical approach to check one-one or many-one function

Construct the graph and draw lines parallel to x-axis, if it cuts the graph one time
then it is a function and if it cuts more than one time then it is a many-one function.

Illustration 11
Check whether y = x? is a one-one or many-one function.

@ Short-cut solution :

U |y

\ /
N | /
AN A

It is a many-one function.

.

Calculus approach to check one-one or many-one function
Differentiate the function. y =f(x) {f(x) must be differentiable}

* If P >(0 = Monotonically = one-one function
Increases

* If P <0 = Monotonically = one-one function
Decreases

* If ;ﬂ >0 = forsome ‘x’and ? > ( for some x then function
X x

is many-one function.

Illustration 12
Check whether one-one or many-one function.
M f)=+ () f(x)=x?
‘@ Short-cut solution :
() f@)=x> = ['(x)=3x2>0 = one-one function
(i) =32 = =270 “es} Many-one fanction
x<0 = Ises
* Note: (1) All trigonometric functions are many-one function.

(2) All inverse trigonometric function are one-one function.
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INlustration 13
Check for one-one or many-one function for f(x) = log x

@ Short-cut solution :
Using T-8(ii) Ay

(1,0)

It is one-one function.

INustration 14
Check whether the following functions f (x) are either one-one or
many-one function.
@ Sl =e”
(i) f(x)=sinx
(iit) f(x) = x|

(1) f(x)=tanx,xe (—
% Short-cut solution :

W
2

0| a

1 fx)=e" One-one function.

,_>o(

i\ X

(1) f(x)=sinx ' \/ ¥ = Many-one function.
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() f(x)=|x| \ / = Many-one function.

(i) f()=tanxinxe (_g,__)

y

X = One-one function.

Illustration 15

Check whether one-one or many-one function for

f@)=f:R—>R

f(x)=x3+x2+7x +sinx

o@ Short-cut solution :
Using T-8(ii)
Differentiate  f'(x) = 3x2 + 2x + 7 + cos x
=2+ 22+ 1)+ (2x2+6)+cosx

F) = (x+1)* +(2x* +6) +cos x
>0 >6 [Tl'T]‘

= f'(x)>0 = one-one function
Illustration 16

Check whether one-one or many-one function for
fx)=x3+6x2 + 11x
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@ Short-cut solution :
USiIlg T-S(ll) \ / f’(n) >0

Differentiate f7(x) = 3x2+ 12x + 11

This 1is a parabola open upwards > X
... fln)<0
Now, we find discriminant.
D=144-132
= D >0 (two distinct roots)

So this implies  f"(x) > 0 and f'(x) < 0 both.
= Many-one function.
e,

TIPS AND TRICKS: (T-9)

Short trick to check whether onto or into function for polynomial functions.
Forx e R

Put, x> If = fx)>x»

Put, x> - If = f(x)—>-»

Hence, onto function.

Illustration 17
Check whether onto or into function.

@ f)=a
(i) f(x)=x?

o@ Short-cut solution :

(i) Since f(x) is odd function.
= x—>+w, [f(x)—>+w
x—>-wo, f(x)>-co
1) f(x)= a0x2" +a, X224
Put, x 5> +o0, f(x) >
x—>-wo, f(x)—>»
Illustration 18

Check whether the given function is bijective or not
f()=x3+5x+1 [AIEEE 2009]

@ Short-cut solution :
Using T-8(ii)

On differentiating — 1 (x) = 3x% + 5> 0s
= one-one function.

= One- one function and onto function.

} = Many- one function and into function.
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Using T-9
x>+w, f(x)2>x
x—>—-—wo, f(x)—>—w
Hence, above function is bijective.

TIPS, TIPS AND TRICKS: (T-10)

= Onto function

-

If set A contains ‘m’ elements and another set B contains ‘»’ elements, then the
(1) Total number of functions = (n)™
Forf:A—B

(i) Number of one-one function is for n = m and 0 (zero) forn <m

(111) Number of many-one function = Total number of functions — One-one function
(1v) Number of onto functions are
@ If n<m=n"-"Cn-D)"+"C,(n-2)"-"C;(n-3)" +...
®b) If n=m = n!
© If n>m = 0
(v) Number of into function are
(@) If n<m = Total number of functions — Onto functions
®) If n>m = (m)" [Total— Onto]
(vi) Number of constant functions = ».
(vii) If 4 and B are two sets having n-elements and ‘2’ elements respectively.
Then number of onto functions from 4 to B
1s 2" -2 ifn>2 and 0’ ifn>2

Illustration 19
If4={1,5,9,7, 14,22} and B= {2, 3, 5, 6}, then number of’
(a) Total functions
(b) One-one functions
(¢) Many-one functions
(d) Onto function
(e) Into functions
(f) Constant functions

G@ Short-cut solution :
Since, m=6 and n=4
(@) [ UsingT-104) | = (n)™ = (4)° = 4096
(b) | Using T-10(ii) | = Sincen <m = One-one function =0

(¢) |Using T-10(iii) | = Many-one function = Total — (One-one functions)

=4096 — 0 = 4096
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(d) | Using T-10(iv) | Since n <m

=@M -"C,(n-1)"+"C, (n—2)"+ ...
=46 4C 36+ 4C,(2)°0 A, (10 +4C,(0)°
=4096 -4 x 729+ 6 x 64 -4+ 0

=1560

(e) | Using T-10(v) | Total — Onto

4096 — 1560 = 2536
) Constant function =n =4
TIPS TIPS AND TRICKS: (T-11)

T—

If 4 and B are finite sets and /- 4 — B is a bijection, then 4 and B have same
number of the elements. If 4 has n elements, then number of the bijections from

AtoBis El

Illustration 20
If 4= {2, 3,4, 5, 6}, then the total number of bijection function in f: 4 — 4 is
(a) 110 (b) 115 (c) 120 (d) 125

o@ Short-cut solution :
Since  n=$

= 51=120 Ans. (¢)

TIPS AND TRICKS: (T-12)
In order to find fundamental period of

(1) sin 2 nm {x}) ——> ; where {x} is fractional part function
n

andn e I"
(ii)sin@n+ )7 {x} ——

() If f (x) is periodic function with fundamental period ‘T’ then

| i

S (x) will also be periodic with fundamental period ‘T’.

Illustration 21
Find the fundamental period of

(1) sin(2n({x})) (11) sin(4m{x})

C@ Short-cut solution :
; ; 1 1
==
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(1) sin (47 {x})

Using T-12(ii)

Illustration 22
Find the fundamental period of f(x) = sec x

@ Short-cut solution :
- - B 1
Using T-12(i) | f(x)= .

Since period of cos x is 271
Hence period of /' (x) = sec x is also 27.
INlustration 23

= |T=

3 |~

1
2

M| =

1
Find the fundamental period of f(x) = N
anx

% Short-cut solution :
7 = oot

Since fundamental period of cotx =1s ‘n’

Then, fundamental period of +/cotx = .

Jtan x
TIPS AND TRICKS: (T-13)

is also ‘w’

e

If f (x) 1s periodic with fundamental period ‘T’ than f (ax + b) is also periodic

with fundamental period %
a

Illustration 24
Find the fundamental period of £ (x) = sin (2x + 3)

o@ Short-cut solution :
Using T-13 | Since fundamental period of sin x is 27

T = T
= T-— = T-n
12]

INustration 25
Find the period of /' (x) = {-3x + 5} where {*} is fractional part function.

O@ Short-cut solution :
Using T-13 | Since period of y = {x} is 1

Hence, T = L = T=-=
|-3] 3
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TIPS AND TRICKS: (T-14)

—

Let f(x) and g (x) be the two functions which are periodic then period of 4 (x)
=f(x) +g)is ‘ LCM of T, and T, | as one its periods.

where, T, T, are period of f (x) and g (x) respectively.

*Note: LCM of irrational number = EERs fuymeraio

HCF of denominator

Illustration 26
Find period of /' (x) = cos (sin x) + cos (cos x)

@ Short-cut solution :

Since, period of cos (sin x) is w and priod of cos (cos x) is @
Hence the priod of f (x) = LCM (@, m) = 7.
INustration 27

Find period of f(x) = —sin 2x + cos3—x .

% Short-cut solution :
Using T-13 | Since period of —

cos2x . 10_7:

sin2x

is7n

and period of

Using T-14
h 107
Hence, the period of f'(x) = LCM (71‘5, T)

LCM of N’ _LCM (7x,10%) _ 70
HCF of D" HCF (1, 3) 1

TIPS AND TRICKS: (T-15)

L

T—

Let y=f(x)is a function and it satisfies the relation f(m + a) + f(n + b)
= constant then period of this junctionis 2|b—a] .

Illustration 28
If f(x)+f(x+5)=12, the period of f (x) 1s:



Functions

0@7‘ Short-cut solution :

Using T-15 | 2|5 0| = 10.

INlustration 29
If f(x+2)+f(x+9)=30, then period of /' (x) is:

G@ Short-cut solution :
29-21-14
TIPS TIPS AND TRICKS: (T-16)

T—

[x]+[x+l}+[x+%}+...+[x+—} [nx]
n n n

where, » € N and [*]is greatest integer function.

Illustration 30
Find the value of

HE R b e ]
— |+ = — |+ |+ — |+ . +—+—
5 5 100 5 100 5 100
c@ Short-cut solution :

UsmgT—16 [nx]= |:100X—i|— 20

SHORTCUTS: (SC-1)

To find number of solution of f (x) = g (x) where f (x) and g (x) are
functions. Then draw graph for both LHS and RHS on same Cartesian
plane and find number of point of intersection.

Number of point of intersection = Number of solutions/ Roots|

Illustration 31
Find number of solution of x - ln x =1

@ Short-cut solution :
Using SC-1 |+ Inx = l;x> Oandx#0
x

1
Now, we draw graph fory=/mxandy= — ;x>0
x
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y
y=inx

~<
Il
= )=

Number of intersection = 1 = Number of solutions
Illustration 32

Find number of solutions of sin x =
(@ Short-cut solution :

x

Usmg SC 1 |Now, we will draw graphs for y = sin x and y = 0

sinx € [-1, 1]

X
= —ISESI = -10=£x<10

ARA

E.

‘We have to sketch the curve when x € [-10, 10]
Hence, number of intersection = 7 = Number of solutions.

Illustration 33
Find the number of solutions of e2* = x2.

Short-cut solution :

Using SC-1 | Now, we will draw graphs for y = ¢%¥, y = x2
y y=x

©. 1)

Number of intersection = Number of solutions = 2.
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INustration 34
Find the number of solutions of sin x = cos x in x € [0, 2].

o@ Short-cut solution :
Using SC-1 | Draw graphs of y = sin x and y = cos x
y

y=sinx

2n

Number of intersection in x € [0, 27] = 2 = Number of solutions

In order to find domain and range of function, the shortest way is to draw
graph. Graphs are also useful for one-one, many-one, onto and into.
Domain = Existence of graph along x - axis
Range = Existence of graph along y - axis

INlustration 35
Find the domain and range also check function is one-one or not in its

2
domain. f ( x) =ﬂ
x“+2x-3

@ Short-cut solution :

X -5x+4 _(x-H@-1).

4 5 _ ;o x#1,-3
Using SC-2 |1 (x) X +2x—3 (x+3)(x=1) )

First of all we will check monotonicity.

Differentiating  f'(x) w.r.t. X, we get
. d(x=4) (x+3)—-(x—-4 7
= r@= - T
de|x+3 (x+3) (x+3)
= f'(x)>0 = Increasing function
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Graph

1 y
1
1
1
1
1
1
1
1
1
1
1 1

,3 1
1
1
1

x

1 y
1 =3 0
I / [ J
1 -4
1 0, 7
h 3
1
1

= Domain: xeR-{3,1}

-3
Range: «xe€ R{l, —}

4
As shown function is one-one.

Illustration 36

fi[2, 0] > 7Y

f(x) =x2— 4x + 5 is both one-one and onto if
(a) Y=R (b)y Y=[1,x)
() Y=[4, ) (d Y=[5 =)

o@ Short-cut solution :
Using SC-2 | Rewrite, f/(x) = (x—2)>+ 1 = Parabola with vertex (2, 1)

Graph

Hence, Y =1, «).



Functions
Illustration 37
f:R—>R

x2+2mx—1;x£

f(x){ mx —1;x>

O@ Short-cut solution :

Graph

For x <0, it is parabola open upwards

g then find the value of m

For x > 0, there are three possibilities (line)

m>0 m=0 m<0

m>0 Not possible
since it is
one-one function

Vm=0
N

Same Reason

0,-1)

Hence, m<0 = me(—x,0).

Inverse of many-one function does not exist, only one-one onto
function are invertible.

ffx)=z20 or f(x)<0

Illustration 38
If f:R—> R, f(x)=x3+(a+2)x?+3ax+5 is invertible mapping.
Find ‘a’.

O@ Short-cut solution :

Using SC-3 | Invertible = One-one + Onto
Hence f(x)=20 or f'(x)<0
= L) =3x2+2x(@+2)+3a20 or <OVneRr
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Hence, 4(a +2)—49a =0
a>—5a+4<0 \/
X

=

(a-1)(a-4)=<0
= ae|l, 4]

SHORTCUTS: (SC-4)

Inverse of a function is a mirror image about y = x line. So copy the
graph along other side of y = x line.

Illustration 39
X |

2

Iff(x)=1x" ; 1=<x<4. Thenfind/~'(x)
8\/;; x>4

o@ Short-cut solution :
Draw Graph

Inverse of
=8yx
@)= AT

/
/,, q
16-—==\——~ P -
7 Inverse of /'(x) = 8 x

A

x  ; ox<l

; 1£x<16
Hence, /! (x) = \/2; *

— ; x>16
64

Even functions are symmetric about y-axis odd functions are symmetric
about origin.




Functions
Illustration 40

2
x* 5 xe(0,1] . .
Iff(x)—{z_x; >1 . Define f'(x) for x <0 if f(x) is
(1) Even function (i1) Odd function

@ Short-cut solution :

(1) Even Function

Draw graph of f'(x) using short cut = Symmetry about y-axis
Y

~
N
N
|y
3]
|
—
- _
/

x+2; xe(—o,-1)
Hence, f(x) = {xz . xe(-1,0)
(ii) Odd Function
Draw graph of /' (x) using shortcut = Symmetry about origin

-x—-2; xe(-o0,-1)
Hence, f(x) = {_xz ; xe(=1,0)

If /1 be the inverse of bijective function f(x) then £ (f1(x)) = x.

Apply the formula of f on f1(x) and use of the identity f(f 1(x)) = x
to solve for f~1(x)

Illustration 41

Find the inverse of the function f(X) =log, [x+ sz + lj;a >1
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c@ Short-cut solution :
Using Tech.

= /7 () (x))2+1 =a" (@)

and — /! (x)+ (f_l (x))2 +l=a"* (i)




10.

11.

Al Concept Booster Exercise

Functions

Find a polynomial of degree °5° which satisfies the relation f (x) + f [l)
x

=f(x)f [lJ which is always decreasing function.
X
l) =f(x) f(lJ Vx e R-{0}
X x

and the condition f(3)=- 26, then determine /"(1).

Find a polynomial which satisfies f(x) + f (

3

Find: I= _[On{z cos X} dx ; where {} is fractional part function.
The range of the function f'(x) = 7”‘Pxf3 is [AIEEE 2004]
(@ {1.2,3} (b {1.2,3.456} (o) {L.2,3,4 (d) {12345}

If f: R — S, defined by f(x) =sinx — /3 cos x + 1, is onto, then the interval

of “§” is: [ATEEE 2004]

(2 [0,3] ® [-1,1] (e 10,1] (d [-1,3]

The range of the function f'(x) = 2 t i ,X#2 18 [AIEEE 2002]

(@) R () R-{-1} (¢) R—{1} (d) R—{2}
3x—-1 -1

Therangeoff(x)—2x+1, X # 3

2 3 2
(@ R- {5} () R- {E} (c) R (d) R- {E}

The range of the function f'(x) = cos (%sin x)

(a) [cos2,1] (b) [cos%, 1:|

© [-1,1] (d) None of these

The range of the function f'(x) = cos (5 sin x)

(@) [cos5, 1] (b) [-1,1] (© [cos%,l} (d [-1,1)
Which of the following is/are the functions [AIEEE 2002]
(@ »=4x  (b) x*=8y (© x2+3y2=4 (d) [cosé,q

The function f: R — R defined by f(x) = sin x is:
(a) Into (b) Onto (¢) One-one (d) Many-one



13.

14.

15.

16.

17.

18.

19.

20.
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The period of the function f(x) = if f(x + 10) + £ (x + 20) = 50
(@ 30 (b) 40 (c) 60 (d) 20

T . TX
The period of /' (x) = COSZX+SIH?,

(a) 24 b 12 (c) 36 @ 6
The function /: R — R defined by f(x) =x2 — 3x +2
(a) Onto (b) Into (¢) Many-one (d) One-one

Given X= {1, 2, 3,4}, find all one-one, onto mappings, /: X — X such that, .....

Let E=1{1,2,3,4} and FF= {1, 2}. The number of onto functions from E
to Fis [ATEEE 2002]

(a) 14 (b) 16 (c) 12 (d)8
Suppose f(x) = (x + 1)% for x = —1, If g (x) is the function whose graph is the
reflection of the graph of f'(x) with respect to the line y = x, then g (x) equals

[AIEEE 2002]
a) —+x-1L,x2>0 b)) ——,x=—

@ -x ® T
(©) Jx+1l,n=-1 (d) Jx-1,x20
Let f: R — Rbe defined by f(x) =2x + sin x; x € R. Then fis[ATEEE 2002]
(a) one to one and onto (b) one to one but not onto
(c) onto but not one-one (d) neither one-to one nor onto
The function f: [0, 3] — [1, 29], defined by /' (x) = 2x> — 15x2 + 36x + 1 is

[AIEEE 2012]
(a) one-one and onto (b) onto but not one-one
(c) one-one but not onto (d) neither one-one nor onto

2x _ @2x

The inverse function of f(x) = PYgP=TY xe(1,1)is [JEE M 2020]

llo 1+x b llo 1-x
@ 7% T % (®) 78| T

(©) i(logé)loge(t—ﬂ (d) i(logé)logg(:—ﬂ




21.

22,

23.

24,

25.

Functions

Letf: (—g,g) — R given by f (x) = [log(sec x + tan x)]3, then

[JEE M 2014]
(a) f(x)1is odd function (b) f(x) is an one-one function
(¢) f(x)1is onto function (d) f(x) is even function
Let f(x) = ax’ + bx> + cx— 5; a, b, ¢ € constant then find /' (+7), if f(-=7) = 7.
(a) —16 (b)y —15
(© 17 (d) —20
Find the period of the function f(x)=2 + 3 cos (3x-2)
(@ 2n ® = © — @ 3
cos — » |

Find the domain of the function f(x) = 3—J§

“x-xt-=

2 2

Let f(x)= ﬁ defined from (0, 55) — [0, ) then /(x) is [ATEEE 2003]

(a) one-one but not onto (b) one-one and onto

(c) many-one but not onto (d) many-one and onto
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§§> Solutions

1. A= F)=1£x>
Since function is always decreasing is
So, f'(x)<0
=fx)=1+x" or f(x)=1-x°
) =5x*>0 or f'(x) =—5x*<0
= increasing function = decreasing function
Hence, f(x) = 1 — x° is our required answer.

2 (3 M fE)= 157

T

f(3)=1+3" f(3)=1-3"
—26-1+3" 26-1-3"
—27-3" = 31-27

Not possible =
Hence, the required function is
JW=1-¥ = fx)--
= f()=-3
3n
3. — | |Using T-3
(Z]

B 3n
I= -[0 {2 cosx} dx

Apply kmg property
— J= _[ {2 cosx} dx

Add eqns. (1) and (2)
=2]= J.;ﬂ({Z cosx} + {2 cosx}) dx

3 3
=2/ joﬂ(l)dx = 1:7“

4. (a) Weknowthatx—3>0 = x2=3
And7-x2x-3 = 2x<10 = x<£5
Hence, x=3,4,5
Now At x=3 = y=1p =1

At x=4 = y=3p =3

At x=5 = y=2P,=2
Hence, range = {1, 2, 3}.

e

e



Functions

5. (@@ Aswels'_nowthatf\/az+l’)2 <asinx+bcosx < \/‘az+b2

Hence, —2<sinx— /3 cosx<2
~1<sinx— f3 cosx+1<3

Onto = Range=Codomain = S§ e [-1, 3].

6. (b) |UsingT-5| Range >y e R {Ll}

= yeR- {—1_}
3
7. Using T-5| Range >y e R —{=
® wver ()
8. (b) |Using T-6| -- %<TC = Range isye[cos%,l}

9. (b) » 5>n = Rangeis ye[-11]
0. ) DT

(a) k x (b)
| | ’

Not a function Function
Yy

i S
oy "

Not a function Function
" y
11. (a,d)|Using T-8

_A_ = Many-one
ERNY RYEE: *

Rangeof sinx=yis y e[-1,1]

But given co-domain is y € R } = Range # Codomain

Hence, into function.




12.

13.

14.

15.

16.

17.
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(d) |Using T-15 a=10, b=20
Period = 2 [20 — 10| = 20.
(a) /(¥)= sin =X + sin =X, Since period of sin x =27
;vi %,2/
4 N
L )

27

2n
Using T-13 I=—r and Tzz?

3
Using T-14| Period = LCM (T, T,)

=LCM (8, 6) = 24.
(b, )| Using T-8 | /(x) =x2—3x+2 = Parabola open upwards
—
X
1\/2
USiI’lg T-9 X > = f(x) —3 o

x=>-0 = [f(x)>o

(24) [ Using T-10(ii) |m =4 and n = 4 f: XX

) 74P ' .

= No. of one-one functions = 24

Using T-10(iv) | Since, n=m =4

= No. of onto functions = n! =4! =24,

= Many-one function

= Into function

(a) | UsingT-10(iv) | m =4 and n=2 f:E>F

Since, n<m
=> " -"C (n-1D)"+"Cy(n -2)" -"C, (n-3)" +
4 2 4,2
2220 ()T G, x 0
=16 -2=14. E

@

Since, g (x) is reflection about y = x line of f(x)

= g (x) 1s inverse of f(x)

Hence, y=(x+1)72 = x+1:-\/; = x:—1+\/;
= fla)=—1++x ;x=z0.
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18. (a) Usmg T- 8(11) Differentiate f(x)

ffx)=2+ ([2018 IJ]C = f'(x) >0 = one-one function

Using T-9 | f(x)=2x + sinx
[-1.1]

X —> = f(x)>x
Xx—>-o = f(x)>-x

19. (d) | Using T-8(ii) | Differentiate /' (x)

f'(x) = 6x2—30x + 36 } \- /
—6(2-5x+6) 2\)(/3
For, x€[0,2] = f'(x)> 0} %

For, xe€[2,3] = f'(x)<0

Hence, many-one function.

} = Onto function .

82x —2x

20. (c) ——f()— ixe(=1,1)

8—2x
Apply componendo and dividendo

Loyl 2.8% _ g
y -1 —28%
Take log to both sides

+1 1
= 4x = logg (y—J =11 ()= —logg (
-y 4

oo | X1
1 Be 1-x

=/1w=7 o5, 8

21. (a,b,c¢) For even/odd function
= f (- x) = [log (sec x — tan x)]*

3
[ |:sec2 x — tan? xD [ [ 1 JT
=|log| —— =|log| ——
sec x +tan x sec x + tan x
= [log (sec x + tan x)]

f(x)=—f(x) = 0Odd function

For one-one function

y+1
—— | {Change base}
1=y

1-secx(secx + tanx)

Using T8(i) ]"(x) = 3[log(see  + tan ) x — 2
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= f'(x) = 3[log(sec x + tan x) | sec x
Since, f'(x) > 0 ‘ N Of(:[’: _)
= One-one function 272
Since, range = codomain € R. Hence, onto function.
22. (¢) Put x=-7
=fCN=— (@ +bB+eT-5=(@T +bB+eT)=-12
Now, put x=7
f(H=a7 +b-T+c7-5=-_12_5-_17.

23. (o) Using T-13 Since period of cos x is 2w

= Period of f(x) is 23_11: .

3 2 1
1) cosx——F= 20 2) —x—-x"——2>0
W NG @ 3 2

1 1
(x——)(x—l) <0 xe(+—,1)
2 2
% Common part
I
i

S

T
-
[
[
[
[
.
.
[
1 =
2 4

Hence, the common part is the graph will give the domain of f'(x)
So the domainis xe [5 —:| .

(+x)—x
5. (@ Wf x) = (1+x ) >0
Hence f(x) is one-one function
Since, in the co-domain — [0, ) ; ‘0’ 1s included
But in domain xz20 = f()=0
Hence, Range # Co-domain = Not onto




Inverse Trigonometric

Functions

“f I Review of Key Notes and Formulae ,

Inverse Trigonometric Function: As we know that trigonometric functions
are not one-one and onto 1.e. their natural domain and range, so their inverse
do not exist but if we restrict their domain and range, then their inverse may
exist.

2. Graphs of Inverse Trigonometric Functions

Function Graph Domain Range
53)
ye|——
0, /2) e e m . 272
, 4 (-1,0) J R
1) |y=sinlx i/ o x e [-1,1]
—==-r2
(i) |y =cos!x y xel[-1,1] |[xe]0,m
————— T
N
|
! ™
=1,0) (1,0
’ b e (_n n)
_________ LZ ; 27 2
(iii) | y = tan ! x £ xeR
_________ w2
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y=cotlx

X €R

Yy (0, m)

y=coseclx x € (oo, 1] ( —_——
/2 ye| ——, = — {0}
———————————————— o [19 (XJ) 2 2)
1 L
t t X
ﬂ 1
"""" w2
(Vi) [y =sectx YA x € (—oo, 1] -
________ T U1, ) yel0, 7] - 3
___J_m___
+ ﬁx
al, 1
1. Properties of ITF (Inverse Trigonometric Function)
Property-1
(1) sin(sin'x)=x; xe[-1,1]
(i) cos (cos'x)=x; xe[-1,1]
(iii) tan (tan~!'x) =x ; xeR
(iv) cot (cot'x)=x; xeR
(v) cosec(cosecix)=x; X € (=0, —1] U [1, »)
(vi) sec(seclx)=x; x € (-, —-1]uU |1, »)
Property-2
i) sin!(sinx)=x; Xe [—E E}
@ (sinx) 22

(i) cos!(cosx)=x;

(iii) tan~! (tanx) =x ;

(iv) cot™! (cotx) =x;
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(v) cosec! (cosecx)=x;x € [—g, g} —{0}
(vi) sec”!(secx)=x;x e [0,7] {g}
Very Important Note:

If “x’ is not given according to above domain then make it between the above
domain by using “+ nn”

. T
Ex: sin! (sinz—n) = sin’! (Slll[ﬂ'——))
3 3
= sin’! (sinzj
3
m
-3
Property-3

(i) sin!(—x)=—sin"'x Vxell1]

(i) cost(—x)=nm—cos'x Vxel[-1,1]

(iii) tan ! (—x)=tan'x VxeR
(iv) cot!(—x)=m—cot'x VxeR
(v) cosec”! (—x)=—coseclx Vx e (-, -1]U|[], ®)

(vi) sec' (—x)=m—sec'x Ve (-0 -1]U[l,®)

Property-4
n

(1) sin!'x+costx= 5 ixe [-1, 1]
n

(i) tan!x+cotlx= 5 ixe R

n
(iii) sec™! x + cosec™l x = Jixe (=0, =11 [1, )

Property-5

(i) sin7!x=cosec! (i), xe[-1,1]-{0}
(i) cos'x=sec™! (ij;x e [-1,1]— {0}

a1
cot 1= ;x>0
(iii) tanlx= x 1
-1
—mT+cot —;x<0
x
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Property-6

—n—i—tanl[x—i_—y); x<0,y<0,xy>1
- Xy
g x+y
0 tan!x+tan!yv— <tan" : <1
(1) tan  x+tan 'y [l—xy) xy

Tc+tanl(1xl) 5 x>0,y>0,xy>1
- Xy

—n+tan_l[lx+_x3;); x<0,y<0,xy<-1

af x-
(i) tan'x —tanly= tanl(1+x_3;) ;oxy>—1

m+ tan | 22 ; x>0,y<0and xy>—1
1+ xy
Property-7

sinfl[x\’l—yz i\fl—xz};x,yZOandx2+y231

Jt—sin’llix\/l—y2 iy\ll—xz];x,yZOandx2+y2>1

cos’l[xy$\/1—x2 \fl—yZJ;x,y>Oandx2+y2 <1
n'—cosfl[xy$v‘1—x2 \}l—sz;x,y>Ozmdx2+y2 >1

Property-8: Simplified Trigonometric Functions

sin"!x+sin!y=

Property-7.1

cos'x+cosly=

—n:—2tan71x; x<—1

. 2 _
1) sml1 x2= 2tan” x; —1<x<l1
+ X
n:—2tan71x; x>1
n+2tan " x Dox<—1
2
(ii) tanl( szz 2tan ' x; —l<x<l
1—x
—n+2tan7]x; x>1
af1-%7 —2tan 'x ; x<0
(i1i) cos 7 = .
1+x 2tan” x ; x20

x+y+z-xz |
1-(xy+ yz+2zx)
if x>0,y>0,z>0and (xy +)yz +2zx) <1

(iv) tan!x +tan!y+tanlz = tan”’ [
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#*Note: (i) tan ! x +tan !y + tan ' z = g ,thenxy +yz +zx =1

(ii) tan~! x + tan~! y + tan”! z = m, then xy + yz + zx = xyz.

Important Points to Remember

1) tan™!| ——=—— |=sin"' >
a* —x* a

\/1+x2+1}1—x2 1
(1) tan™" =24 Zcos'x?

\/1+x2—\/1—x2 2
Lo 3aPx=x R
(111) tan ! % =3tan '

a(a” —3x7) a

Sy =8+ 85

iv) tan”'x +tan'x, + ... +tan !y = tan' —
) ! ? " [I—SZ+S4—S6+ .......

where, S, denotes the sum of the product of x,, x,, ..., x, taken ‘K’ at a
time.

* Note: tan’l(x/i +1) = %ﬁ

b1
tan (2 —+/3)=—
@-V3)=1

TIPS AND TRICKS: (T-1

S—
“ 0’ (zero) or ‘1’ and you are done”.

This is a substitution method such that we can substitute the values of x
and y be ‘0” or ‘1’ or vice-versa. This works in maximum cases. In case

of any failure check for the other values of the variables (x, y, etc) like
1,2,3, ... etc.

% % Note: Always back check in this type.

Illustration 1

Ifx>0,y>0and x>y, then find tan1(£]+tanl(x+y
y xX=y

)4[AIEEE 2005]

s
@ 7 ® -

N

3n T
© 7 (d) 2



c@ Short-cut solution :
Using T-1|Put x=1, y=1
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T T 3.
= tan'l +tan! (0) = —+—=— Ans. (a)
4 2 4
Illustration 2
-1 a Y 2 _
If cos™ x — cos 2 = a, then 4x> — 4xy cos o + }? =
(a) —4sina (b) 4sin’a (c) 4 (d) 2sin2a
Q@ Short-cut solution :
Using T-1{Put x=y=1 = a:_E
3
Now, put ‘e’ in the required eqn.
T
= 4x? —4xy cos [-;) +1? (Cox=y=1)
1
= 4-4x —-+1=3
2
Now, check option 4, B, C, D for oo =— g
= 4xsin2a:4xsin2(—gj:3 Ans (b)

Illustration 3

-1 @xX = o a4 —a 4 a3—a
tan | L= _ +tan | 2—L |4 tan7| S—2 |+
ay+x 1+ aa, 1+ a,a;

o@ Short-cut solution :
Using T-1| Puta, =a,=a;=...a =0

= —tan”' (Zj +0+ ...+ 0+tan"' (o)
s /2
T

T tan? — cot? (Z)
2 x x
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Illustration 4

Ifx >0,y >0, then tan™" (fj —tan™ (_x — yj -
y x+y

s b1 T b 3
(@) 5 (b)) — (©) 3 (d) Zor—T

O@ Short-cut solution :
Put x=y=1

= tan™! (1) —tan™' (0) = ; Ans. (b)
Illustration 5

1 . 1-x* | . 4 |,
Ifosx< E,thenvalue of tan[sm l[i+ 3 J—sm lx] is

V2
(@ 0 ®) -1 (© 1 (d

@ Short-cut solution :
5 . 1
Using T-1| Since 0 < x £ 5 put x=0

= tan (sin_1 LJ =tanl =1 . Ans. (c)
V2

1A

4
Illustration 6

If x? + y* + z2 = k2, then value of

tan”' (ﬂj +tan”'| 22 |+ tan ! (ﬁj is equals to
zk yk xk

@ 2 ® = © 37“ @ o

o@ Short-cut solution :
Put x=y=2z=1

= K=3 = K=.83
Hence, tan™’ [%] +tan” [T] +tan! [T] _

l\)|;|
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Illustration 7

The value of tan r + l cos™! X +tan”! I_ l cos™ X
4 2 y 4 2 y

is equal to

x y 2x 2y
(a) ¥ (b) - (O] ¥ (d) -

o@ Short-cut solution :
Using T-1| Put x=1andy=2
S5m b4
RS .20 W2 S L2 A O tan{—}+tan{—}
4 2 3 4 3 2 12 12
—tan75° +tan 15°= 2+3+2—-+3 =4
Now, check for x =1 and y = 2 in options (a), (b), (c), (d).

Z_y,
x

= Ans. (d)

e,

TIPS AND TRICKS: (T-2)

——

Short trick to solve series produces in inverse trigonometric functions.

In this we can take value of ‘n” be 1, 2 or 3, .... etc. to minimize the steps. And
after that check the option for those value of ‘#” which has taken.

Illustration 8

The value of

-1 X -1 X -1 X
tan > + tan > + tan 2 +...+n terms
14+ 2x 1+ 6x 1+12x

(a) tan'(n+1)x—tan'x (b) tan!(n+1)x+tan!x
(¢) tan!(m—1)—tan!x (d) tan'(m—1)x—tan!x

o@ Short-cut solution :
Using T-2| Putn =1
-1 X af 2x—x
= tan | ——|=tan | ——
1+2xxx 1+2xxx

A-B
1+ AB

As we know that tan™! [ J =tan'4—tan"' B

= tan! 2x —tan!x
Now, check for n = 1 in options (a), (b), (c), (d). Ans. (a)
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Illustration 9
The value of

1 1
tan™" -+ tan”" N tan” ———— +...n terms
x“+x+1 x“+3x+3 X" +5x+7
(a) tan' (x —n)—tan~' x (b) tan”! (x +n)—tan~! x
(¢) tan™!' (n—x)—tan'x (d tan'(x+n+1)—tanlx
Short-cut solution :
Using T-2| Putn =1
= tan_l ; = tan_l (x+—1)_1
1+ x(x+1) I+x(x+1)

As we know that tan™' x — tan™" y =tan™" XY
1+ xy

= tan'(x+1) tan! 1
Check options (a), (b), (¢), (d) for n =1. Ans. (b)

TIPS TIPS AND TRICKS: (T-3

In this trick first of all we will use substitution method as mentioned in T-1 and
then stabilizing the components (options).

——

Illustration 10

The value of cos™! m .
5+4cosx
3 1
(a) 2 tan™! (— tan ﬁj (b)) 2 tan™! [— tan i]
4 2 3 2
13 (3
(¢) 2tan [Etan x) (d) 2tan (Z tan x]

@ Short-cut solution :

Using T-3| Putx = 90° 5
3
= cos™* m =tan"} [3]
5+0 4

Now, we will check (a), (b), (c), (d) options. 4

43 a1 x
Stabilizing = tan~'==2tan ‘(—tan—]
4 32

1
3 2x3 3
= Take ‘tan’ to both sides = —=—‘;’=Z_
1-=
9




INustration 11
. . . K4
Ifsin! x +sin!y+sin!z= > then,

9

(a) X100 100 4 ;100 _ -0
0T 0T o

(b) a2+ 124 762 3220 420 620 _

(€) x0+y»+25=0

X008 | 2008 4 2008
(©)) =0
(92)®

Q@ Short-cut solution :

- . . . i
Using T-3| Put sin!x=sin"! y=sin"! z = r
= x=y=z=1
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Now, check options (a), (b), (¢), (d) forx=y=z=1 Ans. (a, b)

Illustration 12

b1
Solve cos ! x +/3 +cos!x= =, thenx =

1 1
@ - ® (c) O @ 1

2
C@ Short-cut solution :

Check options (a), (b), (¢), (d).

Illustration 13

3 .
Iftan™' x + tan~! y+ tan~! z = Tﬁ then the value of xy + yz + zx is,
(@ 3 (b) 2 () -3 d -2

c@ Short-cut solution :
Put x=y=2z=1
3n

= tan'x+tanly+tanlz= "

Then, xy + yz +zx =3

Ans. (b)

Ans. (a)



Inverse Trigonometric Functions
Illustration 14

tan_l[Jl—sinx +J1+ sinx]

s .
;—<x<m is equal to

Jl—sinx—Jl+sinx 2
X T T X
(a) 375 (b) 372 (c) m—x (d) 2m—x

@ Short-cut solution :
Using T-1] Put x = =~
w2

tan”! 0+J5 :ftan_llz_—n
0-+2 4

Now, check options (a), (b), (¢), (d)
_ (i_ﬁzij_ Ans. (1)
2 2 4
Illustration 15

1

-1 . -1 2 2
|:L{cos(tan ) + ysin(tan y)J + )/4:| is equal to: [JEE M 2013]

y* | cot(sin™ y) + tan(sin™' y)
@ 1 ®) 0 © % @ 2

o@ Short-cut solution :
Put y=1

= [02+1]=1 Ans. (a)

In order to solve inequilities in inverse trigonometric functions use graphs to
minimizing the steps.

Illustration 16

The values of ‘x’ for which sin™t x> cos™ x V x € (-1, 1).

@ Short-cut solution :

‘We will draw graphs of both functions

y=sin'xandy=rcos!x
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We will choose that part in the graph which is greater
(sin x> cos1x)

1
Hence, it is clear from the graph = xe|—,1
grap { > )

If the input of inverse trigonometric identity are infinite series and different
then change the inputs in simple form using G.P. and then equate.

Illustration 17

. 203 4 x5S
If sin X——+———+....|+cos X ——F—..|=
) 3 4 2 4

for 0 < x| < V2 then find the value of x.

o@ Short-cut solution :
2 3 4
2
Using Tech. | PO A S
2 3 4 X 24x

1+—
2
2 xSt x? 252
And x St = = 2
4 X 2+ x
1+ —
2
.1 2x 1 2x2 Y .o
‘. sin +cos =— and this is true when
2+x r1y2 | 2
2x 2x2

= :>2x+x:‘;=2x2+x3

24x 2412

= 2-2x=0=x(x—1)=0 = x=0orx=1
= x=1 (x cannot be 0 as 0 < |x| < \/5)



Eoncept Eooster Exercise

1.

Inverse Trigonometric Functions

If cos tan! sin cot™! x =P ; then find ‘P’

@ 2 +1 ®) 2 -1
a
42 x2+2
© xr+1 @ x2+3
C
-2 xr -1
1 1 1_a2 1 1_b2
2tan x= €08 || ———|—¢€0s || ——— |, (a>0,b>0)
1+a 1+56
b a+b a—->b d a-b
@) 1+ ab ®) 1—ab ©) 1+ab (@ 1—ab
Ifu= cot_l,)(:OSZB—tam_1 cos 20 , then
(a) 1+sinu=tan0 (b) 1+ sinu =tan? 0

(¢) 1-sinu=tan?0 (d) sinu =tan® 0
tan (fan! x + tan ! y + tan! z) is equal to:

(a) 1+ cot(cot™ x+cot!y+cot™z)

(b) 1—cot (cot™' x + cot™! y+ cot™! 2)

(c) cot(cotlx+cot!y+cot!z)

(d tan(l +tan'x+tan™' y + tan! 2)

The value of /1 + x? [{xcos(cot * x) + sin (cot ' x)}* — 1]1/2 is equal to
[AIEEE 2008]

2
(b) x @ e @

1+ x? 1+x°

(@)

Let tan ' y =tan ' x + tan ' [ 2x2 ] where | x | < % . Then the value of y is:
l-x 3
[JEE M 2015]

3 3

3x+x°
1-3x%

3x+x° 3x—x

3x—x ©
1+ 3x? 1-3x?

1+3x?

(@) (b) (d)
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Find value of sin™! cos (sin™! x) + cos™! sin (cos™! x)

T T T T
(@) 3 (b) 3 (©) " (d) I

1 1 1.,
8. Iftan'x+tan”' y+tan~' z=n, then — + — + — is equal to

Xy yz zx
(@) xz (b) é (c) 1 @o
9. tan{tanl[ 2 )+ tanl( 2 )+ ot tan”! (#H
1+1-2 1423 1+n(n+1)
3 2 3 2
@ 2 ®) © -3 @ - 3

10. If p, q, r are positive real numbers and

et,ml( M]le( MJ“’“‘{ r(p+q+r)J
qr pr Pq

then tan 0 is equal to

prg+r pqr
(@ 1 (®) 0 © = @

11. Iftan!'x+tan' y +tan! z=m, thenx + y + z =

1
(@ xy +yz tzx (b) xpz (c) o (d) —xyz

12. Let sin! x +sin™! y + sin™! z =« then
x\/l—x2 +y\/1—y2 +z\/l—z2 =

(@ xz () %xyz ©) 23z ()

2
3

Numerical Value Problems

13. Ifcos ' x + cos 'y =2n, and sin"! x + sin"! y = P, then find value of 4 + [P];
where [x] is greatest integer function.

14. Find number of solutions of cos™ x =tan™! x ¥V x € [-1, 1].

15. Find number of solutions of sin' x =1 —x ¥ x € [-1, 1].
16. The values of ‘x’ satisfying the inequality cos ' x >sin ' x V x € [-1, 1] is
[-1, P], then find the value of [P]; where [ ] is greatest integer function.



Inverse Trigonometric Functions
17. The value of ‘x’ satisfying the inequality 2 (tan”' x)> —Stan' x + 3 <0 is
(tan K, tan K,) then find the value of K| + 2K, .

_@@ Solutions

() [UsingT1]Put x=0

1
= costan!sincot!1 0= ﬁ =P

(Two)

Now check options (a), (b), (c), (d) for x=0

2. (¢) [UsingT-3|Put a=b=1

= 2tanlx=0 = x=0
Now check options (a), (b), (c), (d) fora=b=1

3. (d) |UsingT-1/Put 6=0 = u=0

Now check options (a), (b), (¢), (d) for0=0and u=0

4. (¢) |UsingT-3|Put x=y=z=0 = tan0=0

Now check options (a), (b), (¢), (d) forx=y=z=0

5. () [UsingT-1]Put x=1

- {2

Now, check options a, b, ¢, d forx =1

3
6. (9 [mgTaput x=1 = tar'y=" = y=-1
Now, check options (a), (b), (c), (d) forx=1

7. (a) [CsingT]Put x=0

= sin! cos (0) + cos™! sin

n_r
2 2
T
8. Using T-3| Put, tan~! x = tan™! y = tan"! z = —
(c),anxanyanz3
= x:y:Z:\/g

1
Now, —+—+—=—+—-+— =1.
Xy
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(b) [Using T-2] Put n~1

CaHIE
= tan| tan | —||=—.

3 3
10. (b) |[UsingT-2|Put p=g=r=1

= 0= tan”! 3+tz:1n*1«/§+tan*1 3=m.

11. (b) [Using T-3|Putx=y=z=f3

= x+y+z:3\,/_ =X)z.

12. (¢) |Using T-3|Put sin"'x= sin‘ly:sin‘lzzg
NG
= y—yp—gz= Y2
x=y=z=
= le—x2+y\/1—y2+z\/1—22=3x4‘/§=¥

Now, check options (a), (b), (¢), (d) forx=y==z

= 2 xyz= 2x(£J3=£

2 4
13. (0) |Using T-3|Put cos'x=costy=n = x=y=-1
Now, sin”'(-1)+sin'(-1)=P=—n=n

=4+[-n]l=4+(-4)=0

14. (1) |Using SC-1 |Drawing graphs of y = cos™! x and y = tan! x

B
2

Number of intersection = 1 = No. of solution.




Inverse Trigonometric Functions

15. (1) |Using SC-1|Drawing graphs of y=sin"'xandy =1 —x

y

Number of intersection = No. of solution = 1.

16. (0) |Using SC-1|Drawing graphs of y =sin"! x and y = cos™! x

} x
-1 1
y=sinx

Number of intersection = No. of solution = 1.

. !
o cos x> sin"lx when xe| -1,—

V2

1 1

72 72
17. 4) 2(tan ' x)* — Stan ' x +3 <0

L3
= (tam!x-1) | tan Sy <0

= tanlxe (l,i)
2

Now, drawing graph of y = tan™' x

. P =[P]= [ } =[0.707]=0
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Hence, it is clear from graph that
3

X € [tanl,tan%) = Klzl,KZZE.

Hence, K1+2K2:1+§-2:44
2




Limits

“f\ / Review of Key Notes and Formulae ,

1. Ify=f(x) function takes indeterminate form at x = a, then we use concept of
limits.

. . 0 o -
2. 7 indeterminate forms are: {6, —,@—0,0xew,0° x| }
¢ o)

3. Process to apply concept of limits is:

Lim f(x) = Behaviour of f (x) in neighbourhood of x = a (x # a)

x—>a

Step 1: Find left hand limit = Lim f(x)= {4313 Sfla—h)

x—a

Step 2: Find right hand limit= Lim f(x) = %ifg fla+h)

x—>a

| If LHL = RHL = a finite quantity |

= Limit exists atx = a.
(where, ‘A’ is very small positive quantity)
4. Fundamental Theorem Over Limits

If Lim f(x)and Lim f(x) exists and is finite then,

(i) Lim f(x)* g(x)=Lim f(x)x Lim g(x)
(11) Lim f(x)-g(x)=Lim f(x)-Lim g(x)
Lim f(x)

(iii) Lim S _ 22 . Limg(x)#0
x—a g(x) %Lnal g(x) x—a




Authentic Shortcuts-Tips & Tricks in Mathematics
(iv) Lim (K f(x)) =K Lim f(x)

© Lim f(2() = /[ Lim e |
provided f(x) is continuous at x = Lim g(x)

Methods of Finding Algebraic Limits

(1) Factorization

(i1) Rationalization

(ii1) Double-rationalization

(1v) Use of Binomial theorem (Neglect higher order terms)

Limits of Trigonometric Function
1

. . sinx . X . X . sin X
(1) Lim =Lim ——=Lim T—=Lim
x—=>0 X x—0 SInXx x>0 sin X x—0 X
-1
. tan " x
=Lim =Lim =1

(i) Lim 0% R 1 (v) Lim20x ¥ 1
x—=0 x 2 —

(i) Lim SM¥=*_=1 ) Lim2r_ T
x—=>0 x3 6 x—>0 X 180

Limits of Logarithmic and Exponential Functions

. In(d+x CoIn(d+x)—-x -1
(i) Lim SO 1 (i) Lim Ind+x-x 5 ) =—
x—0 X x—0 X
P Nt (iv) Lim& 272 _’2‘_1=l
x—=0 X x—0 X 2
oef—et-2x 1 . . Ve A
(v) Lim—————=— (vij Lim(1+ix)""=¢
x—0 X 3 x—>0
.oa -1
(Vll) Lim =lna
x—=>0 c
I’ Hospital Rule

Let f(x) and g (x) be two functions such that
(1) Lim f(x)=Lim g(x)=0 OR Does not exist.
x—a x—a



Limits
(i) f(x) and g (x) must be continuous and differentiable at x = a.

(111) f'(x) and g'(x) are continuous at x = a, then

Lim £ _ i L&) _ gy SO {PrOVidef "(x) and g"(x)}

x>a g(x) x—>a g'(x) x—>a g’(x) |arecontinuousat x=a

* We can continue this process until indeterminate form vanishes.

TIPS AND TRICKS: (T-1)

.

In case of algebraic rational expression we can use Binomial theorem to eval-
uate the limit.

. n(n—l) 2
As we know that: (1+x)"=1+nx+ oK X+

* We can neglect higher order terms for x — 0
= (I+x)"=1+nx

Illustration 1

JI=x? =145
Find the value of Lim ad ™~ X
x—0 X
O@ Short-cut solution :

oLim—2— 2 -~

x—>0 2x2

Illustration 2

1}1 +2x —4J1-2
Find the value of Lim il i

x>0 sin x

o@ Short-cut solution :

1+ 2 2

_ 2x

. =——=2
sin x sin X

U] -

Illustration 3
Let a.(a) and [ (a) be the roots of the equation

(frva-1)x*+(Jiva-1)x+(gh+a—-1)=0

where a >— 1, then Lim o (a)and Lim (a) are
a—0" a—0"
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-5 -1
—and1 b —and —1
@ - ®
-9
(¢) —and?2 (d) 7 and 3 [ATIEEE 2012]

@ Short-cut solution :
[1+3—1)#{1#-1}{1&-1}:o
3 2 6

= 2ax?+3xa+a=0 = 2x2+3x+1=0
-1

:>x=—1,7 Ans. (b)

TIPS AND TRICKS: (T-2)

_
“Law of Love-We love infinity in denominator and 0 (zero) in numerator”.

If Lim S is of the form x and both /' (x) and g (x) are polynomial of x.
o0

o g(x)
Then, we divide numerator and denominator by the highest power of x and put
1 1 1
‘0’ for —, —5 >3- etC.
X x° x

Illustration 4

4 2
Find the value of Lim ¢
x2wo  x 45

@ Short-cut solution :
Using T-2| Take highest power outside from N” and D".

x4[1+32+14]
[ = x° x

: =
a1 5)
X | —+—
[xz x4

Illustration 5

=00

3 4
Find the value of Lim W
x—=o 557 +3x°+1

@ Short-cut solution :
x* (2 -7+ 24]
R

4 3 1] 5
x| 5+—5+—
[ ¥ Xt




Limits
Illustration 6

3x2—1—q2x% -1
Find the value of Lim\/ x \/X
xX—>o0 4x+3

[Using T-2] /= NT _ \/?}

TIPS AND TRICKS: (T-3)

Short tricks to evaluate limits of the form:

cos ax —cos bx b*—a?

. Li _
(1) xig)l x2 2
. l-cosax a°

@) Lim——=

x>0 l—cosbx_b_2

2 B
cosax—cosbx a —b

(1) Lim =
_ d 2_ ;2
x>0 coscx—cosdx ¢ —d
. . X X X X sinx
(1) Lim cos — cos — cos —...cos — =
x—o0 2 4 8 2" x

Lim (cos x + a sin bx)"* =
™)
x—0

m-—>90

(vi) Lim (cos iJm =1

Illustration 7

cos 25x — cos 9x

Find the value of Lim 5

x—0 X

G@ Short-cut solution :
2 2
Using T3(7)| /= & — (&) 2(25) -7

Illustration 8

Find the value of Lim 1~ cos 3x

x>0 1 —cos 2x
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@ Short-cut solution :
2
Tomg T /= -2

(27° 4

Illustration 9
Find the value of Lim M
x>0 cos 2x — cos 5x

O@ Short-cut solution :
2 2
Csmg T - D -G -8 38

@2 - (57 -21 21
Illustration 10

Find the value of Lim (cos x+ 3sin 2x)
x—0

1/x

@ Short-cut solution :
Using T-3(v)| [ = %2 = ¢°

TIPS, TIPS AND TRICKS: (T-4)

e

P AP 4 3P P
Liml +2°4+3" + .. +n =l(p,q,eN)
q

n—o0 n?

* Applicable only when ¢ —p =1

Illustration 11

H—»0 4

—n 1-n
o@ Short-cut solution :
B T S ST
Using T-4 | /=—Lim , " (cg—-p=1

n—>o n -1

3
Thevalueofl=Lim[ 14+ 8 ot 4]isequalto
1-n" 1

= l=—l
4

Illustration 12

) G AR 4
Find the value of Lim [—5+—+—5+...+n—

5 5
n—=>o\n n n n



Limits

@7 Short-cut solution :

B -t
1
q

=1 = l
5

TIPS AND TRICKS: (T-5)

—

Short trick to evaluate limits of the form:
. [ xX"=a" _

Lim [ J =na" !

x—a xX—a

Illustration 13

Find the value of Lim ¥~
x—1 xm -1

O@ Short-cut solution :
-2l
TIPS TIPS AND TRICKS: (T-6)

e

Short trick to solve limits of the form:
1

]x Z(kl' k2 .“kn)lfn

L [kl"+k§+k3"+...+k,f
n

Illustration 14
1

Find the value of: Lim MJX
x—=0 3

V Short-cut solution :
I=(p-q-r)"

Illustration 15

al/x+al/x + +a1/x nx
Find the value of Tim | = N o n

X—>® n
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@ Short-cut solution :
1
I=(ay-a,-a;..a,)""n

TIPS AND TRICKS: (T-7)

e e—

Sum of the infinite series of the type:

{ 1 1 1 } 1
Lim + + o |=—
oo Prgy Paqy; P3qs (g —p)
where p,,p,. p; ... are in AP,

4> 45> 95, - are in other AP.
and common difference of both AP must be same

q, P =949, Py~ -

Illustration 16

Find the value of Lim |:L + 4 + ! +..+ ! i|

n—>0

25 58 811  @Bu-1)(3n+2)
@ Short-cut solution :

Using T-7| Since 5—2=8—-5=11-8...are same

.. Both series [2, 5, 8, ...] and [5, 8, 11, ...] are in A.P.
1 1 1
=1

" pa-p) 20) 6

Illustration 17

Find the value of Lim|: ! + ! + . + 1 }

et
nso|39 915 15.21 (6n—3)(6n+3)
o@ Short-cut solution :
p(g,—p) 3(9-3) 36

18




Limits

TIPS AND TRICKS:

T

In 0 and 0° indeterminate form, best way is to take log to both sides.
OR

fim /£ (x)8%) = ¢ lim g(x)n 1 (x)

xX—a x—>a

Illustration 18

Evaluate Lim (x)*
x—0

% Short-cut solution :
Using T-8| Let = Lim (x)*

x—0

1
log, ()= lex log, x = Lim —%— 98 Y
x—0 1/x

Now, Apply L’ Hospital Rule
1

= log,/=Lim—*-=0 = [=e°=1
xA)O_L

2
X

Illustration 19

1 1/x
Let f: R — R be such that /(1) =3 and /(1) = 6. Then hm[f;;)ﬂ)
x—0

equals
(@ 1 (b) e'? (c) & (@ &
Short-cut solution :

Using T-8|Given f: R — R, f(1)=3and f'(1)=6

1/x
Then lim [M}
-0 f()

*llogf (I+x)—log f(I)]

=¢ x—0
fas (1 f (I+x)
= ex—>0 1 [using 1" Hospital rule]
PAY)

o) _ 63 _ 2

e
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SHORTCUTS: (SC-1)

Use of Expansion in Limits.
We need not to learn any expansion series.
Use Taylor’s Series: (In order to expand f(x))
’ . " L2 " L2
fO)-x, [ [0
1! 2! 3!

This is the Master shortcut to remember any expansion series.

Exp (f(x))=/(0) +

Illustration 20

Expansion of sin x = f'(x)

O@ Short-cut solution :
' " 2 - 3
1(0)= 10+ LQ2 LSO [0,

1! 2!
. x (—x3] X (—ﬂ}
= sinx=0+—+|—|+—+| — |+
1 3! 5! 7!
305 T
= x-—+ -
3t 51 71

Illustration 21

1

Expansion of f(x) = cos ™ x

o@ Short-cut solution :
3 T O —
f©=2, [(0)==1, ["®)=0,..

3 5
= Exp(cosflx)=£— x+ 2y
2 35!

Illustration 22
Expansion of f'(n) = (1 + x)"

o@ Short-cut solution :
F©O) =1, £/ =n, f"(O)=n(n-1),...

n(ni'_l)xzﬁ..

= (1+x)"=l+nx+



Limits

Illustration 23
Expansion of /'(x) = log, (1 + x)

(@ Short-cut solution :
F©0)=0, f'(0)=1, f"(0)=—1, ...

X X

x
= log(l+x)=———
g ( ) 1 2 3 5

Illustration 24

Let f(x) be a function such that lim S =1 and
x—0 X

. x(1+ —bsi i
lim x(1+acosx)—bsinx =1, then b — 3a is equal to

x50 @y

o@ Short-cut solution :

lim x(1+acosx);bsinx -1
()}

x—0
2 x4 x3 xS
x+tax{l——+——.... —bix .
21 41 315
= lim 3 1
x—0 U}
1+a-»b [ a b) z[a b)
-+ — |+ — = t......
2 21 3! 41 51
= lim 3 =1
x—0 {f(x)}
X

—1+a-b=0 and ——+—=
21 3!

SHORTCUTS: (SC-2)

Limits of the form 1%
Let, Lim (/' (x))** is of the form 17
x—a

b 1:>a=—% and b=—%. Thus b —-3a=6

where, Lim f(x)=1and Li

xXxX—>a X—>

n g(x) =0

Lim (f(x) 1) g(x)
X—a

Then, lim ( / (x))*™ = ¢

X—a
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Illustration 25

/x
lim (tan(%+ xD is equal to :

x—0
(@ e (b) 2 (¢) 1 d) &
o@ Short-cut solution :
1/x
Using SC-2 lirn[1+tanxJ
x>0\ 1—tanx

lim l{tan(Eer)fl] lim l( 1+tanx71)
3eJcA)Ox 4 = ex‘)(]x 1—tanx

h.m(Ztaux Jl h.m(tanx)( 2 ]
= g0 l-tanx /x = x>0\ X 1-tanx =e2 Ans. (d)

Illustration 26

3 2 2 1/x*
lim( i ] is equal to:
x—0

7x% +2
(a) é () eiz
(c) €88 (d) e

c@ Short-cut solution :
Using SC-2|Let R = lim

x—0

N 2
42 ¢ S| e

2 =€
Tx“+2

2
m o L
_ oo |2 5 2 1
¢ ¢t Te T Ans. (b)




Limits

TECHNIQUE o0

Sandwich Theorem (Squeeze Play Theorem)

Sandwich theorem helps in calculating

and lim f(x)= lim (h(x))=/ (say)

Then lim g(x) =1

X—>a

y-axis

the limits, when limits can not be b
calculated using any formula. \/\/_ h(xy
Sandwich theorem: If f(x), g(x) and -
h(x) are any three functions such that,

_ A~ P
f(x) < g(x) £ h(x) V x € neighborhood e =5
ofx=a.

Illustration 27
Jim 108X

X—>0 [x]

@ Short-cut solution :

1 I
Using Tech. | We can have f(x)= 8% and h(x)= —ng asx—1<[x]<x
X X —

logx .. 1/x

lim f(x)= lim
X—0 x—>n X X—>wD0

logx .. 1/x

lim =B =0 (using L' Hospital's rule)

lim A(x)= lim lim — =0 (using L' Hospital's rule)
X—>00 x—w X — X—»0

lim 208% _ ¢

x—w0 [X]

Illustration 28

Find the value of Lim{ " + " +

n—»o

T bt |=1
1 n*+2 n?+3 n+n

S
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c@ Short-cut solution :
Using Tech.

2 2
= n2n+n < S o< n2n+1
U U
o Tim— S1o/oLim
moe 1 noe gt 41
n
Hence /=1

Illustration 29
Find Lim is {[12 X+ 22 x]+[3° x] + ... + [ x]}
H—>»0 n

where [x] is greatest integer function.

c@ Short-cut solution :

Assume greatest integer function as a simple function, since [x] £ x

C Px+2%x+3%x+ . +0%x
= Lim
X—>»00 n3

(P4 2% 43+ nD)x
= 1.
X*l{g.} n3

Now. Zx (- g=p=1)

X
.
3




Limits

Eoncegt Booster Exercise

P

1
1. Lim—_———— isequalto
#=0 \/x2+ 9-3

(a) 3 (b) 4 ()1 (d) 2

JI+yl+y* =42
1
y

2. Lim

x—0

is equal to [JEE M 2019]

1 1
® 27

() m (d) Does not exist

2

f - X
a— aZ—XZ e

3. L= Ling 2 4 ; L is finite, @ > 0 then “a’ is equal to
x— x

[AIEEE 2009]

1 1
(a) 2 ® 1 © o @ =

32
. \/x6 —5x°42x+7
4. Lim

x=o x4 axt o 11x°

is equal to

(a) % ®) 1 (© 0 (d) Does not exist

i 2 (Cm A DX) —os(@n D) 1oy,

x—0 X

(@) 2[(mr—m)(m+n+1)]
() (n+m)(n—m—1)
© 2[(m+m)m—m—1D)]
(d) (r—m)(m+n+1)

. 1 .
6. Lim 3+ + ot — 5 | 1s equal to
nool 1—n 1

1 1 1
@ =5 (b) 1 © 3 (d) 3




10.

11.

12.

13.

14.

15.

16.

Authentic Shortcuts-Tips & Tricks in Mathematics

100 _ 5100
Lim| — | is equal to
x—>2 x—2
(a) 99 x 2% (b) 100 x 2% (c) 101 x 2% (d) 100 x 2100
1/x
Lim L2 sst.+n J is equal to
x—0 n
@ m" (b) ()" @© (=D (@ (n-1H""
Lim L+L+...+ 1s equal to
noso\ 23 34 nn+1)
1 . 1 ol
@ 5 ®) © 3 @ 5
. 1 2 n
Lim + +...+
nsop?+1 0t 42 n’+n
(20 ® 1 () 2 (@3

. e =1 . " o
L1m|: }, where [x] 1s greatest integer function is equal to
X

n—0

(a) 0 b)) 1 (c) -1 (d) Does not exist
NUMERICAL VALUE PROBLEMS
x 3—-x
Lim> > 712 isequal to [JEE M 2020]

2 3—1/2 4 317x

Let the variable x, be determined by the following law of formula

+4J1+
where, a> 0, Lim x, = Ll L

x>0 2

, then find the value of p + g.

x—1
Evaluate: Lim [L)

x>l x—1

If Lim

x—0

(Acosx+Bxsinx—5

4

A
) exists and finite, then find the value of E
X

Lim cos 1 coslcosl... cos L 1s equal to y. Then find the value of [y],
n—>w0 4 8 2"

where [x] G.L.F.



Limits

@ Solutions

_ (1+x2)1/2—1 _ 1+x7—1
1. (a) USingT—l I;EEWZI;EETZ
31+ | -3 3+ -3
9 2.9
2. (a) | UsingT-1
N2 4
1+1+2 | -2 2|1+
Li 2 Lim 42 1
im = =
x—0 y4 x—>0 y4 4JE
3@
2 4 2
{1_1++11.x}_x 2
2 4 —t———
. a” 2 2 2a 4 . 2a 84 4
L =L a
30 X S0
(1 1) x*
" 2a 1) 88
Since L is finite = Lim a 8a°  4-2.
1 x—0 x4
=>L=—
64
4. (¢) | Using T-2 | Take highest power outside
X /1—%+%+l6
= Lim X X X
xow 4 11
x5(1+———2)
X X
b* —a®
5. (c¢) |Using T-3(i)| 7= 3 =2m+my(n-m-1
6. (d) [ UsingT-4 |--(5-p=1)
1 2?2 3 n -1 -1
= lim + + +..t ==

o pd—1 nP-1 n’-1 n-1 gq
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(b) | Using T-5 | Here,a=2and n =100

= I=n-a""'=100.2%

8. (b) [ UsingT-6 | /=(k-ky ky...k,)"" =(1-2-3...0)""" = ()"
9. (@ [UsingT7 |- (q-p=1=9,-py)

I S |
ng-p) 2:G-2) 2

10. (b) [ Using SC-2 | Sandwitch theorem

2

n’ - 1 . 2 - n - n
n+n n*+1 n*+2  nP+n nt+1
f(m)
2 n?

Lim < Lim f(n) < Lim—
n—% N+ n n—>o0 n—=o p° 41

U U

1 1
Hence, L=1

11. (d) In this we solve using graph.

We draw graphs of y=e*— 1 =and y =x
¥y y=é-1

<
Il
=




Limits

x—0

ForRHL,x>0,¢" -1 > x :>1im|:e -1 =1

e’ -1

= x >1 LHL = RHL
-1 = Limit does not exist.
For LHL,x<0,e* =1 > x = lim =0
x—0 X
-1
SS9 Py
x
27
e+ -12
12. (36) Put 3" = = Lim —_
t—3 1_3
o

4 2

. +27-12t . .

= Lim—=—= —Tim4s - 24t[L' Hospital rule]
t—3 t—3 t—3

= 4(27)-24(3)=36.

13. (5) Let x, =\/a+,,‘a+,/a+... = x, =.a+x,

1i,/‘1+4a
= x,f—xn—a=0 = x”ZT

Negative sign will be rejected.

1+ J4a+1
= Lil’[lxnz—a

X—> 2

= p=Lg=4

Hence,p+qg=>5

14. (1) | Using T-8 |Since it is «° form

= Take log to both sides

= In(/)=Lim (x—l)]n[LJ
x—1 x—1
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1 1
o5 el
= () =Lim—""Y _im =D

x—1 1 x—1 1
-1 (x—1)?

= In(/)=0 = [I=e°=1

15. (2) | Using SC-1 | Use expansion of sin x and cos x

4 1—£+£ B f_xi s Neglecting higher
2 4! 1 3! order terms.

4

= Lim
x—0 X

— A-5-0 and “A4po0 = A4A_,
2 B

16. (0) |Using T-3(iv)|Here,x =1

- [sm 1}20
1




Continuity

‘f/ I Review of Key Notes and Formulae ,

1. Continuity of a Function at a Point :

A function f (x) is said to be continuous at x = a, if

lim f(x)= lim f(x)=/(a)

xX—>a xX—>a

Otherwise, it is said to be discontinuous.
2. Continuity of a Function is an Interval :
(1) A function f'(x) is said to be continuous in an open interval (a, b), if /' (x)
is continuous at every point of the interval.

(11) A function f(x) is said to be continuous in a closed interval [a, b], if f(x)
is continuous in (a, b). In addition, f(x) is continuous at x = g from right
and f'(x) 1s continuous at x = b from left.

* Note : To determine function’s continuity in an interval, the best way
is to draw graph.

= If graph of a function has no break or gap, then it is continuous,
otherwise it will be discontinuous function.

3. Reason’s of Discontinuity:

(1) lim f(x) does not exist.
x—>a

(11) lim f(x) exists #[(a)

(i1i) f(a) is not defined.
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Types of discontinuity

Removable type Non-removable type
Missing point Isolated point Finite type Infinite Oscillatory
/0\ /?\ Both LHL and At least one of Limit oscillates
] RHL are finite LHL OR RHL b/w two finite
* £(0) Not *}1_1;1: SG)# f(a)  butLHL=RHL is ‘do not defined’ values but we
defined . ¥i-16 Eg /()= {x} Eg: f(x)= 1 cannot deter-
Eg:f(x)= smx ., _ 0E83f(x)= =4 at all integral x. 8 ()= ¥-4 mineit |
x atx=4 Eg: f(x)=sin—
xz4, f(x)=9 x
atx=0

5. Jump of Discontinuity :
Jump = | LHL — RHL|, provided both LHL and RHL are finite.

6. Theorems Continuity : Atx = a.

f@ | e® | r@te@ | @0 gf((f)) MO

C C C C C

C D D CorD CorD
D C D CorD CorD
D D CorD CorD CorD

Where C — Continuous, D — Discontinuous function.

7. Continuity of Composite Function:
If f(x) is continuous at x = g and g (x) is continuous at x = f (@), then g (f (x))
is continuous at x = a.

TIPS TIPS AND TRICKS: (T-1)

If £ (x) is continuous in x € [a, b] and f'(a), f (b) are opposite in sign, then there
exists at least one root of equation f(x) = 0 inx € (a, b)

e

Illustration 1
Show thatx =a sinx + b, where 0 <a < 1, b > 0 has at least one positive root
which doesn’t exceed b + a.




Continuity

@ Short-cut solution :
Let f(x) =x —a sin x — b 1s continuous function.
Now, f(0)=-5<0
fla+b)y=a—-asin(a+b)y=a(l—-sin(a+5b)=0
Hence, one positive root in [0, a + b]

Illustration 2
Show that /' (x) = x> + 2x — 1 has root in the interval x € [0, 1]

@ Short-cut solution :

Using T-1| f(x) is continous in x € [0, 1]

. S(O)=-1<0 . .
Since, = There exists atleast one ¢ in (0, 1) such that 7 (¢)=0.
F)=2>0

——

TIPS AND TRICKS: (T-2

f:R — R 1if f(x) is even degree polynomial whose leading coefficient and
absolute constant term are of opposite in sign, then f'(x) = 0 has at least 2 real
Toots.

e

Illustration 3

If /- R —> R, f(x) = 2x° — 3x° + 4x® — x — 7. Then prove that /' (x) = 0 must
have at least two real roots.

@ Short-cut solution :

Using T-2| - Leading coefficient >0 (2)

Absolute term <0 (=7)

Hence, f(x) = 0 must have at least 2 real roots.
TIPS, TIPS AND TRICKS: (T-3)

If y = (x) is continuous function and takes rational values for all x then £ (x) will
be a constant function.

e

Illustration 4

Let f(x) be a continuous functions for x € [1, 3]. If /(x) takes rational values
for all x and f(2) = 10, then value of /(1.5) is

(@ 75 () 10
(© 8 (d 9




o@ Short-cut solution :

Authentic Shortcuts-Tips & Tricks in Mathematics

Using T-3| . f (x)1s continuous and takes rational values.

=|f(®)=10|= f(1.5)=10

e

TIPS AND TRICKS: (T-4

Ans. (b)

e

If y = f (x) 1s monotonically increasing and continuous on an interval x € (a, b)
then /! () exists and continuous and monotonically increasing

Illustration 5

Check whether inverse of f'(x) =
not.

@ Short-cut solution :

sinx + 1V x e (—n?, n%) is continuous or

+* f(x)1s continuous in xe (—1‘52,752)

=1 -1 (x) 1s also continuous

TECHNIQUE o0

Intermediate value theorem (IVT)

value (say m) and the greatest value

least one ¢ € [a, b] such that f(c)=

Let f (x) be continuous in closed interval [a, b] then /' (x) will attain the least

Mm+A, M

(say M) for x € [a, b] then there exists at

A 20,4, 20,A, +A, #0
7\.1+A‘2 1 2 1 2

Illustration 6
3

Does function f (x):%—sin(‘rcx)+3, take on value 2% within the

interval [ 2, 2]

@ Short-cut solution :

Using Tech.| Since, f(x)is continuous in [-2, 2] and f(-2)=1, f(2)=5

Hence, by IVT, it takes the value

2L
3



Concept Eooster Exercise

1.

i

@

=

i

S

Continuity

The equation 2x*> —6x+ 1=0onx € (1, 2) has

(a) no solution (b) at least one real solution
(c) infinite solution (d) None of these

The equation 2 cos x + 6x — 3 has

(a) no solution

(b) at least one real solution in x € [0, ©°]

(c) infinite solution
(d) None of these
a a,
X=X x=h, x-—)4

=0 wherea,,a,a

The equation payay;>0and b <k, <k

3

has
(a) no solution (b) one real solution
(¢) two real roots (d) infinite roots

x;xeQ . :
If f(x)= Cxixg0” then f'(x) is continous at -

(a) Only at zero (b) Only at 0, 1

(c) All real numbers (d) All rational numbers

[AIEEE 2002]

If f(x) =g—1 , then on the interval [0, wt], then

(a) f! (x)is continuous ® FLOo=0
(c) f! (x) is discontinuous (d) None of these

NUMERICAL VALUE PROBLEMS

x?+ex+l; xeQ )
If f(x)= 5 is continuous atx =1, 2, 3, thenfinda + b +¢
ax” +2x+b; xeQ

[AIEEE 2010]
Let : R — R be a continuous function defined by
1 1
f(x)=———, there 0 < f(x)<——=,Vx€eR
( ) e +2e¢” C\/E

Therefore 'C' is equal to —
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§@ So[utwns

(b) Letf(x) =2x*—6x + 1 "+ f(x) is continuous

Hence,f(l)ff3<0andf(2) 5>0
= 3 at least one root in x € (0, 2)
2. (b) |UsingT-1| Letf(x)=2cosx+ 6x—3 - f(x) is continuous function

And, f(0)=-1<0and f[§)=2(n—l)>0

= J at least one rootinx € [0, g)

3. (¢) Let [(x)=

aq a as

Now )= S T e e

= Decreasing function

NS
2ARi

Hence, two real roots.

4. (a) |Using T-3|One point is common 7.e. 0

Hence, f'(x) is continous atx = 0

5. (a) -+ f(x) is continuous is x € [0, «]
= f! (x) will also be continuous

6. (4 Since, f(x) is continuous

A1 4
= (a—1)x? +(2-c)x+(b—1)=0 2 (on subtracting)
N 3

1, 2, 3, must be roots of above equation
= Equation becomes identity (Because more than one root)
=a=1,b=1,¢c=2;Hence,a+b+c=4

e” + %
As we know that AM > GM = Te > (2)1/2 =

Hence, 0<1—<ch 2

et +2¢F 2\/5




Differentiability

f / Review of Key Notes and Formulae ,

1.  If function y = f'(x) is differentiable if the curve has no break point and no
sharp edge.
Non-differentiable

Sharp edge

2.  Differentiability at a Point:

A function 1 (x) is said to be differentiable at a point ‘¢’ in its domain, if

lim f(x) - f(a) f(x) - f(a) = finite = fr(a)

= lim
x—a X—da x—>a X—da
Left hand derivative Right hand derivative
(LHD)

* Note: If f(x) is differentiable = Unique tangent of finite slope exists.
3. Relation between Continuity and Differentiability — atx = a

Differentiable = Continuous
Continuous ,ﬁ Differentiable
Discontinuous = Non-differentiable
Non-differentiable ,z{ Discontinuous

4. Differentiability of a Function in an Interval
(1) A function f'(x) is said to be differentiable in an interval (a, b), if /' (x) is
differentiable at every point in (a, b).

(ii) Above point and in addition f(x) is differentiable at x = ¢ from right and
x = b from left.
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Theorems over differentiability — atx =a

fx) g &) fx)+g @ fx) g ﬁ" &)= 0
8(x)
D D D D D
D ND ND N:-D-or D N-D-orD
ND D ND N-D:or D N-D-or D
ND ND ND orD ND or D NDorD

Determination of differentiable f (x) satisfying a given functional rule

Step 1: Start with the equation = f'(x) = hlim M
—0

Step 2: Manipulate this term and use functional rule
Step 3: Express f*(x) in terms of ‘x’.
Step 4: Now, f"(x) is obtained, integrate and get /'(x).

TIPS, TIPS AND TRICKS: (T-1)

.

Short trick to check differentiability. Find derivative of given function and put
the value on which differentiability is to be checked. Then,

If /' (x) = finite = f'(x) is differentiable at x = a.

INlustration 1
Check differentiability of f(x) =|x -2 | atx =2;

o@ Short-cut solution :
o -

x—2 x=>2

-x+2 ; x<2

>

, 1 ; x22 = RHD=1
= fi(x)=
-1 ; x<2 = LHD=-1
Hence, f(x) is not differentiable at x = 2.

Illustration 2
x[x] ; 0=x<2
(x-D[x] ; 2<x<3

where, [x] is greatest integer function.

Check differentiability of f'(x) = |:




Differentiability

Q@ Short-cut solution :
fog=| PTG 9Exed

N -- .
- 2(x-1) ; 2<x<3

I 1 ; 0<x<2
- =
) 2 ; 2Z<x<3

Hence, f'(x) is not differentiable function.

Illustration 3

1+sinx ; 0<x <g
Check differentiability of f(x)= 2 at x=_
2+ (x - EJ ;X2 k2
2 2
@ Short-cut solution :
I+cosx 0Sx<E
: 2
ye=
2 (X’ - E) ; x> E
2
0 = LHD

Hence, f'(x) is differentiable at x =%

TIPS AND TRICKS: (T-2)

T—

If LHD and RHD both are finite but are unequal then function f(x) is continuous
atx=a.

Illustration 4

Check the continuity and differentiability of [AIEEE 2011]
—Xx—-= x<-Z
2
T
f(x)=4—cosx ; —E<xSO
x—1 ; 0<x<1
In x : x>1
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. . T
(a) f(x)1s continuous at x = -

(b) f(x)is non-differentiable at x = 0
(¢) f(x)is differentiable atx = 1

(d) f(x)is differentiable at x = 73

o@ Short-cut solution :

-1 x<-2
2
. n
. ——<x<0
Using T-1] f'(x)=4"" 2 <7
1 o 0<x<l
1
- x>1
X

Now, [ '(_Tn) =—1= continuous function

LHD =0

Using T-2| /7 (0) < REl 1} —> Non-differentiable but continuous
Using T-1| f'(1)=1 and f’(?} = Differentiable Ans. (a, b, ¢, d)

Checking Differentiability using graphs.

If y = f (x) curve has:

% No break and no sharp edge = Differentiable function
* Break or sharp edge = Non-differentiable function

Illustration 5

If f: R > R, f(x) = max. {x, x’} then set of points where f (x) is not
differentiable.

@ L1}

®) {10}

© {0.1}

(d {-1,0,1} [AIEEE 2001]




Differentiability

@ Short-cut solution :

Using SC-1| Drawing graph:

As shown in the figure there are sharp edges atx=-1, 0, 1 Ans. (d)

Illustration 6
Discuss the differentiability of f(x) =|x—1|+|x—2|atx=1, 2.
Short-cut solution :

Using SC-1| Drawing graph.

A

1 2
= Figure shows, non-differentiable at x = 1, 2.

> X
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Concept Eooster Exercise

3, —1<x<1 )
1. f(x)—‘:4_x ; 1<x<4atx71,1s
(a) Differentiable (b) Non-differentiable
(¢) Discontinuous (d) None of these
[x—=3] ;o ox21
2. The function defined by f(x)=|1 , 3 13 [AIEEE 2006]
—x"——x+— ; x<l
4 2 4
(a) Continuous atx =1 (b) Differentiable atx = 1
(¢) Continuous at x =3 (d) All of these
3. Iff(x)=min {1, x% x3}, then, [AIEEE 2012]

(a) f(x)is continuous V x € R
b f(x)>0V x>1
(¢) Non-differentiable but continuous V x € R

(d) f(x)is differentiable for two values of ‘x’.
4.  Consider the function f(x)=|x—2|+|x—-5|V x€R, then

(@ D= (b) f(x)is continuous in [2, 5]
© f@)=1(5) (d) f(x)is differentiable in (2, 5)
ax+b |
5. Iffx)= {ax3+ x42b o x>l is differentiable at x = — 1, then find
a and b.
(@ a=1,b=1 (b) azl,b:_?l

-1
() a:?,bzl d a=-1,b=1




Differentiability

gg Solutions

X . 1< -
LW f’(x)={3 log,3 : -lsxsl

-1 ;0 I<x<4
— )= {3 log,3 = LHD
-1 = RHD
Hence, function i1s non-differentiable.
-x+3 ;ox21
@ J= i—ix—kg x<1
4 2 4 7
-1 ;ox=1
Now, /'(x)=1{x 3
573 ;o ox<l
~ (= {— 1= RHD} = TFunction is differentiable at x =1
—1 = LHD| = Continuous at x =1

Now forx =3
f'(3)=-1(LHD and RHD both) = Continuous at x =3

3. (a,c) |Using SC-1| Drawing graph
y

v

As shown in the figure required function is continuous in x € R but not
differentiable at x = 1.
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(a’ b! c’ d)

Using SC-1| Drawing graph.

W

| 2 5
Hence, as shown in the figure:
f'(4) =0, f(x) is continuous in x € [2, 5]

F(2)=1(5),f(x) is differentiable in x € (2, 5)

5. (o) -+ f(x) 1s differentiable and continuous

a ;o x<-1
3ax?+1 pox>-—1

:>f'(X)={

= LHD=RHD = a=3a+1 = az?

-- Continuous

= a(-D+b=a(-1’-1+20 = b=1 [ 0_71]




Methods of
Differentiation

"f) I Review of Key Notes and Formulae ,

1. Differentiation

The rate of change of quantity y with respect to another quantity x is called
the derivative or differential coefficient of ‘y” with respect to ‘x’. The process
of finding derivative of a function is called differentiation.

2. Derivatives of Standard Functions

d d
JSx) — (f f(x) — (f(x
I (fx) Ix (fx)
_ T
Xt nx"~lneR sec x secxtanx,x:t(ZnJrl)E
cosec X —cosecx cotx ;X #An
e log? a € R )
¢ cotx — COSEC” X, X # N
1
at a‘loga;a>0,a#1 sin! x 5 -l <x <1
1—x
1
log x —:x>0 coslx - ;—1<x<l1
\ X 1-x?
1 ) 0 1
logax 7X>0 tan™ x —z;xeR
xlog,a I+x
) 1
sin x Ccos X sec !l x —2;\x|>1
[ x]4fx" =1
Cos X —sinx cosec ! x _—2; [x|>1
| x]yfx" =1
tan x sec? x;
1 _
X2+ nel cottx | 1 g
2 1+ x?
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3. Raules for Differentiation

(R-1)

R-2)

R-3)

(R-4)
(R-3)

(R-6)

(R-7)

R-8)

(R-9)

di(K f(x)=K i (f(x)) ; where K is constant
—{f(x)+g(x)}— (f( ))+_( ()

Product Rule: 4 (/1) ¢} = /(0% (5(0) + £()--(/ )

g — (f x))-r (x)—(g(x))

Quotient Rule : i{f Ex;}
X X

Chain Rule : g (g®)’

If y 1s a function of u, u 1s a function of v and v 1s a function of x.
Then this impties

& _dy du v

dx du  dv  dx

Parametric differentiation
If x=P(#H, y=0 (f), where ‘#’ is parameter then,

dy d
dy E (Q ( )) Q(l)
dv dx P(1)
;. t(m))

Differentiation of one function w.r.t. other function

A/ _ g LU e
(g(x)) i(g(x)) g'(x)
dx

Logarithmic differentiation :
It is applicable if
All are functions of ‘x’

—_—
@ yv= AH S-Sy, (product, divide or power form)

(i) y = (f (x))2®
* Take log to both sides and then differentiate.
Successive differentiation :

2
Differential coefficient of Q = i(ﬁj = d_y
dx dx\ dx dx?

2 2 3
Differential coefficient of d—f = i[d—fj = d_{
dx dx \ dx dx

Similarly we can proceed for higher orders of differential coefficients.
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(R-10) Differentiation using substitutions :
Ifrequired, we can reduce the given function in a simple form using
trigonometrical substitutions.

Function Substitution Function Substitution
a? — x?
N [2_2 |x=asnO/acos0 v X = a+Jcos?20/atan@
1) Ja? —x (v) a2+ 2 /

X
- 2 2 |x=atan0/acotd vi Xx=atan®0
(1) x* +a (v1) a+x

2 .
x=asin’ 0

(1i) x—a x=asecH/acosecH (vii)

a—x
x=acos?20

(v)

Q
=

TIPS AND TRICKS:

Ry

Short trick to solve differentiation of the form:

b
i(af(x)erJ: e alf'®
dx\cf(x)+d (cf(x)+d)2

Illustration 1
If y- —osxt8 L

~7log,x+9° dx

O@ Short-cut solution :

27+56)-L
X

Lo __x
dx (—Tlog,x+9)
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Illustration 2

O@ Short-cut solution :
Using 1] 1 — 3cosx+2
Ve

dy  (-15-2)(-sinx) +17sinx
= 0 — 2 — o2
(cos x —5) (cos x —5)

TIPS AND TRICKS: (T-2

R

Short trick on Derivative of Implicit Function

If f(x, ) = 0 is a implicit function then,

diff. it w.r. to x andkeeping °)’ constant
ﬂ —f. ya pmg y
dx

/5 pY diff. it w.r. to y andkeeping “x’ constant

Illustration 3
Coady o5 .
Find o if, x> +3° +2xy +siny - 100=0
x

% Short-cut solution :

dy —(3x2+0+ 2y+0) ) —(3x2 +2y)

gy L

dx_0+3y2+2x+cosy_3y2+2x+cosy

Illustration 4

Find Z—y if, cos (xp) —x% + 5y =0
x

@ Short-cut solution :

dy —(—si Y+ 40
Using T-2 2o (.sm(xy) Y yz
dx  —sin(xy)-x—3xy" +5

dy  ysinxy+ y3
dx —xsinxy-3x% +5

=
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TIPS AND TRICKS: (T-3)

T —

Short trick to find differentiation of the form:

j—x((f(x))g(’”) ((f ))g(")){ fi"i @) +log, (/(x)) g (x)}

Illustration 5

If y=x¥7 find &
dx

o@ Short-cut solution :
siny | SIDX dy
Using T-3| x —x1+log,x (cosx)} =
x dx

Illustration 6
dy
dx

o@ Short-cut solution :
T oo’

Illustration 7

If y=(secx), find

(secx tanx) +log,(secx)-e } j—y

If y= (sin‘l x)cos x’ ﬁnd d_y

x
G@ Short-cut solution :
Using T-3
dy -1 jcosx | _COSX 1 s -1 :
— =(sin" x) —— X +log,(sin™ x)-(—sinx)
dx sin”'x L f]1— 42

TIPS AND TRICKS: (T-4)

R

Differentiation of the form:

If y= \/f(x)+Jf(x)+ f(x)+...0 then, %zzj;(ﬂ
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Illustration 8

If y= sin2x+\/sin2x+\/sin2x+...oo , then find ;{Q

x
@ Short-cut solution :
Zy 2sinx cosx _ sin2x
x

2y-1 2y—1

Illustration 9

If y= \/logz x+ \/logz x +flog? x + ... ; then find ;ﬂ
¢
o@ Short-cut solution :

2(log, x)l 2 (log,x)

[Oeing o] 2~ — -
X

2y—1 2y—1

TIPS AND TRICKS: (T-5

e

Infinite series differentiation

()@ o dy V2 [(x)
f@) dx f(x){1-ylog,(f())}

If y= x* " then find %

oy
o@ Short-cut solution :
v x1

dx x{l—yloge }
Illustration 11

If y= (sin x)®0%)--> then find d_y

dx
o@ Short-cut solution :
g )xeoss

dx sinx {1 ylog,sin x}
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TIPS AND TRICKS: (T-6)

T —

1 ;
If y=/@)+ then ¥ - _¥@)
o dx  2y—f(x)
f@)+....»
Illustration 12
I y=x+ ,thenﬁndd—y
X+ ! dx
1
X+
X+.....0
@ Short-cut solution :
: dy yxl y
U T-6) —=——=—"—— _
T e ¢ 1w =

e

TIPS AND TRICKS: (T-7

Short trick on #™ order derivative:
To find 7% derivative of f(x) = (ax + b)"
Then,if () n=r, f"(x)=a" “P.(ax+b)"" ) Ifn<r,fr(x)=0

T—

Illustration 13
If f(x)=2x"—x7, then find /1° (x)
o@ Short-cut solution :
Using T-7| /10 (x) = 21¢ (19Pw) y19-10 _¢

= fl() (x) — 210 . 19P10 x9
Illustration 14

If f(x)=x", then value of [AIEEE 2003]
J SO SO D
1! 2! 3! n!

o@ Short-cut solution :

1_ﬁ+n(n—1)_n(n—1)(n—2)
2! 3!

= "C,-"C+"C,-"Ci+ L+ (=1)'"C

= 0

+..+ (D"
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TIPS AND TRICKS: (T-8)

Use substitution method to reduce the calculations.

—

Assume f(x) a function in simplest form or put constant = 0, 1, 2, 3, ... etc. for
simplification.

Illustration 15

Let f(x) be a polynomial function of second degree. If f (1) =f(-1) and a, b,
care in A.P. then f'(a),f"(b)and f'(c) are in
(a) AP (b) GP (c) AGP (d) HP

o@ Short-cut solution :
Lef 2 = /002

Now, f'(a) =2a, f'(b)=2b and f'(c)=2c
Hence, are in AP.

Illustration 16
3

If y=sin®0 + cos? (0 + &) + 2 sin O sin & cos (0 + §), then j—{ is
A
sin® (6 +3)
(a) Er— (b) cos(@ + 38) (c) O (d) none of these
cos

o@ Short-cut solution :
Using T-8| Let =0 = y=sin’O+cos’=1 = ;ﬂ =0
x

3
= dy_,

dx?
Here check the options (a), (b), (¢), (d) for 8 = 0. Ans. (¢)

Let /' (x) be a polynomial and x = o be ‘¢’ times repeated root of
f(x)=0 then,

J@=f(@)=f")=...=fC"D(a)=0

* Note: Reverse is also true.
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IMustration 17
If f (x) has two times repeated roots then find the function.

@ Short-cut solution :
Using SC-1 | If f(x) has two times repeated roots

= (x) = (x — a)? g (x); where ‘a’ is any root of f (x).

SHORTCUTS: (SC-2)

Derivative of inverse of a function

Let g (x) be the inverse of /' (x)
= |f(g@)=x or g(f()=x]|
U U
fg®)-g@=1 g'(f(x) fx)=1

Illustration 18
If f(x)=e" **** and g(x)=f" (x), then find g (&%)

% Short-cut solution :

Letg(f@D=x = (/) /(=1
Put x=1 g (f(1)SD=1

(- f=e)

i@~

Illustration 19

If the function f (x) = x> + e and g (x) = /' (x) then the value of g'(1) is

o@ Short-cut solution :

Lt g (/9=

= g(Ufx)-f()=1
Now, Putx=0 = g'(1)-f(0)=1

= gl)=2 ['.'f'(0)=%)

[AIEEE 2009]
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To find the derivative of the product of finite number of functions
S () = g4(x) g,(x) g5(x)...8,(x)
Take log on both sides
log 1 (x) = log[g,(x) + gz(x)---gn(X)]
log f(x) =log g,(x) + log g,(x) + ... + log (€))
1 g1(x),82(x) &nlx)
70" a0 am T a

(o) ()| E1F) 8200 L g'(x)
f(x)_f(x)|: gl(x) g2( ) (x)

Illustration 20

If£(x) = (x + 1)(x + 2)(x + 3)...(x + n), then find £'(0).

% Short-cut solution :

N o e ]

x+1 x+2 x+3

X+n

.-.f'(0)=f(0){1+l+l+ +l}

1 2 3 7 n

=(1-2-3-....n)[1+l+l+...+l}
2 3

n
1 1 1
=nl|l+—+—+..+—
2 3 n

Illustration 21

If f(x)=(1+x) 3 +xH2(9+x%)13, then find /" (x).
O@ Short-cut solution :

1

1 1x2x 3x?
&)= f(x) + S
1 1
[ o 2B+ xH)? 3+x%)2 3O+
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Illustration 22

1-x* 2x+3)"?
(x2 + 2)2/3

O@ Short-cut solution :

1/2

(0= Py

It f(x)= , then find f'(0)

:f'(x)f(x)[“‘z") JL,2 2, 1 2x:|

20—+ 2 @xt3) 3 (P42

1/2 1
= 10 35|03 =
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Concept Eooster Exercise

I
VS
- sin(x” +1) +2 hen 77001 |
. fx)= 3sin( +1) -5 en f"(0) is equal to
(@1 ® 0 (© -1 (@2
2. If xe™=y+sin®x, then atx =0, — is equal to
x
(20 ® 1 (©) 2 (@ -1
J54
3. If f(x)=x" , thenj'(1)is equal to
(20 (®) -1 (1 (@ 2
4. If y= \jx+\}x+,(x+...oo then Z—yi| 1s equal to
X x=0
(20 (®) -1 (©1 (@2
NG o
5. If x=(e") , then find v
2 2 2 2
X hY X x
b d
@ - ®) Oy @
6. If y=x*+ ! 1 ,thenﬁndﬂ
X"+
T
P S
2 2 2 2x
@ 5o 0 g © g (@
x° —xy 2y —x 2y —x 2y—x
If f(x)=23x"!+ 5x5 the find /1° (x) (10™ order derivative)
(b) 311 1P . (3x)
(d) 310 IIP10 (3x)2

7.
(@) 3° P, (3%)
() 31°11P, (3%)
If y=cos™ (2x*— 1), then find &
dx
\/1 —x?

b
® 1+x © \[1+x2

_f
dx x=0

If y=(x*+1)e&* cosx, then find
(¢) 3

2

9.
(a) 2 (b) -2
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Methods of Differentiation

. If ‘g’ is the inverse of a function fand f”(x) = 1;5 then g’(x) 1s equal to
+ X

(@ 1+x° (b) 5x* © (d) 1+ {g @)}

1+(g(x)

11. If f (x) be a polynomial which has x = o be four times repeated roots then
" (o) 1s equal to

(@) 1 (b) 0

(c) 2 (d) Insufficient information
12. If y is a function of x and log (x + y) = 2xy, then the value of )’(0) 1s equal to

(@) 1 (b) -1 (e)2 (@) 0

100
n(101-n JS'aon
13 If f)= > (x—m)"""""; find
; Jaon
(a) 5051 (b) 5050 (c) 4050 (d) 4051
2 3 n
14. If y= 1+x+x—+x—+...+x—, then i is equal to
2! 31 n! dx
023 x" x"
@y ®) 1P © y-—— @ y-1-—
n! n! n!

d ., .
15. —[sin” x-cos(nx)] is equal to

dx

(a) nsin” txcos(n+ 1)x (b) n sin” ! x cos nx

(¢) nsin"txcos(n—1)x (d) nsin” ' xsin (n+ 1) x

16.

17.

NUMERICAL VALUE PROBLEMS

d
If y=(cosx), then find —y}
dx x=0
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§§> Solutions
i . (-5-6)-cos(x’ +1)-2x
1-() S = 3sin (x* + 1) — 52

= (=0
2.(b) v f(x,y) =xe¥ —y—sin®x

- —(eV + xe¥.y—2sinxcosx

= [0 ===

Jy w2V -1

= [(0)=1

4
_ x14 X d A
3.(c) [Using T3] f'(x)= x {XT+ nx—- (x )}

4
x

= fx)= X {x +(]nx)x"4(4x3]nx+x3)} =/()=1

X

- d 1
4.0 & s
Now, put x=01n the originaleqn = y =0

d
Hence, —y:| =—1
dx x=0

5.(a) |Using T-5|This is similar to T-5 but in this dependent variable is ‘x” and
independent variable is ‘y’.

dx 1)
== ,
dy (M {1-xlog,(f (1)}

Here f(y)=¢

¥y 2

2
dx x“e X

d_yzey {l—xlogeey} 1-xy

6.(b) [Using T-6| - fx)=x2
- dy  y-2x _ 2xy

dx 2y-x* 2y—x*

7.(c) [Using T-7| Here, n=11, r=10

=/10(x)=3101p (35 +0




8. (d)

9. (a)

10. (d)

11. (b)

12. (a)

13. (b)

14. (c)

Methods of Differentiation
Put x=cos® = y=cos! cos20
=y=20 = y=2cos'x
dy 2
Hence, -/ Jx m
Loty /09
2x  2&” sinx}

jf'(x)(x2+1)e2x-cosx{ —+ _

2x

x“+1 e COSX
=f(0)=2
[OSingSC2] fog ) =
1 1 /TR
SEWT T 1 ('f(x) 1+st
1+ {g(x)}’

=g =1+{gM)}°

If four times repeated roots then,
Sfla)=f'(a)=f"()=f""(a)=0

Here, f(x,y)=log(x+y)—2xy

1

d_~fo__xry
Now, —=—Jx— =1 (o y(0)=1)
dx 1
¥ —-2x
X+ y
Using Tech.
() %‘i(x n)" O (101-n) %‘in(wl— n)
f(x) n=l (x_n)n(IOI—n) n=1 (x_n)
100
Jaon => n=5050
= 7o et
Using T-8§| Put n=1 = y=1+x
d
Now, d_i: =1

Here, check the options (a), (b), (¢), (d) forn =1
= y-x=1+x-x=1
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15. (a) |UsingT-8| Put n=1 = % (sin x cos x) = cos 2x

Now, check options (a), (b), (¢), (d) forn=1
= cos2x

16. (0) o f(x)=cos’x
Q: 2cosx (—sinx) - dy -0
dx 2y—1 dx | _,

17. (0) |Using T-3| Here, f(x)=cosxandg (x)=¢"

X

Now, @ (cos x)ex |: ¢
dx cos X

-(—sinx) + log, (cosx)-e” }

= Q} =0
dx x=0




Application of
Derivatives

f l Review of Key Notes and Formulae ,

Let the tangent and normal drawn at point P(x,, y,) to the curve y = f(x).

d
Equation of tangent: y —y, = d_y:| (x—x)
X lp

-1
Equation of normal: y — y, = dy—(x -x)
|
* Note:
(1) If tangent1s parallel to x-axis then
dy
— =0
dx
(ii) If tangent is parallel to y-axis then
dy
= —=w
dx
(ii1) If tangent makes equal angles with the axes
d
2 +1
dx
(iv) If normal is parallel to x-axis then
dy
- — ®©
dx
(v) If normal is parallel to y-axis then
dy
= —=0
dx
(vi) If normal is equally inclined from both the axes or cuts equal intercept
then

= (%)
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Length of Sub-tangent, Sub-normal, Tangent and Normal

(i) Length of sub-tangent= | ——
. dy
(11) Length of sub-normal = | y| —

2
y 1+(y)
(11) Length of tangent = Y \dx)
(i
dx
2
dy
I+ —
g [de
dy

where, — is slope of tangent.
dx

(1v) Length of normal =

Monotonicity
1. Monotonic Functions:

(1) Monotonically increasing function: The value of f (x) should increase
(decrease) or remain equal by increasing (decreasing) the value of x.

Letx,, x, belongs to domain of the function
Then; x, <x, = [f(x)<f(x,)
Or x>x, = f)zfx)

(i1) Monotonically decreasing function: The value of f (x) should decrease
(increase) or remain equal by increasing (decreasing) the value of x.

Then; x, <x, = f(x))=f(x,)
Or x,>x, = f(x)<f(x)
* Note:

1 Ifx,<x, = [f(x)<f(x,)Vx,x,eD,thenf(x)isstrictly increasing
in domain D.

I.fx1 < Xy = [f(x)>f(x,) Vx,x, €D, thenf(x)is strictly decreasing
in domain D.
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Properties of Monotonic Functions

(i) Iff(x) is strictly increasing (decreasing) function on an interval [a, b],
then /! exists and also a strictly increasing (decreasing) function.

(i1) Iff(x) is continuous on [a, b] such that f'(c) <0 for each ¢ € (a, b) then

S g(x) S (2() g ()
T increasing T increasing T increasing T increasing
T increasing I decreasing I decreasing I decreasing
{ decreasing I decreasing T increasing T increasing

2. Maxima and Minima:

(1) Local maxima: A function f (x) is said to have local maxima at point
x = a, if there exists a very small positive quantity A, such that
fx)<f(@Vxe(a—h,a+th).

(it) Local minima: A function f (x) is said to have local minima at point
x = b, if there exists a very small positive quantity #, such that
fx)zf(b)yvVxeb—hb+h).

* The point x = a 1s called the point of local maxima of the function.

(1i1) Global maxima: A function ‘f” has a global maxima at ‘¢’, if f(¢) = f(x)
for all x € D.

(iv) Global minima.: A function ‘f’ has a global minima at *d”, if f(d) < f(x)
for all x € D.

\ Local maxima & Global maxima

y
Local maxima
Local maxima
I \ r"n'
1
L

X

1
— s
1 Xy
Local minima

Local minima and Global minima

3. Methods for Testing Maxima/Minima:
(1) First derivative test: Find the critical points (say x = ¢) by putting f'(x) =0

(a) Iff'(x)changes sign from positive to negative at x = ¢, then the point
is said to be point of local maxima.

(b) Iff’(x) changes sign from negative to positive at x = ¢, then the point
is said to be point of local minima.
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(i) Second order derivative test:

Step 1: Find f'(x) and equals it to zero (f'(x) = 0)
Step 2: Find the real values of x by putting /'(x) = 0 (say ¢, ¢,, ¢, ...)

Step 3: Find /"'(x) and substitute the values of ¢, c,, c;, ... in it and get
the sign of /"' (x).

Step 4: (a) If f"(c) <0; then it has local maxima at x = c.
(b) Iff""(¢) > 0; then it has local minima at x = c.

4. Greatest and Least Values of a Function: If a function /'(x) is defined in an
interval [a, b] then

Greatest value of f(x) = Max.{f(a), f(b), f(c)}
Least value of f(x) = Min.{ f(a), f(b), f(¢c)}

where x = ¢ is a point such that /(¢ ) =0
TIPS TIPS AND TRICKS: (T-1

If the curve passes through the origin, then the equation of tangent at the origin
can be directly written by equating to zero, the lowest degree terms appearing
in the equation of the curve.

e

Illustration 1

Find the equation of tangent at origin.
i x2+yr+2gx+2fy=0
() x3+) 3By +30?+x2-)2=0

c@ Short-cut solution :
(i) Lowest degree term = ng + Zﬁi =0

= =
(i) Lowest degree term = x* — 3? = 0
= y=4x

TIPS AND TRICKS: (T-2

R

If OP and OQ are intercept made by a tangent to the curve x™ + y" = " on the
coordinate axes then, (OP)" + (0OQ)" = a"

Illustration 2

The sum of intercepts made by a tangent to the curve x'3 + 3 =

(8, 8) on the coordinate axes is .

2 at point
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@ Short-cut solution :
Using T-2 | Curve: x'/3 + y!/3 = 813
= (OP) + (0Q)=8
Illustration 3

If the tangents at any point on the curve x> + y?3 = p?3 cuts off the intercepts
‘a’ and ‘b’ on the coordinate axes, then find the value of a3 + 573,

@ Short-cut solution :

Using T-2| Curve; x?3 + 23 = p?3

Hence, a—5/3 + b—5/3 :p—5/3

TIPS AND TRICKS: (T-3

T —
Equation of tangent to the curve x” + )" = a" at (x,, ) is

o T+ =a”

Illustration 4

The equation of tangent to the curve x* + y¥3 = 225 at point (x,, y,)

% Short-cut solution :
2 2

2 2 ES
Using T-3 | Put n = 3 = x(x)? 1+y(y1)3 =23

‘ P Y. 7
Equation of tangent is = —3 75 = 2
1N

Illustration 5

2
The tangent to the curve, y=xe® passing through the point (1, e) also
passes through the point: [JEE M 2019]

4 5
(@) (2,3e) (® [5’2‘3] (©) [5729] (d) G, 6e)

O@ Short-cut solution :
2

. X
The equation of curve y =xe

2 2
- ﬂ —e¥ 1+xe* 2x
dx
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2
Since (1, e) lies on the curve ¥ = xe” | then equation of tangent at (1, e) 1s

y_e= (e"2 (1+2x2)), 4 (x-1)

y—e=3e(x—1)
3ex—y=2e

4
So, equation of tangent to the curve passes through the point (;: 29} Ans. (b)

TIPS AND TRICKS: (T-4)

e

If two curves p x> + ¢, = 1 and p,x? + ¢,»* = 1 cuts orthogonally to each
other then

1 1 I 1

b P2 4 D

Illustration 6

2 2 2 2

If curves x_z + y—z =1and x_2_ r @ 1 intersects orthogonally, then find
P q m-  n

the condition:

@ Short-cut solution :
Using T-4 L_Lz 1 _L
1 -1
2

1
pz qz m?
= p? g =m?+n?

n

TIPS AND TRICKS: (T-5)

—

Area of triangle formed by tangent to any point of curve 2xy = p? with
coordinates axes is constant and it is equal to p>.

Illustration 7

Area of triangle formed by tangent at any point of curve xy = 9 with
coordinate axes is

@ Short-cut solution :
. Curve 1s 2xy = 18

= Area = 18 sq. units
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TIPS AND TRICKS: (T-6)

.sinx +¢g.cosx
Let f(x)= 25X 1 4.cO5%
r.sinx +5.cosx
: P g . .
(i) If >0 = Increasing function
ros
. P q . .
(i) If <0 = Decreasing function
ros

Illustration 8

Iffix)= Smx+ peosx o increasing function then find the interval of ‘a’.
2sinx +3cosx

@ Short-cut solution :

>0

a

5 6

5

=6a-10>0 = a>§
Illustration 9

Itrix)=
2sinx+3cosx

@ Short-cut solution :
1

=>3-2p<0 = p>§
2

Swx+pC0s Pag decreasing function then find the interval of ‘p’.

p
3

<0

Illustration 10
The function, f(x)= (3x—7)x2/3, xeR, is increasing for all x lying in :
[JEE M 2020]

14 3
@ (=20 [g» w) (b) (0, 0)u [7, oo)

14 14
© (—w, —) (d) (—w,—E)u(O, o)
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@ Short-cut solution :

fx)=@x-7)-x*"

. 2 15x-14
f'(x)=3x"" +(x=T)x 3= T
+ - +
—_——
-0 0 o0
E
15
For increasing function
f'(x) > 0then x (-0, 0) U [%, 00] Ans. (a)
INustration 11
1£700) = 2" then £(x) is [AIEEE 2001S]
(a) 1ncreasing on [-1/2, 1] (b) decreasing on R
(c) increasing on R (d) decreasing on [-1/2, 1]

% Short-cut solution :

S ) = xes (=2
= ()= 0904 (1 -2 xe (D=9 2x+1)(x—1)

1
Critical point are x = & and 1
= + —
<€ | I >
|
-1/2 1
Hence, f (x) is increasing on [-1/2, 1]. Ans. (a)
- a—.

TIPS AND TRICKS: (T-7

Let f'(x) be a polynomial function, then between any two roots of f (x), there
exists one root of its derivative i.e. f'(x).

e

Illustration 12

Prove that between the roots of x2 — 3x + 2 = 0 there exist one root of its
derivative.

@ Short-cut solution :

[Using T-7] -+ x2 - 3x +2=0

= x=1,2



Application of Derivatives
Hence, 2x -3=0

3
= X=

E which is between 1 and 2.

TIPS AND TRICKS: (T-8

.

e

Descarts rule of sign for the roots of a polynomial.

Rule 1: The maximum number of positive real roots of a polynomial equation.
S =ap"+ax!+ax"?+ . +a_x+a =0is number of changes of the
signs of coefficients from positive to negative and negative to positive.

Example: f(x)=x+3x>+7x-11=0
o0 @

= Only one change of sign, then the number of positive roots of above equa-
tion is atmost “1°.

Rule 2: The maximum number of negative real roots of the polynomial equa-
tion f(x) = 0 is the number of changes from positive to negative and negative to
positive in the sign coefficients of the equation f(—x) =0

Example: f(x)=x" +2x* + 7x* —x+ 12=0
= f(—x) = —ex5 —92x3 +7x% +x+12=0
qEB ® @
= Only one change of sign, then negative roots is atmost “1°.

TIPS TIPS AND TRICKS: (T-9

B

For the trigonometric functions of the type:

Maximum value = /2 + p2
Minimum value = —+/42 + p2

(i1) If f (x) = a’sec’x + b*cosec’x —> Minimum value = (a + b)?

(i)Iff(x)asinxﬂ:bcosx-[:

(iii) If f (x) = a sec x + b cosec x —» Minimum value = (a*> + b?3)3?

Illustration 13

2 2
a b
For the curve 7> = —— -+~ then minimum value of 7 is equal to
sin“0  cos” 0

@ Short-cut solution :
Using T-9(ii) | r = \/azcoseczé) +b%sec’0

=, =ath
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Illustration 14

sin2x

———————Xx€ [O, E) is equal to:
. m 2
sin| x+—
[ 4)

The greatest value of the function y =

@ Short-cut solution :
g To)| - 2smxeosy 22

s x 4 cosx secx +cosecx
2 2
202 W2 22

= =
Vinax (SeC X +COSeCX)y Vinax — (12/3+12/3 32 2J‘

=1

Illustration 15

The maximum value of 3cos6+ 5Si1‘1(9 —%) for any real value of 0 is:

[JEE M 2019]

@ 19 (b) ?
© <34 @ 31

o@ Short-cut solution :

Let, the functions is,

f(B)=3cosO +5$in9-cos%—53in%cose

= 3c056+5x§sin6—5x%cos9

(3—2JCOSG+5XJ§SIHG = lc 59+%Slﬂ9

max f{0) = , ﬂ \/7 J19 Ans. (a)

TIPS AND TRICKS: (T-10)

————

The sum of two natural numbers is ‘a’ then their product is maximum, if

a a
numbers are x = 2 andy=a——




Application of Derivatives
Illustration 16

The sum of two natural numbers is 20 and their product is maximum. Find
the numbers.

o@ Short-cut solution :
Here, a =20

Then, numbers arex= — =10andy=a—- — =10

[N
SR

Hence, numbers are x = 10 and y = 10
INustration 17

The sum of two natural numbers is 30. Then their product is maximum if
numbers are

@ Short-cut solution :

Using T-10 | Here, a = 30

Then numbers are x = % =15andy =30-15=15

TIPS AND TRICKS: (T-11

| TS

——

2
Maximum area of rectangle whose perimeter is ‘P’ is equal to [B) .
4

Illustration 18

Maximum area of rectangle whose perimeter is 24 is equal to

% Short-cut solution :
Here, P =24

P 2
= Maximum area = [Z) =36

Illustration 19

Maximum area of rectangle whose perimeter is 36 is equal to

o@ Short-cut solution :
Here, P =36

P 2
= Maximum area = (Z) =81
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TIPS AND TRICKS: (T-12)

—

Least perimeter of rectangle having area ‘A’ square units is equal to 4+/A units.

Illustration 20

Least perimeter of rectangle having area 49 m? is equal to

V Short-cut solution :
Using T-12 | Here, A= 49

= Least perimeter = 4JA = 429 =28m
Illustration 21

. . 81 .
Least perimeter of rectangle having area — m? is equal to

(@ Short-cut solution :
‘ 8l
Here, A=

. 81
= Least perimeter = 4\/X =4 ” =18m

.

TIPS AND TRICKS: (T-13)

If the triangle is inscribed in a circle of radius ‘77,
then the area of inscribed triangle will be maximum if
triangle is an equilateral triangle.

= Maximum area = g(r\/g )

Illustration 22

Maximum area of triangle inscribed in a circle of radius 5 m is equal to

@ Short-cut solution :

Using T-13 | Here, r=35

NE) 2 753
— (53 = ——
L OV ==

2

= Maximum area = m




Application of Derivatives

TIPS TIPS AND TRICKS: (T-14)

—

Maximum and minimum value of y = ax? + bx + ¢ is as follows:

/\

If a > 0 (coeff. of x%) If @ < 0 (coeff. of x?)
Max. value Min. value Max. value Min. value
4ac—b* 4ac —b* -
4a 4a

Illustration 23

Find maximum and minimum value of y =x% +x + 1.

o@ Short-cut solution :

Using T-14 | Here, a >0
.. 4-1 3
= Minimum value = —— = Z
Maximum value is .
Illustration 24

Find the maximum and minimum value of y = —2xZ 4+ 3x + 1.

o@ Short-cut solution :

= Minimum value is — o

Maximum value = w = ﬂ
4(-2) 8
Illustration 25

The minimum distance of a point on the curve y = x> — 4 from the origin is:

[JEE M 2016]
(@ N (b) )
© = @ Y2

2
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Q@ Short-cut solution :
D= yJo? +(?-4)?

D?=o?2+0t+16-8c2=at -T2+ 16

£=40{3—14a=0 \ (0] /

da.
20202 - 7)=0 \
(0,02 4)

OL2=Z
2
D= 49— £+16 ——ﬁ 16=E
2
D:% Ans. (a)

To find whether f'(x) > g(x) or g(x) > f (x) i.e. to establish inequalities.

The concept of AM > GM can be used = Split the function such that on
multiplication (GM) it becomes unity.

Illustration 26

Prove that: 2sin x +tanx = 3x, x € |:0, g:|

@ Short-cut solution :

Using SC-1| Let f(x) =2 sinx + tan x — 3x
“ f'(x) =2 cos x + sec’x — 3

2
_ cosxtcosx+sec”x—3

2
cos X+ cos x +sec” x
Now, apply AM = GM = 2 > (cosPr.sec?x)!3

= 2cosx+sectx23=f'(x)=0

Hence, 2sin x + tan x = 3x. Hence Proved.




Application of Derivatives

SHORTCUTS: (SC-2)

In order to find condition for roots of cubic polynomial

f(x) = ax® + bx? + cx + d = 0 if f (x) is non-monotonic function then follow
the steps.

X
Step 1: Differentiate /(x) = f'(x) = 3ax*> + 2bx + ¢ = 0( xl
2

Now, quadratic equation must have 2 real roots (D > 0). Let the roots be x,
and x,.
2

Step 2: [T/ (x,).f (x,) >0 = 1 real and 2 imaginary root.
If f(x)).f (x,) = 0 = 3 real (2 coincident roots)
If £ (x,).f (x,) <0 = 3 real (Distinct roots)

Illustration 27
If the cubic y = x* + px + ¢ has 3 distinct real roots, then
(@) 4p*-27¢°<0 (b) 4p>—27¢3>0
() 4p*+274><0 (d) None of these

% Short-cut solution :
vy =32+p=0>x=+ ‘_T

Now, y =x(x? +p) +¢

= (PR [ R o]

2
- 4_P(_]+q2 <0
9 3

=4p3+27¢°<0 Ans. (¢)

Maximum and minimum value can be find by using AM > GM.
Split the terms such its multiplication (GM) becomes unity.

Illustration 28

If p2x* + g%* = ¢, then find the maximum value of xy.
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@ Short-cut solution :
Using SC-3| -- AM = GM

2.4, 2.4
X+ 2.4 2 4.1/2
L2211 quz(pqu)

=xy < @

Illustration 29
If xy = ¢*, then find the minimum value of px + gy (p > 0, ¢ > 0).

o@ Short-cut solution :

+
Using SC3| -~ AM = GM = g > (pgxy)'?
=Spx+qy= 2,:2\/5 (o xy=ch

Illustration 30

If p and q are positive real numbers such that p? + ¢ = 1, then the maximum
value of (p + ¢q) is [AIEEE 2007]

@ Short-cut solution :

Using SC-3| Let p = sinb and g = cos0

= p +q =sinb + cosO

=@+ Dp= V2

Angle of intersection of two curves:

Let C, and C, be two curves having equations y = f(x) and y = g(x) respectively
and 6 be the angle between intersection of tangents of curves C, and C,. Then

my —my

) (QJ v
tan 0 = L+ mym, , where m, = dx G and m, = dx )




Application of Derivatives
INlustration 31

Find the angle between the curves y = sin x and y = cos x.

o@ Short-cut solution :
. . . . . Tc
Using Tech.| Point of intersection, sin x = cos x = x = 7

dy 1

y=sinx = | — =—
(dx)x_z V2

1 1
NN
m —m
tan 0 = 1+1m m2 B 1 1
e
2 2
22 .5
201

0= tan"1(24/2)




_

1.
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Concept Eooster Exercise

Find the equation of the tangent to the curve x> + )3 — 3xy = 0 at origin.

(@ x=1 ®) =0 © w=-1 (& w=2

If OA and OB are intercepts made by a tangent to the curve \/; + J; =4 at
point (4, 4) on coordinate axes is:

@@ 42 () 82 © 2 () /256
2 2 3
The equation of tangent to the curve XY gt point (—, V2 J is equal
o 9 4 V2
(a) 2x+3y= 642 (b) 2x—3y= 62
(€) 2x+3y=32 (d 2x - 3y=32

If 2x% + 332 = 1 and px? + 2y = 1 cuts orthogonally to each other then value
of ‘p’ is equal to

g b __3 —2 d 3
@ 3 ®) © 3 (@ 2,
Area of triangle formed by tangent at any point to the curve Sxy = p? is
2 2 2
% P
@ P ® © £ @
2 3
The value of ‘b’ for which f(x) = sinx fbeosx is increasing, is equal to
2sinx+3cosx
b2 b) b> = < d) be >
@ b>2 @) b>3 @ b<T (@ b<]
The number of real roots of (x + 3)*> + (x + 5)>= 16 is
(@ 0 (b) 2 (c) 4 (d) None of these
For the curve % = a%cosec?0 + bZsec?0, then maximum value of 7 is:
r
c c \/E
b — d
@ B @, @

The sum of two natural numbers is 10 and the product of numbers are
maximum, then the numbers are

(a) 2,8 (b) 5,5 (c) 4,6 (d) 3,7



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Application of Derivatives

The maximum of a rectangle whose perimeter is V3 Lis equal to
3 3 3 3
Z by — = ) =
@ 2 ®) - © 3 @ 3

Least perimeter of rectangle whose area is 9 square units is equal to
(a) 12 (b) 24 (c) 6 (d) 36

Maximum area of triangle mscribed in a circle of radius \/3 m is equal to

33 9 V3 93
(a) e (b) 7 (c) e (d) ~

If £ (x) = x + 2bx + 2¢? and g(x) = —x? — 2¢x + b? such that min. £ (x) > max.

2(x), then relation between b and ¢ is [AIEEE 2003]
(a) Noreal valueof b & ¢ (b) 0<e<b.2
(© lel <2 (d) [el>[p1V2
IfA>0,B>0and A+B= E, then maximum value of tan A . tan B 1s:
! . 1 oL
@ ®) - © 5 @ -

For 0 < a <ux, then minimum value of function log,x+log,a 1is

1
@ - () 2 (e) 3 (d) 4

NUMERICAL VALUE PROBLEMS

Let x and y be two real variables such that x > 0 and xy = 1. Find minimum
value of x + y is
b .
If ax*> + — = c for all positive “x’ where ¢ > 0 and b > 0, then 27ab> = L¢3 then,
x

y is equal to

. 2 .
The function f{x) = §+ — has a local minimum at x = [AIEEE 2006]
X

Let f: R — R be such that for all x € R (2! + 2!™), f(x) and (3% + 37) are in
AP, the minimum value of f'(x) is [JEE M 2020]

The value of ‘a’ so that sum of the squares of the roots of the equation
x?—(a—2)x —a+ 1 =0 assume the least value, is
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§§> So[utwns

(b) 1| Putting lowest degree term = 0

= xy=0

(d) |Using T-2| Curve: x12 + y12 = 1612

= Sum of intercepts (OA)! + (OB)! = (16)! = /256

3
(a) MPuttingnzZandxlz E,ylz V2
x.3 y\/_

+—*1:>2 +3y=6+2
T 92 vy

(d WHere,pl =2,p,=p.9,=3,4,=2

= = p=

3
2

2
() [UsingT=5] 2y = £~

2
- r
Hence, area = ?

0 =
o |-
W | =
| —

>0

(¢) |Using T-6(i)
3
=3-2b>0 =bh< 5

(b) |Using T-8(i)| By Descarts rule:

=>32+9+6x+x2+25+10x—-16=0
=x2+8+9=0

Rule 1: (f(x)) () () () (No sign change)
Rule 2: (f(-x)) x> 8+9=0
(G 5_2 g+) (Two sign change)

= 2 real roots.

C
(d) |Using T-8(ii)] -- ”1313;;_ =—

(a cosec”0 + b7 sec? )Mo

Je

a+b

Tmax. =




10.

11.

12.

13.

14.

15.

16.

17.

Application of Derivatives

(b) | Using T-10 | Numbers are ? and 10 — % =355

4 4 16

2 2
® e
(a) Perimeter (Least) = YNIN 4\/§ =12 units

@ [TmETI3]Area,, —£( 3y’ —imz
(d) *+ Min. (f (x)) > Max. (g(x))

2 2 2 2
_ 4eeh)-4ab’ 4cb)-de

4 —4
S2R<? = | > |p2

(b) For maximum A =B =

1
= tanA.tanB = tan| — |[tan| — -
6 6 3

1
(b) |Using SC-3|AM = GM [ . log,x = logan

log,x+

| a

log.a
= fx = (D" = (log,x+loga), . =2

(2) |Using SC-3|AM > GM
= X 2 ) o iy22 (rxp=1)

(4) [Using SC-1]AM = GM

b
ax® +—+— 2.\1/3
2x 2x (ab’) [ ax2+22c)
- x

= 27ab*> 4¢3 (On cubing both sides)
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(2) |Using SC-3|AM > GM
x 2

2 x 2
-2 x zuyﬂ:>[—+—J -2
2 */Min

19. (3) |Using SC-3|Since (2™ +21™), f{x), (3* + 3™) are in A.P.

A S L
2

Now, applying AM > GM

= f(x) =

l+x 1+x 1-x I-x
SR I R
= 2 2 2 c 2 > (1)1/6

=2t 2l 3 3> 6

pltx g oplox | gy | 37
2

20. (1) |Using T-14|Let o, B be the roots of the quadratic equation

Sa?rP=(a+pPP-2aB=@-2%-2(1-a)=a*-2a+2

23

) ) 4x2x1—4
(0 By = —f — =




Indefinite
Integration

‘f / Review of Key Notes and Formulae ,

Definition: Reverse process of differentiation

J' f(x)dx=g(x)+ C — Indefinite Integration Constant.

Int eié rand \—> Integral / Primitive / Anti-derivative
2.  Standard Integration to Remember
Integrands Integrals Integrands Integrals
n n+1l y
6 J-x dx Y Lo | Icotxdx —log, |cosx|+C
n+1
(ii) J-l dx log, | x|+ C |(xii) J-taHde log,|secx|+C
X
(ii1) je" dx e+ C (xiii) J-sec xdx log,|secx+tanx|+C
(iv) Iax dx 4 L |xiv) ICOSCC xdx |log,|cosecx—cotx|+C
log,

QX
'Z+C

™) Isinxdx —cosx+ C |(xv) J-\/— sin »

; c |xvi) I—_dx cos' 24 C
i sin x + XV1 -
(v1) J-cosxdx 22— 2 a
. dx 1. 5 x
. 2 tanx + C |(xviL) —tan —+C
(vii) J-sec xdx ,[az 1x2 a a
1
(viii) J-cosec2 xdx | —cotx+C —sec —+C
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Integrands Integrals Integrands Integrals

(x1x) I—dx l sec ! X +C
(ix) Isecxtanxdx secx + C x| [2 2 |a a

_dx 1 1 X
_ + C|l(xx) | —F—==|—cosec | = |+C
(%) Icosecxcotxdx cosec x + C|(xx) .[l x| [xz_az a (a)

3.  Methods of Integration
(A) Integration by substitution method:

For integral If’{g(x)} g'(x) dx, we create a new variable 7 = g(x), so

dt
that g'(x)=—
at g'(x) i

% Special Integrals in Substitution Method

1 1 a+x

i dx=—TIo +C
M ,[az_xz 2a Se a—x

iloge -4y

2a x+a
(iii) IJ——log x+\}x -a*|+C
(iv) I—x=loge x+\)x2+a2 +C

Jxi+a’
Different forms:
X +
FORM-I : p—a’ OR I g
ax® +bx +e yax*+bx +c

= Putpx+q=K1di(ax2+1’9x+c)+K2
X

Now, find K| & K, and integrate it.
(B) Integration by parts method:

We use this method when there is a product of two functions.
d
[ (- g(xyde=f(x) [ g(x)dx - j{g () [ dx} dx
I I

% Order to follow: Inverse — Logarithm — Algebraic — Trigonometric
— Exponential.




Indefinite Integration

*  Some Special Integrals in By-parts Method

I\/xz—i-ai' dx=%[x\/x2+a2 +a’log|x+x*+a°
(i) I1}a -x dx—%{x\/a —x% +a%sin” [§J}+C
(iii) I\}x —a dx—%[x\}x —a* —a*log x+\/x2—a2

Different forms:

|+c

}rc

FORM-I : [(px+q)Jax’+bx +c dx

d
= Putpx+q=K1[d—(ax2+bx+c)}+K2
x

Now, find K| & K, and then integrate it.
(C) Integration by partial fraction method:
If degree of numerator < degree of denominator then partial fraction
S ()
g(x)
px+q 4 A N B N C
(x-a)(x-b)(x—c)) x-a x-b (x-b)

method will be applicable. Decompose into partial fraction.

Ex. (i)

D E F
+ + +
x-¢) (x-¢® x-¢?

PX2+gx+r 4 . Bx+C

(i)

(x—a)(x2+bx+c) x—a x*+bx+c

Now, find all values of constants (assumed) and then integrate it.

TIPS AND TRICKS: (T-1

ey

Short trick to solve linear form integration.

I[ﬂde=£ Mlege|cx+d|+C
cx+d @ o

Illustration 1
2x+7
4x+5

dx

Solve: _[
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Q@ Short-cut solution :

jﬂdxzﬁ_wlog |4x+5]+C
4x+5 4 16 ¢

9
=24 log, [4x+5]+C
2 8
Illustration 2

Tx—15
4x+11

o@ Short-cut solution :

Oeimg 1] [ o =TX T+ 100 4xr11)4 €
4x +11 4 16 ¢

Solve: _[

= ——ﬂloge|4x+ll|+C
4 16

TIPS AND TRICKS: (T-2

Short trick to solve integration of the form:

2
_[ dx _ 2 tan{i (ax +bx+c)]+c

ax’ +bx+c \/4ac—b2 dx \4ac - b’

where, 4ac — b* > 0

Illustration 3
dx

Solve: | ———
j 5x% +6x45

@ Short-cut solution :

Using T-2| - 4qc-5>=100-36=64>0

dx 2 1 (10x+6 1. (5x+3
:>I 5 = tan | ——— |+ C=—tan +C
S5x°+6x+5 64 64 4 4

Illustration 4

dx

Solve: | ———
'[ X2 +4x+7



Indefinite Integration

%‘ Short-cut solution :
 dac—b=28-16=12>0

3_[ dx 2x + 4)

2 O [
= tan ——
2 +dx+7 412 12

x+2

= % tan ™! [T) +C

TIPS AND TRICKS: (T-3)

—

Short trick to solve integration of the form:

j x" f(x)dx; where f(x) is trigonometric or exponential function.
Tabular Method : (Process as follows)

Ex: I= _[ (sin 2x) x* dx

I I
Derivative of I Integral of II
3 .
X o sin 2x
1 cos 2x Multiply the
2 terms as
2x \ arrow 1ndicates
_l sin 2x sign changes
alternatively
2 \
1
+ —cos 2x
8
0
2 2x

= I=—x—cos2x+—sin2x+gc052x
2 4 8

Illustration 5
Solve: j e dx

I




Authentic Shortcuts-Tips & Tricks in Mathematics

Q@ Short-cut solution :
Using T-3 Differentiation Integration

x* +\ e
4x3\ i
12x2+\ e
24x\ o
24+\ o
0 o

= x%e" —4x3e" + 12x%e* — 24x & + 24¢€°

TIPS TIPS AND TRICKS: (T-4

R

Short trick to solve integration of the form:

dx 1 a ) a
_[ === tan tanx |+ +C
a+bcosx a|\a+b a+b

2

* Note: In case of ‘sin® x’ use sin’x = 1 — cos? x

Illustration 6

dx ) )
I—3 2 2 > solve the integration
cos” x

% Short-cut solution :
¢ a=3b-2

:>_[ =l \/Etanl \/Etanx +C
a+bcos? x 31V5 5

Illustration 7

dx
_[ ————— solve the integration
6+4sin” x

o@ Short-cut solution :

'[10 4cos?x



Indefinite Integration
Here,a=10,b=—-4

dx 1 [ fio. ([0
:>I I — 4. |— tan —tanx [+ C
6+4sin’x *10—4cos’x 10 6 6

TIPS TIPS AND TRICKS: (T-5)

——

Short trick to solve integration of the form:

ae®™ +b _x 1 (ad — bc)

dx =

log |ce™+d|+C
Frad T d e o |

Illustration 8

3e"+5 dx
2¢"+7

O@ Short-cut solution :

[Tsing T-5| j3€ 3 g =2 +¥bge|26x+7|+6’

Illustration 9

Solve: j

Solve

:f 765 +10 4

—8e°" +3

o@ Short-cut solution :
m J‘7e +].0 l()_x+l ].0]. 10g2|3—8€5x|+c
3 5 24

TIPS AND TRICKS: (T-6

Short trick of the form:

mx

(1) Iemx sin (nx) dx = ,f 5 (m sin (nx) — n cos (nx)) + C
m

+n

mx

5 (m cos (nx) + n sin (nx)) + C

.. mx d = €
(i1) _[e cos (nx) dx =

+n
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Illustration 10

Solve: I= Ie3x -sin 2x dx

o@ Short-cut solution :
Here, m=3,n=2

3x

= I sm (3sin 2x —2 cos 2x) + C

"9t 4

Illustration 11

Solve: [= J- -cos 7x dx

O@ Short-cut solution :
Here,m=-5,n=17

-5
e

49 + 25

TIPS TIPS AND TRICKS: (T-7)

e

= I cos nx dx = (— 5cos (7x)+ 7 sin (7x)) +C

Short trick to solve integration in the partial fraction form:

* This trick is valid only when denominator can be factorized into the linear
form.

2x -1
_[ dx
(x=D(x+2)(x-3)
Step 1. Put x — 1 = 0 = x = 1 and substitute x = 1 in rest of the factors,
multiplied by log, (factor which has avoided).
Step 2. Similarly repeat the process for other factors which are in denominator
1e.x=—2,x =3 and add all the parts.
2(H)-1 21| & 2=2-)

L In|x+2]
(1+2)(1-73) (-2-1)(-2-3)

2(3)-1

=YY" jp|x-3]+C
G-1)(3+2)




Indefinite Integration
Illustration 12

2
x“+4
Solve: jm dx

Q@ Short-cut solution :
2
5

x(x-1D)(x-2)
(Putx =0, x =1, x =2 systematically as discussed earlier)

x> +4 2 +4 0+4
I—3 5 x=j dx =
X —3x%+2x x(x=1)(x-2) "~ (0-1)(0-2)
4+4
In|x|+ In|x—1|+———tn|x=2[+C
1(1-2) 2(2-1)

= 2In|x|-5|x-1|+4In|x-2[+C

TIPS AND TRICKS: (T-8)

.

———

Short trick to solve integration of the form:

1) IL=lloge —— |+C;neN
x(x"+1) n x"+1
(i1) IL=loge x 1 +C;neN
x(x"=1) x"
Illustration 13
d:
Solve: j+
x(x"+1)
o@ Short-cut solution :
Using T-8 (i)| - n=6
d 1 6
= [——=—I|——|+C
x(x6+1) 6 |x"+1
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Illustration 14

dx
x(x*=1)

o@ Short-cut solution :
Using T-8 (ii)| - n=4

Solve: _[

TIPS AND TRICKS: (T-9)

Short trick to solve integration of the form:

acos x+bsin x (ac+de {aa’—bc
I dx = x+

A +d? ct+d?

: In (Denominator) + C
ccos x+d sin x

Illustration 15

2 cos x+sin x
Solve: _[ ———————dx

4 cos x+3sin x

@ Short-cut solution :
Here,a=2,b=1,c=4,d =3

 [Reomcesing g ($43), (O i cos 3sina] +C
4cosx+3sinx

25 25

Reverse process of integration i.e. differentiation. If we have to find the
unknowns then differentiate the given integration both sides and reach the
answer.

Illustration 16

5t .
Ifjixzdx=x+aln|smx—2cosx|+1< [AIEEE 2012]

Then ‘a’ is equal to
(@) 1 (®) 2 (© -1 (@ -2



Indefinite Integration

@ Short-cut solution :
: .d .
Using SC-1| Taking = of both sides
X

5tan x _1+a(cosx+231nx)

tan x — 2 sin x — 2 cos x

5tan x _l_a(cosx+28inx)

tan x — 2 sin x —2cos x

(Divide N and D" by cos x in RHS)
dtanx+2 a+2atanx

tanx—2  tanx—2

On comparing both sides = a =2 Ans. (b)
INustration 17

If Inzjtan"xdx(n>l) and I, + I, = a tan’ x + bx’ + C; then find
a, b. [JEE M 2017]

@ Short-cut solution :
Itan4xdx+_[tan6xdx=atan5x+bx5 +C

On differentiating both sides, we get
= tan*x + tan® x = 5a tan* x - sec? x + 5hx*

= tan®x + tan® x = 5a tan* x + 5q - tan® x + 5hx*

On comparing both sides = a=—,b=0

HORTCUTS: (SC-2)

Integrals of the form j sin” x cos™ x dx

1
5

Case-1: If n is odd, put cos x = ¢

Case-II: If m 1s odd, put sinx = ¢

Case-III: If m and n both odd, put sin x or cos x =1
Case-IV: If m + n is negative even integer, put tan x = 7.
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Illustration 18

- 99 3
Solve: jsm xcos” xdx

o@ Short-cut solution :
Using SC-2| m=3and n=99 = Case-III

. dt
Hence, put sinx=¢ = — =cosx
dx

09 ) thU t102
= |7 1-dt=—-—
'[ ( ) 100 102

100 102

(sinx) ™ (sin x)
100 102
Illustration 19

+C

dx
2

2x COS7 X

Solve: _[ i

sin'

@ Short-cut solution :
s m+n=—4 = Case-IV

Hence, convert in terms of tan x.
4 2 2
sec’ x 1+ tan” x) sec” x
- _[ hd P J‘( )
sin x Jtan X
CoS X

dt
Now, puttanx = = e sec? x

X

X

2
= jH—tdt=2«/;+%(t)5/2=2 tanx-i—%(tanx)S/z—i-C

N

Integrals of the form:

@ [ U@+ ) d=e f(x)+C
Gi) [ @)+ Fe) dv=xf(x)+C
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Illustration 20

Solve: j xFsmx dx

1+ cosx

G@ Short-cut solution :
Using SC-3 (ii)

X X
2sin — cos —
. + x2 dx
1+2cos’=—1 1+2cos?=-1
2 2

X

1
= j[ x-—sec’ i-i—tanf} dx = xtan£+C
2 2 2 2
.=
f(x) f(x)
Illustration 21

e (x +5x+7)d
(x +3)?

@Short-cut solution :
[Using SC-3 (i)] _[ {(x+2\ 1 }a’x - e"[x+2)+c

ey (x +3)° x+3
H_J —
S) Sx)

Solve: j

TECHNIQUE: (Tech.1)

Algebraic Twins : To find the integral of the form

x +a xz—az
a2 a2 dxaﬂdjﬁdx
+2x? +a’ +Ax +a

To evaluate the integral of these above forms, first we divide both numerator
and denominator by x> and then express the denominator in the form

X X X

2 2
2 2 2
{x — a_] + k2 and [x+a_J 142 respectively. Then put x— 4 —¢ and

2

a .
X +—=1 respectively.
X
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Illustration 22

2
Evaluate j% dx
X +x"+1

@ Short-cut solution :

TECHNIQUE: (Tech. 2)

To find the integral of the form j 6(x) dx, where P and Q both are pure

rJo

quadratic expression in x. Such that P = ax?> + b, 0 = cx? + d.

Then, put x L and ¢ + df* = u”.
t

Illustration 23:

1
Evaluate _[— dx

(l—xz)m




Indefinite Integration

c@ Short-cut solution :

; 1 1
Putting x = — and dx = —— dt, we get
1 s

(_;Jdt =—_[ tdt
(1_12]\/“12 (t2—1)\/t2+1

t t

-

Let 12 +1=u”, we get 2t df = 2u du

1= —J' d - log‘u_ﬁ|+c
uz—(\/i)2 22 ‘u+\/§|

1 JP+1-47] 1
log +c=—
2v2 \/1‘2+l+\/5| 2V2

1 W1ea? —JExLC
22 \/1+x2 +-\/5x‘
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“ Lj| Concept Booster Exercise
(b) x-21log,|x+1]+C

I—dx is equal to
(d) floge|x+1|+C

=

(@ x-log, [x+1]|+C
(€) —2log,|x+1]+C

dx

-[(x+1)(x+2)(x+3)
—In|x+D(x+3)|-In|x+2|+C

is equal to

(@)

(b) l]n|x+1|+C
() —hh|x+2|-In[x+1[+C
(d —Ihnjx+3|-In|x+2|+C
3. I#isequalto
ltanl[ﬁtanxJ+C (b) L tan (7‘/§tanxJ+C
V2 J6 V2
None of these

(a)
© % tan ! {Lj‘;‘ xJ +C (@

T (%3 + 3x2 + 6x + 6)

4. _[2x e “dx is equal to
(1) € (—x°—3x2—6x—6) (b)
(¢) e (—x*=3x2—6x—6) (d) None of these
10-¢”+5
5. dx is equal to
I 11.e* 1
-2|+C

(a) j+Eloge|11 e
44
—loge|11-e2x—2|+C

(®)




10.

Indefinite Integration

(©) _75x+§1oge|10-e2"+5|+c

(@) %10g8|10-e2"+5|+c

I ¢* - sin 3x dx is equal to

X

(a) %(sin 3x—-3cos3x)+C

X

(©) %(sin 3x—-3cos3x)+C

_[ dx
2

x“+3x+4

(a) 2tan’! (23—;3J+ C

(e

is equal to

(© J—

I%dx 1s equal to
x(1+x7)
-

(a) log, al =|+C

I+x

1 4

c) —=log, |—=|+C
© 7 1+x7

_[ Y s equal to

Sin X — COS X

(a) %log|sinx+cosx|+C

(b)

(@

(®)

(d)

®)

(d)

(®)

1 . x
() Elog|s1nx—cosx|+5+C ()

sin (x — )
(a) (sina,cosa)

(¢) (—sina,cosa)

®)
(d)

X

f—o(sin 3x—-3cos3x)+C

X

T—O(Sin 3x+3cos3x)+C

1 x’

- log, 7 +C
7

7 log, al =+ C
X

log |sin x —cos x|+ C

llog|sinx+cosx|+£—i—C
2 2

Ax + Blog-sin (x — a) + C, then value of (4, B) is

[AIEEE 2004]
(cos a, sin o)

(—cos a, sin o)




12.

13.

14.

15.

16.

17.

18.

Authentic Shortcuts-Tips & Tricks in Mathematics

Iff{z 4} 2x+LxeR—{1,-

, then J- f(x) dx is equal to

[JEE M 2018]
(a) 12In|l-x|-3x+C b)) -12In|1-x|-3x+C
(¢) —12In|1-x|+3x+C (d R2hn|l-x|+3x+C

It J- de tbe dx = Ax + Blog (9¢** — 4) + C, then, ‘4’ and ‘B’ are
9¢" —4e™"

-3 35 -2 35
a) —,— b)) —,—
(@ 2 36 ®) 3 36

-3 36 -2 36
() 2,2 d — =

2 35 3 35
I sin® x cos® x dx is equal to
@ - cos’ x 2 cos” x B cos’ x b - cos’ x 4 2 cos’ x B cos’x

7 5 3 7 5 3

cos'x 2cos’x cos’x

(©) (d) None of these
7 5 3
I -De De” dx is equal to
(x+1?
ex e’

(a) +C ®) —+C

(x-1)7° (x+1)?
© —+C @ =

x—1 x+1

NUMERICAL VALUE PROBLEMS
Let f(x)= I e* (x—1)(x—2)dx, then °f’ decreases in the interval (a, b),
thena + b is . [JEE M 2020]
It j & cos 4x dx = > (4 sin 4x + B cos 4x) + C, then 44 + 3B is equal to

dx=A-e*tan 'x + C, then‘d’isequal to .

e+ (1+x*)e'tan ' x
If'[ 1+x%

IfJ' 2x+5 A\/7 6x—x* + Bsin~ l(x—HJ+C their ordered
A7 —6x— x? 4

pairis (4, B), then | 4 + B | is



Indefinite Integration

@ Solutions

(b) a=l,b=-lc=1d=1

= x—Tloge|x+1|+C

2

Puttingx=—1

1
= —In|x+I]
2

Puttingx=-2
= —In|[x+2|

Puttingx=—3
= l]n|x+3}|
2

1

] G 2)( )

Hence,

=l]n(x+l)(x+3)—]n(x+2)+C

3. (o) m I (. sin? x =1— cos’x)

*COS X

= a=3,b=-1 3_[7—1 itauf1 \/Etanx +C
3—cos"x 3|V2 2

‘o v

e—x

//?/

= (23 e dy=—x3e* 332 ¥ _bxer et
= e*(—x3-3x2—-6x—-06)
5. (a) [OsmgTs| v a=10,b=5c=11,d=-2,k=2

10-&** +5 Sx 1
=[S = [_J log, |11-¢** =2|+C
11-e* -2 272
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®) [GSETE®] m=1n-3

X

e
1+9

= jex sin(3x) dx = (sin (3x) — 3 cos (3x))+ C

(d) [UsingT-2| - 4ac-b"=16-9=7>0

:j—z o = itanf1 [M] +C

x“+3x+4 «/7 ﬁ

G TE@)] =7
1 1

x
Djmdx=;loge T

0-cosx+1-sinx

Using T-9|Here, j ——dx
—cosx+1-sinx
ca=0,b=lc=-1d=1

in x

1 1
dx=( \x+[—)]n|sinx—cosx|+c
\1+1)

S
= [=
SIn X —COS X 2

sinx .
Im dx = Ax+ Blogsin(x—oa)+C

Differentiating both sides

sinx B-cos(x—a)
sin (x —a) sin (x —at)
sinx  sinx[Acosa+ Bsina]+cosx[Bcosa— Asina]
sin (x — ) sin (x —a)

On comparing both sides = A=coso,B=sina

Using T-1 Putx_;zt = x=21t+4
-1

X+

dx

1—x

C[2+4] . 30)+9 3x+9
:f(t)_z[l_t}ﬂ_ — = [=——

a=3,b=9,c=-1,d=1

. 3—x—[¥)10&|1—x|+C



12.

13.

14.

15.

16.

(@)

(b)

(b)

(&)

(0]

Indefinite Integration

Using T-5| Here,a=4,b=6,c¢=9,d=—4

Multiply numerator and denominator by e* = k=2
2x
Now,j4e +6 =6x+1[ 16-54

X = — log |9e**— 4|+ C
o 4 3 J g | I

-36
= A= __3, = E
2 36
Using SC-2| n=5,m=2 = ‘n’is odd
. 1 dt
Hence, using case-I, putcosx =t = dx= —————
sinx dx

2

= Isinsx- dt=—jt2(1—z2)2dt

—sin x
=—I(16—214+12)dz

cos’x 2cos’x cos’x

d 5 3

Iex{ x+13+ _23}dx= ‘ ~+C
(x+1)° (x+1) (x+1)
—_—

Sx) FAC)]

Since f(x) is decreasing = f'(x) <0
=> e (x—1)(x—2)<0
= xe(,2)

Hence, a +b=3

Using T-6 (ii) | Here, m=3,n=4

3x

= je3" cos(4x) dx = (3 cos 4x + 4 sin 4x) +C

9+16

3x
= 2—5{4sin4x+3cos4x}+C

= A=iandB=i = 44+3B=1
25 25
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17. (1) = fe {tan X }dx
+x°

As we know that [e"{(f(x) + ['(x)}dx=e" f(x) +C

= ¢ tan 'x+C

= 4=1
2x+5

. x+3
18. (4) |Using SC-1 Iﬁdsz 7—6x—x% + Bsin l(xT)+C
—6x—x

Differentiating both sides

2x+5 4(2x-6) | B |
= = X —
V7 - 6x— 2J7 6x — x2 1 (ng 4
4
245 _ A(-x-3) __ B]2

\/7—6x—x2 _\/7—6x—x2 \/7—6x—x2

On comparing both sides > 4 =-2,B=-2 = |4 +B|=4




Definite Integration

‘f I Review of Key Notes and Formulae ,

1. Definition: Let f(x) be a function defined on an interval [a, b] and F (x) be

b
its anti-derivative. Then L S (x)dx =F (b)—F (a)is defined as the definite

integral of f(x) fromx=a to x =b.
2. Properties of Definite Integral

b b
Pl [ fde=[f@ydi
b a
P2 [ f@de=—["f(x)dx
b c b
P-3 L f(x)dx=Lf(x)dx+L f(x)dx,a<c<b

pa [ f@dx=[[/)+ (0] dx
Very Important

P-§ King Property: Lb f(x)dx= Lb fla+b—-x)dx

P-6 Queen Property: J-OZH f(x)dx= J-: {f(X)+ f(2a—x)}dx
P-7  Jack Property: For a periodic function “f (x)”

1) I:Tf(x)dx = n_[:f(x)dx; nel
(i1) j“an(X)dx: n_[:f(x)dx; nel

(iii) J-::r:if(x) dx = J-r:; f(x)dx = (n - m) J-: f(x)dx; mnel

@ [ f@dv= ] rexyax
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P-8  Iffiscontinuous on [a, b], then there exists a number ‘c’in [a, b] at which

@ ! penyan

Mean value of the function /' (x) on the interval [a, b]
Leibnitz Rule for Differentiation under Integral Sign

If g (x) and A (x) are defined on [a, b] and differentiable at point x € (a, b)
and f () is continuous, then

d (e
E[ [ f(t)dt} = 7 (h() W) - 1 (g()-'(x)
g(x)

Summation of Series by Definite Integral

Method: Replace r by x, 1 by dx and
n n

Limit of the sum by integral,

b o1& (r
o rae=lim 53 1 %)

.. . R L. . L
where, Lower limit= lim +=a Upper limit= lim = =5.
n—w N n—>w0 N

Some Important Results to Remember
/2 /2

(1) j sin xdx = j cos xdx =1
0 0
/2 /2
(i1) j sin?x dx = I costdng
0 0
/2 /2 2
(iii) j sin’x dx = J' cossxdeE
0 0
/2 4 /2 4 3
@iv) jsm xdx = Icos xdx=—
0 5 16
/2 T2
) j In sinxdx = J' lncosxdx:%]nZ
0 0
/2 /2

(vi) j]ntanxdx: j]ncotxdx:O
0 0

/2 n/2 .
(vii) j Insecxdx = j In cosecxdx = 5 In2
0 0



Definite Integration

TIPS AND TRICKS: (T-1)

T —

Short trick to solve integration of the form:
b

_[ f(x) dx=b_a
Cf(x)+ fa+b—x) 2

Illustration 1

/2
_[ cot X

JJeotx ++/tanx

o@ Short-cut solution :
Using T-1| - cot (E - x) =tanx, Here, a=0and b= g

dx 1is equal to

oo
2 _=
2 4
Illustration 2

T COS X

J.ei dx is equal to

OeCOSX +e*COSx

@ Short-cut solution :

*» cos(m—x)=-cosx, Here, a=0andb=n

TIPS AND TRICKS: (T-2)

Short trick to solve integration of the form:

. 0 ;if a—biseven

Isin (ax) cos (bx) dx = 2a

2
© a-—b

5 ;if a—bisodd

Illustration 3
b
Isin (4x) cos (10x) dx is equal to
0




@ Short-cut solution :
UsingT-2| -~ a=4 and b=10 = a-biseven
Hence, answer = 0.

Illustration 4

kL

Isin (60x) cos(41x) dx is equal to

0
@ Short-cut solution :
Using T-2| *+ a=60, b=41 = a-bisodd

2x60 120
3600 - 1681 1919

TIPS TIPS AND TRICKS: (T-3)

Hence, answer =

Authentic Shortcuts-Tips & Tricks in Mathematics

Short trick to solve integration of the form:
/2 ke =

b[ a’cos’x+b%sin’x 2ab

Illustration 5

, 1s equal to

/2
j dx ,

o 25cos? x +16sin® x

@ Short-cut solution :

a=5and b=4

s s

T
Hence, —=——=—
2ab 2x5x4 40

Illustration 6

, 1s equal to

10sin® x + 9cos® x

/2
dx
{

(«7 Short-cut solution :

a=3 and b:\/ﬁ

Hence = = T .
T 2ab 2x3x410 6410




Definite Integration

TIPS AND TRICKS: (T-4)

T —

Short trick to solve integration of the form:

b
, dx - _
(1) l—’—(x—a)(b—x) =n ; b>a

b
i) [Vo—a@-—xde=g (b-ap:b>a

Illustration 7

7
dx

‘!J(x— 2)(7—x)

@ Short-cut solution :

Using T-4 (i)| - a=2, b=7 and b>a = n

Illustration 8
9

I,/(x +5)(9 — x) dx, is equal to

-5
@ Short-cut solution :

Using T-4 (i) =~ a=-5, »=9 and b>a

T 2 T 2 T 491
= —(b-a)y=—0O+5"=—x196=——
8( ) 8( ) 2 2

TIPS AND TRICKS: (T-5)

Short trick to solve integration of the form:
b
[=ay" - x)"de=b-a)™*!

a

is equal to

| oS

m!'n!
(m+n+1)!

Illustration 9

2
I(x —1)? (2—x)*dx, is equal to
1

@ Short-cut solution :
UsingT-5| -~ a=1, b=2, m=2, n=3
min!  (D)°2131

= 60
(m+n+1)! 6l

= (b _ a)m+n+l
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TIPS AND TRICKS: (T-6)

Short trick to solve integration of the form:

w2 {((m -D)(m-3)..20r1)((n-1)(n—3)..20r1) y K}

I sin”x-cos” xdx =
0 (m+n)(m+n—2)(m+n—4)..20rl

—

7t/2; when m and n, both are even
where, K = [
1 ;otherwise

Illustration 10

/2
j sin® x dx, is equal to
0

@ Short-cut solution :
UsingT-6| =~ m=4, n=0 = botheven
Hence, (A-D@=-3 = 3n
4(4-2) 2 16

Illustration 11
/2
j sin’ x cos® x dx, is equal to

0
o@ Short-cut solution :
UsingT-6| =~ m=3 n=2 = otherwise

G-DE-) 2
D 56-25-9 15

Hence

b
It j f(x)dx =0, then the equation f(x) = 0 has atleast one root in (a, b),

a

provided f'(x) 1s continuous in this interval.

Illustration 12

If 2a + 3b + 6¢ = 0, then prove that the equation ax? + bx + ¢ = 0 has a root
in (0, 1).



Definite Integration

@7 Short-cut solution :

Using SC-1| Tet f(x)=ax?+bx+c¢

¢ ax’  bx*
= I(ax2+bx+c)dx= —+—cx
o 3 2

1

0

a b
0:§+5+C {" Ithas arootin (0, 1)}

= 2a+3b+6c=0

If y=f(x) and x = g () are inverse of each other and f (a) =c, f(b) =d
then,

b d
_[f(x)dx-i—jg(y)dy:bd—ac

Illustration 13

1 \/—x e"'/;
Find: Ie S dx+2 I In(In x) dx
0 e

@7 Short-cut solution :

Since, 2 In (In x) is inverse of e

Ve anda=0,b=1,c=e,d= e‘/;

=I1=bd—-ac=1x e“/‘:‘70><e:e‘/g

SHORTCUTS: (SC-3)

Sandwich theorem for Definite Integral.
If we have, g (x)<f(x)<h(x),V x € [a, b]

= j-g(x) dx < j-f(x) dx < fih(x) dx

Illustration 14

/2
ir < I (sinx)dx <% then A+ B is
/4
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Q@ Short-cut solution :
1 .
Using SC-3| Since, ﬁ <sinx <1

/2 /2 /2

1 .
Hence, _[ —dx < J- (sinx)"dx < I 1-dx
32
n/4 /4 /4
- /2 -
- A1
= —< sinx) dx < —
128 r:./[4( ) 4

Hence A+B =128 +4=132.

SHORTCUTS: (SC-4)

Solving definite integration using graph.

Take area above x-axis be positive and area below x-axis be negative
and then find the algebraic sum of the area.

Illustration 15

3m/2
J- [2sinx]dx, is equal to (where, [x] is greatest integer function)
n/2

o@ Short-cut solution :
; _E_(m)_(2m)_ _
- 2-(5)-(Z) -

3

/6 3m/2

N

A\

o]
7/




Definite Integration

Transfer one integration in other by proper substitution.

j: f(x)dx=(b— a)j; F((b-a)x+a)dx

Illustration 16

2
. ) 2/3 9("—5)
Find the transformation of 3 3 e dx

@ Short-cut solution :
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(-Zoncept _Booster Exercise

4 2
1. The integral I 3 logx 5—dx is equal to [JEE M 2015]
5 logx” +1log (36 —12x + x7)
(@) 2 (b) 4 (e 1 (d) 6
/3
2. The value of the integral j Lo 1s equal to [JEE M 2013]
el /tanx
(a) /6 (b) ©n/12 (c) n/3 (d) m/2

K
3. The value of the integral _[sin 2x-co0s20x dx is equal to

0

@) 1 () 0 © % (d) - %

/2
4. The value of the integral J-
0

(@) n/144/11  (b) n//11 (c) /14 (d) n/12411

+3
5. The integral I J(x +2) (=x + 3) dx is equal to
-2

25w 251 24rn 251
(a) - (b) oy (c) e (d) e

dx
2

49sin% x+11cos® x

is equal to

6
6. The integral I

dx .
——— isequalto
TG =3)(6-x)

@) (b) g (c) 21 d —n

5
7. _[(x—S)Z(S—xfdx is equal to
3
15 14 16 16
- b) — fahad dy —
@ ¢ ® © 3 (@ 73

/2
8. The value of the integral J- sin” x cos® x dx, is
0

2 2 15 3
(@) g (®) E (©) ? (@ 5



10.

11.

12.

13.

14.

15.

16.

17.

Definite Integration

The value of the integral Isin4 xcos® xdx is

3 m
== == - = dy —. =
()252 ()262 ()2562 ()6252
If 2a + 9b + 12¢ = 0, then the equation ax? + 3bx + 2¢ = 0 has a root in
(@ (0,2) (®) (0,3) (© (0.4 (@ (0.1
2 &2
The value of Iexdx + _[ Inx dx is equal to
1 e
(a) e 2% (b) 2e2 e (c) 2¢° (d) 2e

Let f'(x) =x — [x], for every real number x, where [x] is the integral part of x.

1
Then I= _[f(x) dx 1is

-1

@ 1 (b) 2 © 0 () —%

,,‘5 X+

1 1 1
@ 3 ®) 2 © 7 @1

The value of j «/_ dx 1is equal to

2nm
The value of _[ max .(sin x, sin ' sinx)dx is equal to
0

2
b ) s i

Find the value of _[ ;B> a is equal to

aV(x— Ot) B-

r T B2
(@) B ®) = (©) e B-o) (d) 2n
NuUMERICAL VALUE PROBLEMS

The value of the integral I |:x + ! } dx is equal to (where, [x] is greatest integer
function) 2

/2

If K, <jsmx

dx < , then the value of K| + K, is equal to
K,
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§§> Solutions

1. (0
2. (b
3. )
4 (@
5. (@)
6. (a)
7. (@)
8 (M

Using T-1|Since, a=2, b=4

:I:b_azﬂzl
2
/3
Usmg T- 1= J- oos v
6 Veosx ++/sin
Here, a = E, Z’:r=E
6 3
r_nm
_y.b-a_3 6_m
2 2 12

Using T-2| -+ a=2, b=20 = b-a=18iseven

Hence, answer = 0

[ET3]  a-7. b= i

-t __ T
2ab 14411
Using T-4(ii)

—a=-2, b=3 :Iz%(b—a)z— (5)° _@

Using T-4(i) | = a=3, b=6 (b>a)

=7
UsingT-5| ~~ a=3, b=5 m=2, n=3
m!n! 2131 16
1= b_am+n+l‘—= 5_36
(b—a) (m+n+1)! ( ) 6 15

UsingT-6| -~ m=2, n=3 (Bothnoteven)
e-)GE-n _2
5(5-2)(5-4) 15

Using T-6| - m=4, n=6 (Botheven)

_4=DE-HE-D6E=3)(6-5 x_ 3

= I=

10(10—2)(10— 4)(10- 6)(10—8) 2 256

o



10. (d)

11. (b)

12. (a)

13. (¢

14. (b)

Definite Integration

Using SC-1| Let f(x)=ax?+3bx+2c

1 3 2
3b.

= I(ax2+3bx+26)dx=|:%+ a

0

; _6a+9b+12c
s 6
Since, 6a +9b+ 12¢ =0 (given). Hence root will lie in (0, 1).
Since In x is inverse of &°
=I=bd—ac=2e2—1xe=2e%—¢

) =x—[x] = {x}

Now, Drawing graph of y = {x}
¥y

+ ZCx}

= I=lx1x1+lx1x1
2 2

e =

1

v @ VxL farbox) - 5-x

Lp-bma_3-2_1
2 2 2
21 T y=sinxis
I=n _[ max . {sinx, sin " sin x} dx periodic with
0 period 27’

T 2n
= [= n{[sin_l(sinx)dx+ Isinxdx:|

0 b4

H In[lxnx£—2}
ence, [ =17 2

2
=)y

[SRE]
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15. (b) |Using T-4(i)| a=a, b= (. b>a) given
=>n
16. (4) |Using SC-4| Drawing graph

We will find area of shaded portion

31
=1I= (1+2+———) —I1=4
2 2

y
| ]
3_-
24 ’
? 2
4 7%
1
12 7
i x
1 L 3 3 W7
5 2 2 2 2
T-1
17. (3) [UsingSC-3| For x e [o,ﬂ
2 sinx
As we know, —< <1
LY X
rc/22 /2 i /2 nlzsinx -
:>_[—<_[ a’x<ja’x = 1<_[—a’x<—
0 & 0 X 0 0 X

=K, -1K,=2=K, +K,=3.




Application of
Integrals

f l Review of Key Notes and Formulae ,

1. Quadrature : The process of calculating area under curve is known as

Quadrature.
c, b
A= ([ feoydx|+ [ £ (x)ax
LY

/.
W \

x=b

2. Areabetween Two Curves : (Upper curve — Lower curve)

A= (8= F@)dx+[(f(x) - g(x))dx

G

b
+[(g() - f(x))dx

3

3. Average Value of the Function:

The average value of a function y = f{x) w.r.t. x over an interval x € [a, b] is
defined as
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b
_[ f(x)dx

b—a
4. Root Mean Square (rms) Value of a Function

1 b
Voms = 1/E£f2(x)dx

TIPS TIPS AND TRICKS: (T-1

Vave. = * Average value can be positive, negative or zero.

-

16ab

Area of the region bounded by )2 = 4ax & x2 =4byis A = Sq. units

Illustration 1

The area enclosed between the curves y = ax? and x = ay? (a > 0) is 1 sq.
unit. Then value of ‘a’ is [AIEEE 2004]

% Short-cut solution :
V= 4(L]x and x2 = 4(Ljy
4a 4

a

16 1 1 1 .
Hence, 4 = —X—X— =1 = a= —=sq. units

4a 4a J§

TIPS AND TRICKS: (T-2)

R

2

Area of the region bounded by 2 = 4ax & y=mx + Cis A= 72a

3 Sq. units
m

Illustration 2

The area of the region bounded by y2 = x and y = x — 2 in sq. units is equal
to

@ Short-cut solution :
a=q. m=1
724 72 (1

2
9 .
Hence, A= ——=——=X| — | =—sq. units
m (1)3 4J 2




Application of Integrals

TIPS AND TRICKS: (T-3)

: : 8a’ 4
Area of the region bounded by y? = 4ax & y = mxis 4= ;% sq. units
m

Illustration 3

Find the area of the region bounded by y? = 8x and y = 2x in sq. units

(@ Short-cut solution :

2
Hence, A = Ba” = 8x4 _ 4 sq. units
3m*> 3x8 3

TIPS AND TRICKS: (T-4)

—

Area of the region bounded by x2 = 4by & y = mx + Cis A =72 h%m> sq. units

Illustration 4

The area of the region bounded by x2 = 4y and x = 4y — 2 in sq. units is equal
to [JEE M 2019]

% Short-cut solution :
x =4y &y =

+

x 1
4 2

1 1 9 .
— =A=T202m3=72x1x — = = sq. units
2 £ 8

D

TRICKS: (T-5)

<
=
g
,0
S

Il
3

I
U

R

. . 8 .
Area of the region bounded by x2 =4by & y =mx is A= gbzm3 Sq. units

Illustration 5

Find the area of the region bounded by x2 = y and y = 3x in sq. units.

O@ Short-cut solution :

1

Using T-5| b= Z,m=3

2
Hence 4 = §b2m3 = gx (lJ ‘(3)3 = % sq. units
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TIPS AND TRICKS: (T-6)

Area bounded by a parabola between its roots is

1 .
A= < la| | — PP sq. units

> X

-~

* Note: Here, ‘a’ is coefficient of x2.

Illustration 6

Find the area of the region between the roots of the quadratic polynomial

y =x? — 3x + 2 and x-axis is sq. units.

@ Short-cut solution :

Using T-6| Roots of polynomialare oo =1, =2

. 1
Here, a (coefficient of x2) =1 = A = P la| oo — P

1
x1x(2-1P3= v sq. units

TIPS AND TRICKS: (T-7

2 2

Area of the region bounded by an ellipse x_2 el
a

b—zzlis A= mab sq. units

Illustration 7
2y
Find the area bounded by the ellipse E+7 =1 (in sq. units).

O@ Short-cut solution :
Here,a=4,b= 7

—A=nab= 4T n $q. units.




Application of Integrals

TIPS AND TRICKS: (T-8)

—

, : 8a’
Area bounded by the parabola y? = 4ax and its latus rectum x = a is 4= %

$q. units

Illustration 8
Find the area bounded by the parabola y = 8x and its latus rectum in sq.
units.

o@ Short-cut solution :
Using T-8| Here, a =2,

TIPS AND TRICKS: (T-9)

Areabounded by the curves y? =4a(x+a)and > =4b(b—x)is A= gm (a+b)
sq. units

Illustration 9

Find the area bounded by the curves 2 = 4(x + 1) and 1% = 8(2 — x) in sq.
units.

% Short-cut solution :

Here,a=1,b=2

= 4= %@(Q+5)=§«E(1+2)=8ﬁ $q. units

TIPS, TIPS AND TRICKS: (T-10)

The area of quadrilateral formed by the tangents at the end points of latus
2 2 2
. . 2 .
rectum to the ellipse —+-— =11is A= = sq. units
a b e

e

Where, ‘e’ is eccentricity of ellipse.

Illustration 10

The area of the quadrilateral formed by the tangents at the end points of latus
2 2

rectum to the ellipse %+ y? =1 in sq. units. [AIEEE 2003]
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% Short-cut solution :
o= 1-3=2

2a°>  2x9
Hence, area = 222 27 sq. units
e (2/3)

TIPS AND TRICKS: (T-11)

e

The area bounded by the parabola and a line x = k, perpendicular to its axis of

symmetry is 4 = %(4«/5./(3/2) $q. units

Illustration 11

Find the area of the region bounded by the curve y? = 4x and the line
x=3.

@ Short-cut solution :
a=1.k=3.

Hence, A = %(4'\/5‘ km) = %(%ﬁ 33/2) =83

SHORTCUTS: (SC-1)

To find the area of convex polygon with n-vertices having coordinates
(> ¥)s (X5, 5)s (x5, 3)s -os (x5 3,), then follow the steps.

Step 1: Roughly arrange the coordinates in the argand plane.

Step 2:

X W * For up to down

. take positive \\
* For bottom toup .7
take negative.

Area=—

b
N a \
\ \ \
\ \ \
3 \ \
&S \ \
\ \
\ \
A\ \
i8]

1
= Area = E |{(x1y2) + (X2y3) + (X3 .y4) Tt (xnyl)}

—{xX,y F Xy, o x




Application of Integrals
Illustration 12

Find the area of the quadrilateral formed by (4, 10), (11, 2), (2, 2) and (9, 7)
1n sq. units.

@ Short-cut solution :
Using SC-1| We take clockwise-direction

2.2 (11,2)

4 10
9 \\é 7 (4, 10)
1 "/
:A:E 11 \\; 2 9,7
2 \'\¢ 2
4 >\*10

> X

1 1 91 .
= area = |E{(28+ 18 +22+20)} — E{(90+77+4+8)}| = > (. units.

Area bounded by the inverse of the function. Follow the steps as used
in the below example.

Illustration 13

Let fix) = x> + 3x + 2 and g(x) is inverse of it. Find the area bounded by g(x),
the y-axis and the ordinate at y =—-2 and y = 6.

@ Short-cut solution :

) Symmetric
Area required: area about
the point

y=gx)

y=-2 & y=6
x=0

Reflection

y=Ax)

y=-2 & y=6
x=0
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Hence, required area (A)
A =2[Area(Rect. 0O4BC) — Area of f{x) with x-axis]|
1
A= 2[6—[(x* +3x+2)dx]
0

:>A=2

The surface area of a curve y = f(x), a < x <b when rotated about x-axis is

2
b dy
S—Ia 2ny"1+[gj dx

The surface area of a curve X = g(y), ¢ < y < d when rotated about y-axis is

2
d
S=I 2mx, |1+ ﬁ dy
c dy

Illustration 14

The part of straight line y = x + 1 between x = 2 and x = 3 is revolved about
x-axis, then find the curved surface area generated by solid.

% Short-cut solution :
Using Tech.| The given curve y=x+1,2<x <3 and d—y=1+0=1

X

b dy\’
.. Curved surface area =I 2ny 1+[—) dx
a X

e E,’Zn(x+1)1[1+(1)2dx = Zﬁnjj(x+l)dx

3
2
1
= 2\/575 [u} = 7\/571 square unit
2

2




Concept Eooster Exercise

1.

Application of Integrals

The area bounded by the curves 2 = 4x and x2 = 4y in sq. units is equal to

[AIEEE 2001]
32 16 8
a) — b) — c) — d) 0
(a) 3 ®) 3 (©) 3 (@)
The area enclosed between 32 = x and y = |x| in sq. units is: [ATIEEE 2007]
1 1
a) 2 b) — c) — d) 3
(a) ®) 3 (©) 3 (@
The area (in sq. units) of the region described by {(x, ¥); y? < 2x and
yv=4x—1}1is [JEE M 2015]
7 5 15 9
a) — b) — c) — d) —
(@ ) ®) o © i (@ >

2
The area (in sq. units) of the region 4 = {(x: »: y7 Sxsy+ 4} is:

[JEE M 2019]

53
(a) 5 (b) 18 (c) 30 (d) 16
The area (in sq. units) of the region 4 = {(x, y) : ¥2 <y <x + 2} is:
[JEE M 2019]
31 13 9 10
a) — b) — c) — d) —
(@) p ®) p (c) 2 (@ 3
The area (in sq. units) of the region y = Jx ,2y —x+3 =0, x-axis and lying
in the first quadrant. [JEE M 2013]
27
(a) 36 (b) 18 (c) vy (d 9

Find the area of the quadrilateral formed by (1, 1), (1, —4), (3, =5), (3, -2) in
Sq. Units is
(a) 8 (b) 10 (c) 6 (d) 12
o>
If the area bounded by the curves y2 = 4ax and y = mx is R Find ‘m’.

(@) 2 (®) 1 © 3 d 4



10.

11.
12.

13.

14.

15.
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The area bounded by the ellipse

2 2
x . .
2+ —tiin Sq. units.

6
(a) 2v6 ®) 36 © 6 @ 2

Area bounded by the curves y2 = 8(x + 2) and y? = 32(8 — x) is equal to (in sq.
units)

300 310 300 320
(a) = (b) = (©) — (@) =

NUMERICAL VALUE PROBLEMS
The area of the region described by y2 < 4x and y > 2x — | is equal to

The area of the region between the roots of the quadratic polynomial
y =x2% — 8x + 7 and x-axis is equal to . units.

The area bounded by the parabola y = 8x and x =2 line is equal to ‘P’ sq. units
then [P] is equal to (where [P] is G.LF.)

The area bounded by x% = % vy and 2y = 4x + 8 is equal to

The area of a quadrilateral formed by (1, 1), (1, —4), (-3, =5) and (-3, -2) is
equal to $q. units.




Application of Integrals

@ So[utzons

® [GETT] a~ 1,51

16ab 16 .
= 4= =— sq. units
3 3

2 @© va=pom=

724" 1 1 9
=A== _7x|— X — = —s(q. units
3 2) T4 3

m
4. (b) [Using T-2| Equations are y? < 2x and x <y +4

1
Since,a= —,m=1
2

72a° 1
= 4= C; =72(—] = 18 sq. units
m 4

5. (¢) [Using T-4| Equations are x2 <y and y < x +2

1
Since, b= —,m=1
4

2
1 9
=A4=72"m%= 72 (ZJ 1 = 25 units
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3

X
d) [Using T-2| Given: y=+/x,y=>—>
@ [T Given: y =y =33

3
= 2 = x, on squaring y = %—E (Remember to divide the area by 22)

1 ]
a=—,m=—
4 2
7242 1y
4= =72(—] %23 =36
m 4

o 36
Now, dividing by 22 = ” =9

7. (a) |Using SC-1| We take anti-clockwise direction

y
A
(1, 1)
|
(3,-2)
(1,4
3.-5)
1 e
1>§—4
A= & 3 >X—5
R -
3.0 w2
1>\1
1 -
= Sl-4=5-6+3)-(1-12-15-2)}| = 8 5q. units.

2

8. (a) |Using T-3|Here, 4 = a?

(b) Here,a:\/g,b:3

v A=nab= A= 3\/3 T Q. units.



Application of Integrals

10. (d) |Using T-9|Here,a=2,b=28
8 8 320
= g\/ab(a+ b)= EJE(S-F ="
11. (9) [Using T-2] Equations are y2 < 4x and y > 2x — 1
c=a=1,m=2
_ T2a® _ 72x1

= = 9 sq. units
m 2X2x2 4

12. (36) |Using T-6 Roots of x2—8x+7=0,a=1,p=7anda =1

=4

1 1 .
Hence, 4 = E|a| lo — B = < x 1% 6x6x6=36sq.units

13. (10) [Using T-11] + a =2, k=2 ¥
—=A4- %(4«/5.19’2) —
= E(4\/523‘/’2)22 K » X
3 3
= {2} ~10 T

14. (16) Equations are x2 = 4(%]); andy=2x+4
1
Here, b = g and m =2

2
1
= 4 =T72b%m3 =72 (EJ 2)° =16

15. (16) |Using SC-1| We will take clockwise direction

y
3

(LD
] .

(_35 _2)

(1,4

(3.5
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1 L1
127 ™S 4
1 e
=Ad=—|-3 % 5
2 > ”¢
3 : )
1 1

= A= %|{(—4—5+6—3)—(1+12+15—2)}|:163q.units




Differential
Equation

f l Review of Key Notes and Formulae ,

Definition: An equation involving independent variable (x), dependent variable
() and derivative of dependent variable with respect to independent variable

dx

Order of differential equation : Order of highest derivative occuring in the
equation.

(ﬂj is called differential equation.

Degree: The degree of a differential equation is the exponent of the derivative

of the highest order in the equation, where it is in polynomial in derivatives.
2. Formation of Differential Equation : Suppose we have an equation

fx, v, € Cpp €)= 0

where, ¢, ¢,, ¢, ... ¢, are arbitrary constants, then to form differential equation.

Step 1: Differentiate the equation as many times as number of arbitrary

constants.

Step 2: Eliminate the arbitary constants in the given equation, which leads to
the required differential equation.

3. Solution of Differential Equation:

(1) Variable separable form: Separate the variables and then integrate to
obtain the solution.

e tbreli [rxyax = [g(ay

(11) Homogeneous differential equation: A differential equation of the form:

Sy
dx  g(x,y)
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where, f(x, ¥) and g (x, ) are homogeneous functions of same degree.

d
To solve - = F[zj,Putyvx
dx x
B
dx dx

(Now, separate the variables and integrate)

(i1i) Linear differential equation: A linear differential equation of first order

can be of the form:

dy
o TPew QM)
X

where, P(x) and Q(x) are functions of “x’.

Steps to follow:
S 1 on & =
tep 1: Consider the equation o + P(x).y = Qx)
x

Step 2: Find integrating factor (LF.) = &/ P04«
Step 3: Solution is: y(L.F.) = [ Q(x) (I.F.)dx
4. Some Important Results to Remember:

(1) xdy + ydx = d(xy)

() 22 _d [1]

x2 x
dy + yd-
(iif) xayryax d(log xy)
xy

PN d(bgzj
xy X

+dy

™) = d(log(x +y))




Differential Equation
TIPS AND TRICKS: (T-1)

Short trick to form differential equation for the type:

2
where, Y, is a'_y, y s ﬂ
dx? dx

Illustration 1
Find the differential equation of the family of curves

y=Ae" + Be™* for different values of A and B.

c@ Short-cut solution :

dzy
== -16y=0

= dx

Illustration 2
Find the differential equation of the curve

y= zexfz e 3e—x/2

G@ Short-cut solution :
1

ing T-1] ~ m= —

Using T-1 m 5

Short trick to form differential equation of the type:

y= a.em+b.e"xL‘ Vo —(m+mn)y, +mny =0 |

2
where, y, is d_y, V18 i
dx* dx
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Illustration 3

Find the differential equation of the curve:

v=a.e>+ b.e> for different ‘a’ and “b’

Q@ Short-cut solution :

d’y dy
= —58

—+15y =
dx dx r =0

Illustration 4

Find the differential equation of the curve:
y=2.e" 3.

o@ Short-cut solution :
d2

Y 3@y —0
dx? dx

TIPS AND TRICKS: (T-3

e

Short trick to form differential equation of the type:

y=(a+bx)emx&>‘ Yy =2my, +m*y =0 |

Illustration 5

Find the differential equation of the curve
y=(2+3x)e>

O@ Short-cut solution :
Using T-3| - m =5
d’y dy
—— —2x5—+25y =
= dx* dx r=0




Differential Equation

TIPS AND TRICKS: (T-4)

T

Short trick to form differential equation of the type:

y =¢e"™[asin(nx) ibcos(nx)]i) Y, —2my, + (m* +n*)y=0

Illustration 6
Find the differential equation of the curve

vy = e¥[3sin(3x) + 4cos(3x)]

@ Short-cut solution :
Using T-4| > m=2,n=3
= ﬁ—2x2ﬂ+(4+9) =0
dx? dx 7
2
= d_{_4dy

Y 13y=0
dx dx 4

Illustration 7
Find the differential equation of the curve

y=e"?[2sin3x — 12cos3x]

% Short-cut solution :
Solution. vom= %, n=73
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TIPS AND TRICKS: (T-5

—

Short trick to solve differential equation of the type:

(Solution of differential equation)

dy _m(axthy)+c In other words:
o naxtby)rd | po, AXhre _dv
Gx+ b2.y tc, dx

* If s ﬁ =k then use this method.
a; 5

ge values on¢ by ORC ax + by

X
$<o” putthe

ne="m I an £ bm = p(say)

d.-c ad £ bc = g(say)

ZEZ (an + bm) + log| (ax+by)(an -+ bm)+(ad £ be) |=c
ne —md

OR

mx —

n
2 (p)+log| (axtby)p+q |=c
ne —md

* Note: Don’t learn the above formula but only understand the procedure. (In
order to explain the procedure may be long but once you understand
it, then 1t will a magical tool for you.)

Illustration 8

Solve the differential equation ﬂ = —X-y+2

dx  x—-y+2
o@ Short-cut solution :
X Yy ¥
1 —’\’1\’;
2 >2\A

Now, _x:y(2)+log| (x—=1)2+0|=c¢

X—=)
2
0




Differential Equation
Illustration 9

a’y 2(2x—-5y)+6
dx 32x-5y)-12

Solve the differential equation

o@ Short-cut solution :

Using T-5
X\\y 2x — Sy
\\ 6-10=-+4
- —24-30=-54
Now M(—4)+10g| 2x-5y)(-4)-54 |=c
(18+24)

HORTCUTS: (SC-1)

To find solution of differential equation of the type:
dy  ax+bhy+c
dx a,x+b,y+ec,

* Ifb, +a,=0 = Cross multiply and integrate.

Illustration 10

o@ Short-cut solution :

Using SC-1| b, +a,=-3+3=0 (Cross multiply)
= 3xdy—2ydy=4x dx—3ydx
= _].3d(xy) = I4xdx+I 2ydy

= 3xy=2x2+)?+C
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Illustration 11

dy _ax-by
dx bx+cy

O@ Short-cut solution :

Using SC-1|b, +a,=-b+b=0 (Cross multiply)

= bxdy+cydy=axdx—bydx

Solve:

= jb(xdy+ydx) = Iaxdx—_[cydy

Substitution Method: Substitute the options to check the correct answer.

Illustration 12

2
A solution of the differential equation, d_y —-x Q +y=0
dx dx
(@ y=2 (b) y=2x
() y=2x-4 (d) y=2x>—4

@ Short-cut solution :

d
(a) d_y =0, onsubstituting = 0-0+y#0
x

(b) b =2, onsubstituting = 4-2x+y=#0
dx

d o
(c) d_y =2, onsubstituting = 4-2x+y=0 Ans. (¢)
x




Differential Equation
Illustration 13

The solution of the differential equation,

ydx+ (x+x7)dy=0is [AIEEE 2004]
1
(a) logy=Cx (by ——+logy=C
xy
1
() —+logy=C (d) xy=logy=C
Xy

@ Short-cut solution :

(a) logy=C

= Q = Cy does not satisfy

dx
1
(b) ——+logy=C
xy
= l _Lz d_y+l[_%J +l:() Ans. (b)
x{ oy )dx Y\ x y

TECHNIQUE g

Clairaut's Equation : The differential equation of the form

y=px + f(p) where p= Z—y, 1s known as Clairaut's differential equation.
x

The solution of this Clairaut's equation is obtained by replacing p by con-
stant ¢, thatis y = cx + f(c)

Illustration 14
by
. . . . . _dy dx
Find the solution of differential equation ¥ =——x+

d. 2
) 1+[dy]
dx
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c@ Short-cut solution :

_ d
Using Tech.| y = px+ P where p = —y; then solution is
[1 + p2 dx

c

y:c.vc+\/1+7

Illustration 15

Solve y*log v = pxy + p?

c@ Short-cut solution :

1 dt
Letlogy =1t Then ldy =—

vdx dx
dt
So,if —=p,
dx P

So the given equation can be written as
Vit=ypxy+p*?*ort=px+p
Which is in Clairaut’s form

Thus, the required solution is
f=cx+c?orlogy=cx+c?

(¢ being an arbitrary constant)




Eoncept Eooster Exercise

1.

Differential Equation

Find the differential equation of the curve

y=4e" T
(@ y'-2'=0 (®) y'=y'=0
© ¥ 4'=0 @ y'= 2 =0

Find the differential equation of the curve

= 83 + St

(a) y"'-7y'+12y=0 (b)y y'—6y"+12y=0
(©) y'-6y'—12y=0 (d) y"=y=0

Find the differential equation of the curve

y=(4+7x)e*™
@ y'-4'+y=0 ® y'-2'+2y=0
© y'-4'+4=0 d@ »y'-4'=0

Find the differential equation of the curve

y=¢e%[5 sin 6x — 8 cos 6x]

(a) y'—y' +52y=0 (b)y y'—8'+52y=0
(© y'=y'+y=0 (d »'=y'+2y=0
-y)+3
The solution of differential equation, Ld = x=n+3 1s
dx  2(x—y)+5
(a) x—y+loglx—y+z|=c (b) x—3y+loglx—y+2/=c

(¢) x—4y+loglx—4y+z/=c (d) x—2y+loglx—y+2/=c

. . . .ood + e .
The solution of the differential equation d_y P 4 satisfying the condition
(1) =1is S [AIEEE 2008]
(a) y=logx+x (b) y=xlogx+x2

(¢) y=xe>D (d) y=xlogx+x




10.
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A curve passes through that point [1, %J . Let the slope of the curve at each

point (x, y) be Ran sec(l} x> 0. Then the equation of the curve is
X X
[JEE M 2013]
(a) sin 2= 10gx+l (b) cosec Y= logx+2
x 2 x
2y 2y 1
sec| — |=logx+2 cos| — |=logx+—
(©) [xj E (©)) [xj EXTy

The differential equation which represents the family of curves y = ¢ %",

where ¢, and ¢, are arbitary constants is

@ »y'=y? (b) y"=y'y

© yy"=y @ »y"=0%

The differential equation of the family of curves, x> =4b(y + b), b € R is
(@ x()?=x-2p' b "=y

(©) x(0P=x+ 2 () x(: = 20"

Let ‘T’ be the purchased value of an equipment and v(7) be the value after

it has been used for ‘¢’ years. The value w(7) depreciates at a rate given by
differential equation ) _ —k(T — 1), where k£ > 0 is a constant and ‘T is
dt

the total life in years of the equipment. Then the scrap value of v(T) of the

equipment is: [AIEEE 2011]
1 K12
j — by -2
@ 12— ®) 1-=
k(T—1) o
© I-—7 (@ e

2



11.

12.

Differential Equation
NUMERICAL VALUE PROBLEMS

Let f: R - R be a continuous function, which satisfies f{x) = I f(Hdt.
0

Then the value of f(In5) is [AIEEE 2009]

If the function f(x) = x> + &2 and g(x) = / ~'(x), then the value of g'(1)
is
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§§> Solutions

=

(© v M2y mly =0 =y 4y =0
2 o) [Gerdm s
ay
dx?
Y Ty 12y =0
v < m2
y'2x2y +2%y=0
=y"-4y' +4y=0
4. (b T m=4n=6
y'-2x4y'+ (16 +36)y=0
y'—8y'+ 52y =0

5. @
LY
3

—(3+4)§§+3x4y=0

X
-
X

2::\\\\\\ﬁgl
5.7 3

x =2y
6-5

(2-1)+log|(x—y)(2-1)+(5-3)|=C

= (x—2y)+log|(x—y)+2‘=(3

6. (d) |UsingSC-1|xdy=xdx+ydx

xdy—-ydx — dx

X
- xdy—zydx =ldx
X X

:jd(%

cy(h=1
=C=1

N—

=Ildx :>X=10gx+C
X X

X=10gx+1:>y=xlogx+x
X




7. (a)
8. (d)
9. (o)
10. (b)

Differential Equation

£=X+sec ¥
dx x X

= sin(l) = log|x|+C
X

T 1
cy(l)=— =>C=—
y(1) G 2
.|y 1
sosin| = [=log|x|+—
(2] -oelxl+3
y = ce2*
y'=cy
y":CZy‘
AN A
y' ey
" |2
=yy"=(v)
x2=4b(y + b)
x=bY o p- X X
X 2d_y 2y’
dx
X

2
2242 yia
* 2y'y+ 2y’
3x(y')2=2yy'+x
- dv(t)
mgse] &0 (1
2

2
v(0)=

v()=1I
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k(t2—2tT)
O e
v(T)= I—%Tz

11. (0) f(x)= Tf(t)dt = f'(x)=1f(x)

:)jfr(x)dx =Idx:>10gf(x)=x+k

£(x)

= f(x)= XK =Xk o f(x)=Ce* (say ek = C)

~1(0)=0=Ce’=0=C=0

~f(x)=0=f(In5)=0

12. (2) f(x)=X3+ex/2 :f|(x)=3x2+%e)§/2

L1(0)=11(0) =5
g(x) =f! (x) = g(f(x)) =X
= [N =1= e Tr)]= 5




UNIT-Il : ALGEBRA

’f / Review of Key Notes and Formulae ,

Complex Number: A Number of the from z = x + iy where x, y € R and

i= /=1 is called a complex number where ‘x’ is called as real part and y 1s
called imaginary part of complex number.
re. Re(z) =x, Im (z) =),

* If Re(z) = 0 = Purely imaginary complex number.

* If Im(z) = 0 = Purely real complex number.
2. Algebra of Complex Number:

If z, =x, + iy, and z, = x, + iy, be any two complex numbers

(1) Addition: z, +z,= (x; + x,) +i(y, +¥,)

(i) Subtraction: z, — z, = (x, = x,) +i(y, = ¥,)

(i) Multiplication: z, . z, = (x;X, — ¥, ¥,) +i(x ¥, +x,))
4 _ sty (g D)5 —0,) [
Zy Xy, (X ) —iyy)

(%) + 1115) (60 — X ¥5)
Xy +¥)

(1iv) Division: On rationalisation]

* Note: Additive inverse of z is —z and multiplicative inverse of zis —.

3. Conjugate of Complex Numbers: If z = x + iy is a complex number, the
conjugate of z is denoted by z =x — iy.
Properties
®» @ =z
(11) z+ z =2 Re(z) =Purely real
(i) z— z =2iIm(z) = Purely imaginary
@iv) z.Z =x>+)?=z]?
W) ztz, =71z,

~i) zz, =27z,
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(vii) (z—l] = Z_—I;ZZ;tO
z, z
(viii) 2" = (Z)"
(ix) ifz :f(zl), then z =f(z)
x) zz, +z;z, =2Re(Z,z,) = 2Re(z,Z,)
&) 7123 =Z)z; = 2Im(Z23) = 2Im(z,2).
4. Modulus of a Complex Number: If z = x + 7y, then modulus or magnitude

of z is denoted by |z| = \(xz +37?

Properties: y
» k=20 1
(11) —z] £Re(2) £ 7|
(i) —Jz| £Im(z) £ 7]
V) k=12 == =1-Z| 0

V) 2z =P

V) |z, .z, =lz)| Iz,
. z
(vii) ' = —
|z|

(viii) |27 = |z
|z |

Z
:—;|zz|¢0
|22|

(ix) |-

Zy

(X) |Zl + zz|2 = |21|2 + |22|2 t2Re (2122)

(xi) |z, + Zz|2 +lz, - 22|2 = 2[|21|2 + |22|2]

5 zy . . .
xii) |z, + 2,2 = |z,|* + |z, & =L is purely imaginary.
14 1 2 2 purely imaginary
2

(x111) Triangle inequility:
(a) |z1 i22| < |zl| + |zz| (b) |z1 + 22| > |zl| -z
(C) |Zl 722' < ”21| - |22||

(x1v) z 1s unimodulus, if |z] = 1 y

2

5. Amplitude/Argument of a Complex
Number:

The argument of a Complex Number z is
the inclination of the directed line segment
representing z, with real axis. )

z=x+iy

<

=
g b2



Complex Numbers

Amp(z) = Arg(z) = tan™! (Z)
X

*  Note: Principle value of argument of a complex number lies between
—Tt<O<m

Properties:
0; IfkeR”

) alnp(k)—{ _
n; IfkeR

(i) amp(z, . z,) = amp(z,) + amp(z,) + 2kn, (k is any integer)

(iii) amp [ij =amp(z,) — amp(z,) + 2kn, (k= 0, 1 or —1)
Z

(iv) amp (Z) ——amp(z) — amp H

(v) amp(z")=namp(z)+2kn (k=0, 1 or —1)

(vi) amp(—z)=amp(z) 7

(vil) amp(z) + amp (z) = 2km; (2kn € (—=, ©])

Polar Form of a Complex Number : Polar form of z=x + iy is

z=r(cosB + isinB), where r = q/xz +y2

and Arg (z) = 0.

Eulerian Representation of Complex Number:
z=re where, |z| = r, arg(z) = 0

Z —re’®and e®=cos O+ isin B
De-moivre’s Theorem:

(cos 6 + i sin B)" = cos(nB) + i sin(nB); n € 1

Then cos 0 + i sin 6 is one of the value of (cos 0 + i sin 6)".

Cube Roots of Unity:

Cube roots of unity are 1, w, w?, where w = %1+§ and w? = ;—?

and arg(w) = 23_71: and arg(w?) = 43_71:

Properties:

A w=lorw =1L w¥l=wandw 2=w?,rel

(i) l1+w+wu?=0

(i1i)) Cuberoot of unity lie on the unit circle |z] = 1 and divide its circumference
into 3 equal parts.

(iv) 1, w and w? always from equilateral triangle.

(v) Cube roots of —1 are —1, —w, =2,




10. n™ Roots of Unity:
It means any complex number z, which satisfies the equation 27 = 1 orz = (1)\/7
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2k .2k
orz:cos—n +isin —n,wherek:O, 1,2,..,(n=1)

n n

Properties:

(i) #™ root of unity form a GP with common ration e

(i) Sum of #™ root of unity is always zero.

(iii) Sum of p™ powers of n” root of unity is

o
If °p’ is a multiple
of ‘n’.
(iv) Product of #” root of unity is (=1)"*!

/\ |

If *p’ is not a multiple

(v) The nth roots of unity lie on the unit circle |z| = 1 and divide its circum-

ference into ‘n’ equal parts.
. Concept of Rotation:

Ifz,, z,, z, be the three vertices of a AABC
described in the anti-clockwise direction.
Draw OP and OQ parallel and equal to

AB and AC respectively. Then, point P is

z,—z, and Q is z; — z, then,
Z3 4 _ |z3=2 |
Z T4 |z, — 2|

. Some Important Results to Remember:
Ifz=cos B +isinB

1 1
(i) z+—=2cosBandz— — =2isin 6
z z

>
>

(i) z'+ Ln =2 cos(n0) and z" — Ln = 2i sin(n0)
z z

(iil) Ifx=cosa +isina,y=cos B +isinf,z=cosy+isinyand given,

x+y+z=0,then
1 1

(a) LN (b) xytyz+zx=0

X y z

©) x*+y?2+22=0 d) X*+y*+23=3xz



Complex Numbers

TIPS AND TRICKS: (T-1)

T —

To evaluate complex expression of the form:

Ay = (@7 aziy
where, g and r are quotient and remainder when ‘»’ is divided by 4.

Illustration 1
Evaluate: (1 +1)!2 + (1 — i)"?

C@ Short-cut solution :
Using T-1| ... When 12 is divided by 4 theng =3, =0

= Expression = (—4)3(1 + )%+ (—4)* (1 — /)° = -128
Illustration 2
The expression (1 +7)%® + (1 — 7)*® is equal to

@ Short-cut solution :
. When 58 is divided by 4 then g = 14, r =2

= Expression = (—)" (1 +1)? + ()™ (1 —i)?
= (~4)14(24) + (~4)4(=2) = 0

TIPS, TIPS AND TRICKS: (T-2

R

b
To find square root of a + 7b, first find the number % and then factorized this number

in such a way that difference of square of these factors is equal to real number ‘a’

Illustration 3
Square root of 5 + 127 is equal to:

O@ Short-cut solution :

Using T-2| Let +/5+12i = Ja+ib
/3

Here, =12 —22 5 6\ = J5+12i =+(3 +2i)
2

Illustration 4

Square root of 3 — 4i is equal to:

o@ Short-cut solution :
b/2 /2
Here, || =4 ——> 2\
1

= 3-4i =429
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TIPS AND TRICKS: (T-3)

Minimum value of the expression of the form:
|z — k)| + |z - k,| where, k|, k, € R

2 0 Ly
Step 1: Mark k, and k, on number line.

3 b
ky—ky
-~
Step 2: The difference of k| and k, will give minimum value.

= Minimum value = k2 = kl

Illustration 5

Find the minimum value of |z — 1| + |z — 2|

@ Short-cut solution :
1
Using T-3 '1 i = Minimum value = 1

Illustration 6

The minimum value of |z — 2| + |z + 5| + |z — 10|

c@ Short-cut solution :
Using T-3| Mark -5, 2, 10 on number line

Neglect

= Minimum value = 15

TIPS AND TRICKS: (T-4)

1 . +vVa* +4
If |z +—| = a, then the greatest and least value of |z| are respectively %
z
—a++va*+4
wd ——

Illustration 7

The maximum and minimum value of |z| if

(@ Short-cut solution :
va=s
5+429 —5++/29

5 and |z| . = 5

1 .
z+—‘ =3, is equal to
z

= [P =



Complex Numbers
Illustration 8

If Z—l =1, then

z
@ [ 0 ©) = 5
© 5 @ 2

@ Short-cut solution :
va=l= |z|max

.

_ 1144 V541

2 2

TIPS AND TRICKS: (T-5

‘We can use substitution method to solve complex number problems.
2> Assumez=1lorz=-lorz=iorz=—i
* Note:
(1) In case when it is given that |z| # 1 then
we can assume z = 2 or z = +2i, etc.
(11) If more than one option matches, then change the substitution of z.

Ans. (b)

e

Illustration 9

If z is a complex number of unit modulus and argument ‘0°, then the real

part of 2477) ¢ [JEE M 2014]
z(1+2)
0 0
a) 2cos’— b) 1-—cos—
(a) 5 (b) 5
. 0 .20
¢) l+sin— d) -2sin"—
(© 5 (d >

o@ Short-cut solution :
Using T-5] Let z = i = Arg(z) = 0 = %

z(1-2) _ i(1+9) _
Z(l+z) —i(1+0)
Now, check options (a), (b), (¢), (d) for 0= n/2

. .20
= option (d) = —2sin” g =-1
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Illustration 10

+1
If|zj]=1,z#-1and a = Z—l then real part of ‘e’ is equal to:

£ [AIEEE 2003]
o@ Short-cut solution :
Using T-5|Tetz=i=> a= _—lx_— =i

= Re(a)=0
Illustration 11
1+(1-8a)z

mumber for all z € C satisfying |zl =1 and Re (z) # 1 is [JEE M 2018]

G@ Short-cut solution :

1+(1—-8a)i 1+i
Using T-5|Letz=i=> w= %xl—%
—1i —i

The set of all o € R, for which w = is a purely imaginary

8o +i(2—
e a+i(2—-8a)
2
Since, purely imaginary = Re(w) =0 = 8a.=0

= [u=0]

Illustration 12

=

If z € C of unit modulus and arg 6, then arg [ It i] is equal to:
1+Z [JEE M 2013]
T
ay ——0 b) 0
() 7 (®)
(¢) m—6 (d -6

@ Short-cut solution :
wlzl=1,Letz=1

= arg [H] =arg(z)=6 Ans. (b)
Illustration 13
+a+ib

1 b .
If a®>+ b*=1, then ———— isequal to
l+a-ib

(@ ¢ () —i
(©) 1+i (d 1-i




Complex Numbers

@ Short-cut solution :

Using T-5| - o>+ b*=1,leta+ib=i=a=0,b=1
1+a+ib B li _z Ans. (a)
l+a—-ib 1-1i

SHORTCUTS: (SC-1)

Locus of a Point

Let A(z,) and B(z,) are two fixed points and a point P(z) moves in a plane
such that:

If k = |z; — 25| = Locus is line joining 4 and B
() lz—z|+lz—z)|=Fk <

If k #|z; — zo| = Locus is ellipse

Ifk = |z, — z5| = Locus lies on ray B4
(i) lz—z,|—lz—z,| =k <

If k # |z; — z;] = Locus is hyperbola
If k = 1 = Perpendicular bisector of AB
=k <

72=17

(iii)

274 Ifk # 1 = Circle

(1v) |z+Z|+|z—2z| = k= Locus 1s a square.

Illustration 14
The locus of |z— 1| + |z + 1| = 4 is:
@ Short-cut solution :

vz =lz,=—landfz, —z,|=[1+1|=2+4
Hence, locus is ellipse.

Illustration 15
The locus of |z + 2| — |z - 2| =23 is:

@ Short-cut solution :
vz ==2,2,=2,|z,—z)| = |-2-2| =4 #+3
Hence, locus is hyperbola.

Illustration 16

z—135i

Find the locus of =1

z+5i

@ Short-cut solution :

Using SC-1 (iii)| -+ k= 1 = Locus is perpendicular bisector line joining z,
and z,.
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Illustration 17

The locus of |z+Z|+|z—Z| = 10 1s:

@ Short-cut solution :

Using SC-1 (iv)| Since Z is a conjugate of z

= Locus is a square.

Use of AM > GM in complex numbers.

Illustration 18

If z is a complex number satisfying |z3 + z73| < 2, then the maximum possible
value of |z + z7| is

@ 2 ® 2
© 242 @ 1
o@ Short-cut solution :
- 1 1
Using SC-2| As we know that |z° + —{<|zf +F
z z
AM > GM
1
So when |z| =1 = |z + W =2
z
1 1
Now, |z+—<|z|+— =2
z |z]
Hence, maximum value = 2 Ans. (a)

HORTCUTS: (SC-3)

Square root of any complex number:

G) ﬁzmzi{\/lZHRe(z) H_\/Izl —Re(z)J

2 2

) JF =i iwzl R, [ _fe(z)}

Illustration 19

5 .
Square root of 2 + 51’ is equal to:



Complex Numbers

Q@ Short-cut solution :
Tsing SC3 ) /2+%=1N\/€+4H\/@—4J

4

Illustration 20

2i .
Square root of z=3 — ?1 is equal to

(@ Short-cut solution :
Using SC-3 (iv)| v/z = i[ \/x/22190+15 _ \/\/22190—15J

SHORTCUTS: (SC-4)

The equation |z — z,|* + |z — z,* = k, where keR will represent a circle with

1 .
centre 3 (z, +z,) and radius %, [2/— |2—2, |2 when k& = %|21* z, |2

Illustration 21

Find the centre and radius of the circle |z — 2> + |z — 4i]> = 20.

(@ Short-cut solution :
Using SC-4 |Here z, =2 and z, = 4i

Centre = %(zl +2p)= %(2+4i) =1+2i

Radius = %Jzk—\zl—zz ? :%\/40—20 =5

Trigonometry of Complex Number:
. . . e ™ GE
Substitute x = sin 6 + 7 cos 6 or sin x = —5 and cosx ZT to

simplify trigonometric function or find expansion of sin”0 or cos”6.
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Illustration 22

If sin o + sin B + sin y = cos o + cos B + cos ¥ = 0, then find the value of
cos 2a. + cos 23 + cos 2y.

o@ Short-cut solution :

Let a=cos o +isin o, b= cos B+ isin B and ¢ = cos y + isin .

.'.l=cosot—1'sin(x,l=cosﬁ—isin[i and l=cosy—1’siny
a b c

Now,a+b+c¢=0 and l+%+l=03ab+i)c+ca=0
a c

s(a+b+e)=a*+b*>+c*+2(ab+ bc+ ca)
= A+ +2=0
= (cos & +isina)®+ (cos B+isinB)>+ (cosy+isiny)>=0
= (cos 2a + cos 2P + cos 2y) + i(sin 2a + sin 2P + sin 2y) =0
= cos 2o +cos 2P +cos 2y =0

Illustration 23

If sin® x —cos® x = 4+ Bcos 4x, then find A and B

c@ Short-cut solution :

‘We have A + B cos 4x

- 61_4[(eix " )6 f(eix —g= )6 i|

2 SLZ [6C (e5(e7%) + 6C,(e™)} (€7) + 6C (e™)(e )]
\ %[6@ dix 4 g4ixy 4 0]

-1 [(6) (2 cos 4x) + 20] = éCos4x+E
32 3 3

Thus,A=5/8andB=3/8




Concept Eooster Exercise

1.

Complex Numbers

Square root of 8 — 67 is equal to

(a) £(2-1) (b) x(3-19) () £(3+1) (d) None of these
The simplest form of z = (1 + 7)'3 is equal to
(a) -8-8i (b) 8+8i (c) —64-64i (d) 64 +64i
Simplest form of z= (1 + i)!* + (1 — /)3 is equal to:
(a) 128 (b) 64 (c) 64 (d) —128
Minimum value of the expression |z — 4| + [z — 6] + |z — 1| is equal to:
(a) 5 (b) 10 (c) -5 (d) -10
Minimum value of the expression |z + 2| + |z — 4] is equal to
(@ 2 (®) 4 (©) -2 (@ 6
If |z+ l =2, then

z
(@) z,.,—-1++2 ®) z,,.—1-+2
© zy,—-1-+2 ) z, —1++2
If |z| = 1 and z # +1 then all values of ! z - lies on: [AIEEE 2007]

-z

(a) A line which does not pass through origin

() 2= V2

(c) x-axis
(d) y-axis
+z,+...+
Iflz)| =z, = ...=|z,| = 1, then ‘ le 221 Zn 1| equals to
‘zf +z, +..+z,
(a) n (b) Un (c) |z1 +22| @ 1

—5i
1_ =1, lieon

E

The complex numbers z = x + iy which satisfy the equation z

+5i

(a) the x-axis

(b) the straightline y=35

(c) acircle passing through origin
(d) None of these




11.

12.

13.

14.

15.

16.
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. The complex numbers sin x + 7 cos 2x and cos x — 7 sin 2x are conjugate to

each other, for

(a) x=nn by x=0 () x= (n-i—%) (d) No value of x

If z is a complex number such that |z| = 2, then the minimum value of

1
zZ4+—|:

2
(a) 1s strictly greater than 5/2 [JEE M 2014]
(b) 1s strictly greater than 3/2 but less than 5/2

(c) isequal to 5/2
(d) lie in the interval (1, 2)

A value of 6 for which w is purely imaginary, is:  [JEE M 2016]
1-2isin6
(3) 1
a) m/6 b) sin | — ¢) sin’! [—) d) @/3
(@ ®) L 4J © 5 (d

The value of the expression

) e s O G

where o 1s cube root of unity

2 2 2 2
n(n” +2) n(n” +3) n(n” +1) n(n” +2)
o S S by —— 27 b S H — =
(@ 3 (®) 3 © 3 (@ 2
The locus of |z —3 — 4i| — |z -2 — 3i| = V2 s
(a) ellipse (b) hyperbola (c) liesonaray (d) circle
The locus of Zz374 2 is:
z—1+i
(a) ellipse (b) circle (c) hyperbola (d) None of these

Zy . L
If Z; #0 and 7, be two complex numbers such that 72 is a purely imaginary
1

number, then 24+32 is equal to: [JEE M 2013]
27Z1-3Z,
(@ 2 ®) 5 (© 3 (@1

The radius of the circle |z — 2i* =25 — |z— 3 + i]* is

> b) 5 3 d) 2
@ 2 ) © (@



18.

19.

20.

21.

22,

Complex Numbers
NUMERICAL VALUE PROBLEMS

Let w = ™3 and a, b, ¢, x, v, z be non-zero complex numbers such that

a+b+c=x,a+bw+cw?=y, a+ bw?+ cw =z Then value of
2 2 2
x|+ + |z .

x4 1P 412

[AIEEE 2011]
lal® +|B +|cf’

If |z + 4| £ 3 then minimum value of |z + 1| is

If |z - 3 + 2i] £ 4 then the difference between the greatest and least value of |z|
1s ZJ; then ‘p’ 1s
The value of (1 + i)** is equal to

\m/2 ~\n/3
If Gij = [IL;j =1, (m, n € N), then the greatest common divisor of
—i i—

the least values of m and n is . [JEE M 2020]
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g& Solutions

1. (b) [Using T-2|Let V8—6i = Ja—ib
3
Here, b= 6 — 212, 3< = J8—6i =+(3—1i)
1

2. (¢) |Using T-1|.. When 13 is divided by 4 theng¢=3,r=1

= Expression = (—4)(1 + i) = —64 — 64i

3. (@ [UsingT-1] g =3.r=1

= Expression = (=4)3(1 + ) + (—4)3(1 —i) =128

4. (a) |Using T-3|Mark 1, 4 and 6 on number line

Neglect

é = Minimum value = 3

5. (d) |Using T-3| Mark —2 and 4 on number line.

= Minimum value = 6

I

| ¥

B
)
6

6. (b) ."a:2:>zmm:¥:l+ﬁ,zmm:71+\/5
7. () vl =1,Letz=i

z i . . . . .
N ") (lie on imaginary axis) = y-axis
1-z
8. (d) |UsingT-5/Letn=2andz =1,z,=i
5 Z+ 2z, ‘ _ |1+i| _
z;1+zgl‘ |1—i|
9. (a) |UsingT-5|Letz=35
z=5i 5-5i .
= = =1 = x-axis
z+5i 5+5i

10. (d) |Using T-5| Check for the options (a), (b), (¢).

Since, no value of ‘x” satisfies = Correct option is (d).

1 1
Using SC-2 |~ z+5 <|z| +E (Triangle Inequality)

|z|+—= I2| 1/2
By AM = GM = 222[7) )




12.

13.

14.

15.

16.

(©)

(a)

(©)

)

@

Complex Numbers

1
= |z|+ ) > 2, Hence, <2

1
Z+—
2

o 1
We neglect the equality, since |z| # 5

Therefore, correct option is (d).

Using T-5| Checking options for (a), (b), (¢), (d)

o ) 1 . 2+iy3

Therefore, on substituting 6 = sin"! —= = Expression = I;{
NG 2

NE)

_BesmaBE+ B 4 o
N (\/5—21')(\/54-21') *7(2\/§+31+4t—2x/§)1spurely1magmary,

Using T-5|Letn =1 = [1+lJ(1+L2J = (1 + o)1+
o )

= (Co)-0) =1

nn®+2)
3

Now, check options (a), (b), (c), (d) = option (a) = 1

Hence, correct option is (a).
Using SC-1 (ii)| Comparing with |z —z | - |z — z,| = k
Since, k= [z, —z,| = |(3 + 40— (2 + 30)| = V2

Hence, locus lies on ray joining points.

Using SC-1 (iii) | Comparing with
Since, k# 1 = Locus is circle.

Using T-5 |letz =1+iandz,=1-1i
zy _1-i_(-Ha-i)__

2 140 (A+)(1-i)

z—z

=k

z—z,

)
2z+3zy [zlj_Z—Si
221—322_2_3(2_2]_2+3i
2]
2z1 +3z, _‘2—31' _‘2—31' RERREA
27-3z, | | 2+43i| | 2+3i [ zy __}

]

4+

o




18.

19.

20

21.

22,

(a) |UsingSC-4| Herez, =2iandz, =3 —i

1 3 1
Centre =—(z;+2z)=—+—i
entre 2(21 Z5) 2 2z

Radius = %Jzk—\zl—zz 2 =%\/50—2 =%

3) |Using T-5/Teta=b=c=1=x=3,y=0,z=0
X +lpP +1zP 9
lal +1Bf* +]cf  1+1+1

Therefore, expression =

(0) [UsingKeyNote] - |z + 1] = |z + 4) - 3| — Tiangle inequality

As we know that [z, — z,| < |z;| — |z,| (equality holds when z, = z,)

= 2+ 1y, =131~ 1-3]=0

13) vl =34 20+ (3 20)
=z =4 V13 andz . =4 - J13
Then difference = ZJE =P=13

(256) |Using T-1| .. When 24 divided by 4 then g =6, =0

Hence, (1 + )% = (4)X1 + 1)° =256

1+ (14"
(4) |Using Key Note| Given that (l_j = [_J =1

—i i—1

_ [(l+i)2 Jm _ [(1+i)2 ]"/3 _l
2 -

= 1-m/2 — (_l-)n/S =1

m (least) = &, n (least) = 12
GCD (8, 12)=4.
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Quadratic Equations

“f\ l Review of Key Notes and Formulae ,

1. Definition: Quadratic equations are the polynomial equations of degree 2 in
one variable of type f{x) = ax? + bx + ¢; a,b,c e Randa # 0

2.  Nature of Roots of Quadratic Equation:
If D = b2 — 4ac > 0 = Two distinct real roots
If D = b? — 4ac = 0 = Two equal real roots
If D = b — 4ac < 0 = Two imaginary roots
If D = b2 — 4ac is a perfect square = Rational roots
If ‘D’ is a perfect square, a = 1 & b and c are integers = Integral roots.
3.  Quadratic Equations having Common Roots:
(1) If onerootis common. (‘o.” is common root)
aloc2 +ba+tc; =0
a20c2 +bya+c,=0

o? o +1

b, —¢;b, B —a,¢, +¢a, B ab, —ba,
(1) If both roots are common
a_bh_a
a, b ¢
4. Relationships between Coefficient and Roots of Quadratic Equation: If
a and P are roots of quadratic equation ax? + bx + ¢ =0
-b c

. a+B:7 . OLB:;

* Note: Letf(x):ax2+bx+c; a,b,ceR,a#0
(1) Iff(x) =0 has more than two roots then it becomes identify
=a=b=c=0
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(i) ffx)>0¥YvxeR=>a>0,D<0

(i) f(x)20VxeR=a>0,D<0

@iv) Iff(x)<0vVxeR=a<0,D<0

W) ffx)<0vVxeR=a<0,DL0

5. Location of Roots: Condition for ax? + bx + ¢ = 0,a#0;a,b,c e Rtohave
(i) Both roots greater than ‘k’, (k € R) then

—b

(@ D=0 ®) E>k (© af (k=0
(i) Both roots less than ‘%’ then
(@ D=0 (®) ;—§<k (© af(k)>0

(111) Both roots lie on either side of ‘&’ then

(@ D>0 (®) af (k)<0
(iv) Exactly one root lying in k; and &, (ky, k, € R)

‘ S (k). f(ky) <0 | * Note: Check for f'(k;) = 0 or f(ky) =0
(v) Bothroots lie in &} and &,

(a) D20 (b) .k1<_—b<.k2
2a

(c) af(ky)>0andaf(k,)>0
(vi) One root is less than k| and other root greater than &,

| af (k) <0 and af (ky) <0 |
TIPS AND TRICKS: (T-1

Use of method of substitution

For ax? + bx + ¢ =0, a # 0 = Choose any two roots of this equation and further
manipulate the equation.

Illustration 1

Let p and ¢ be real numbers such that p # 0, p3 # ¢ and p> = —¢. If o and B
are non-zero complex numbers satistying o. + p = —p and o + p3 = ¢, then

a quadratic equation having % and B as its roots is: [AIEEE 2010]
o

@ @+’ @2+ @ +g)=0
®) @+t @ -2qx+ PP+ q) =0
© @ —Gp-2qx+ (PP —q)=0
@ @ g - Gp + 29+ (@ —q) =0




Quadratic Equations

% Short-cut solution :
Assume ‘a’ and ‘B’ be ‘17 and ‘2’ respectively.
S Sumofroots=a+pB=3=-—p
= p=-3andg=9
Now, g=l and E:z
p 2 a

L 5
= Equation is xZ — 7x +1=0

Ans. (b)

5
Hence, sum of roots in = — ==
pr+q 2
INlustration 2

If o and P are the roots of the equation x2 — m(x + 1) — n = 0, then value of

a’+20+1 . B* +2p+1

o +2a+m PE+2B+n

(@) 2 ®) 0

(© 1 (d 4
@ Short-cut solution :

Assuming ao= 1 and p =2

- Equation is x2 - 3x +2=0

1s equal to

On comparing with x2 —m(x + 1) +n=0=>m=3,n=-5
a’ +20+1 . B2 +2B+1
af+20+m PEP+2P+n

Now, expression = 1 Ans. (¢)

Illustration 3
If a, b and c are distinct positive numbers, the expression
(b+tc—a)Nc+a—-b)a+b—c)—abcis
(a) Positive (b) Negative
(¢) Non-positive (d) Non-negative
@ Short-cut solution :
Leta: 1,b=2and c=3

= Expression=4 x2 x0—1x 2 x3=-6<0 (Negative)
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Illustration 4

If (a, B) are roots of pxZ + 2gx — p = 0 and quadratic equation whose roots

are (30&—%) and (3[}—lj is ax? + bx + ¢ =0, thena + b + ¢ is equal to

a
(@ 2p (b) 13p-15¢
() 13¢-15p @ 0

o@ Short-cut solution :
Using T-1|Let o = 1, p = —1 = Equation is x> — 1 =0
Comparing with px2 +2gx —p=0=p=1,¢4=0
Now, roots of other equation are (4, —4) = Equation is x2 — 16 =0
Hence, on comparing with ax2+ bx +c=0=a+h+c =15 Ans. (c)

Illustration 5

If o and B (o < P) are roots of the equation x2 + bx + ¢ = 0 where

¢<0<b, then [AIEEE 2000]
(@ 0<a<p (b) a<0<B<lal
() a<p<o (d) a<0<|o/<p

@ Short-cut solution :

Using T-1|Let =3, c =4
a
:>x2+3x74:0<B

La=—4p=1
Now checking options Ans. (b)
Illustration 6

Let a, P be the roots of the equation x% — px + r = 0 and %, 2B be the roots

of the equation x% — gx + = 0. Then, the value of “#” is
[AIEEE 2007]

@ %(pfq)(zq ) ®) %(q P9

2
%(q -2p)(2q9-p) (d) Py @2r-92g-p)




Quadratic Equations

Q@ Short-cut solution :
Leta=2,p=1

= Equation is x2 —3x + 2 =0

Compare withx2 —px+r=0=p=+3andr=2

Equation with roots % =1,2p=2isx2=3x+2=0

Compare withx?2 —gx + r=0=g=3andr =2

Substituting p and ¢ in options (a), (b), (¢), (d).

- 2ep-aea-p=2-r Ans. @)

TIPS TIPS AND TRICKS: (T-2

If the roots of the equation Px> + Qx + R = 0 are real and equal and
P+Q+R=0thenP=R

INustration 7
If the roots of the equation (2a — 3b)x2 + (¢ — 2a)x + (3b — ¢) = 0 are equal

then,
(@) 2a—c=6b (b) 2a+c=6b
© c=2 ) a=0

2

o@ Short-cut solution :
Y P+Q+R=0
= G
= 2a-3b=3b-c
= 2a+c=6b Ans. (b)

INlustration 8
If the roots of the equation a(h? — c2)x2 + b%(c? — a®)x + cX(a? — b?) = 0 are

equal then
2c 2a
a) b= b) b=
(@) o (0) Dy
() b=ac (d) None

a? +c?
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@7 Short-cut solution :

SPIQIR=0

= P=R

= a?(b? — ) = 2(a* - b?)

2a’c?
=>b= T Ans. (¢)
a +c
0 TIPS AND TRICKS: (T-3

ey

For positive values a;, a5, as, ..., a,

AM = GM =z HM

i

Arithmetic Mean Geometric Mean Harmonic Mean

Illustration 9
Ifa>0, 5> 0 and ¢ > 0 then prove that:

(a+b+c)(l+l+l) 29
a b c

@ Short-cut solution :

Using T-3| ** AM = HM (for a, b, ¢)

at+b+c 3
30 1,11
a b c
1 11
= (a+b+o) _+E+_ =9 Hence proved.
a c

Illustration 10
The least value of the expression 3log;, x +log, 1000 is
(@ 2 (b) 4
© 1 @ 6




Quadratic Equations

@ Short-cut solution :

Using T-3 | Applying AM > GM

3logjgx+———

112
wz 3log;, x 3 ~log 10= !
2 log,o x log,, x

= 3log;yx +logx 1000 =6

= Least value of the expression is 6. Ans. (d)
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Concept Eooster Exetcise

Leta >0, 5> 0, c> 0. Then both the roots of the equation ax2+bx+c=0
(a) are real and negative (b) have negative real parts

(c¢) have positive real parts (d) None of these

Let o and P be the roots of the equation ax? + bx + ¢ = 0 then equation whose

1 1.
roots are oo +— and f+— is
o

(a) abx?+ b(c+ax+(c+a)*=0 (b) (c+ay’x?+b(c+a)x+ac=0
(c) cax?+blc+ax+(c+a)*=0 (d) cax’+blc+ax+e(c+a)’=0

If one root is square of the other root of the equation x2 + px + ¢ = 0, then

relation between p & g is [AIEEE 2004]
(@ PP~ @p-1g+g¢*>=0 ) PP—qBp+1D+4¢*=0
(©) PP +qBp-1)+4*>=0 @ pPrgBp+1)+g>=0

If p and g are the roots of the equation x% + mx + m? + a = 0 then the value of
p?+ g%+ pq is equal to

(@ 0 (b) a

(c) —a (d) +m?

If @, B are the roots of the equation ax® + bx + ¢ = 0 and S, = o + ", then
asS, ., +cS, ;isequal to

(a) b%S, (b) S,
(c) B8, (d) 258,
If b > a, then the equation (x — a)(x — b) = 1 has [AIEEE 2000]

(a) Bothroots in (a, b)

(b) Both roots in (—o, @)

(¢) Bothroots in (b, =)

(d) One root in (—e0, a) and the other in (b, «)

If the roots of x2 — hx + ¢ = 0 are two consecutive integers, then b2 — 4c is
(@ 1 (b) 2

(¢) 3 (d) 4



10.

Quadratic Equations
If k € (o0, —2) U (2, %) then roots of the equation x* + 2kx + 4 = 0 are
(a) one real and one imaginary (b) real and unequal

(c) real and equal (d) complex

If the roots of the equation a(bh — c)x2 + b(c — a)x + c(a— b) = 0 are equal, then
a, b, c are in

(a) HP (b) GP
(c) AP (d) None of these

The least value of the expression 2log,, x —log (0.01), for x> 1,1s
(a) 10 b) 2
(c) —0.01 (d) None of these
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§§> Solutions

(b) Leta—l b=4,¢c=3

Then, x2 +4x+3=0 = x=-1,-3

Again, a = b=c =1, then

V3.

1
PHx+l1=0 Dx=——t—j
2 2

2. (c) |UsingT-1|Leta=1,p=2

Then equation is x2 — 3x + 2 = 0 comparing with

ax2 +bx+c=0= a=1,b=-3,¢=2

Equation with root o +% and [3+é is
2x2-9x+9=0
cax2+b(c+a)x+(c+a)2:0:>2x2—9x+9:O

3. (a) [UsingT-1]Leta=2,p=4
Then, the equation is x2—6x+8:Ocompare with x2 + px+g=0
=>p=—6,g=8

~Bp-1lg+¢*= (=6 - [3(-6)-1] x 8 + 87

=-216+19x8+64=-216+216=0

4. (¢) [UsingT-1]Letp=1,9=2
Then the equation is x> — 3x +2 =0
Compare with x2 + mx + m* +a=0
So,m:f3,m2+a:2:>a:f7
PPt P +pg=12+22+1x2=7=4

5. (o) Letoczl,BIZ
Then the equation is x> — 3x +2 =0
Comparing with ax? + bx +c=0=a=1,b=-3,¢=2

S =am+pr=1+2"




Quadratic Equations

Thenas$, ,,+cS, ;=1x(1+2" 21 +27-1

n+l

=l+2x2"+2+2"
=3+3x2"=3(1+2"
==bS, [ b=-3,5,=1+2"]
(d) Leta: 1, b =2, then the equation is
F-D@Ex-2)=1=x*-3x+1=0

3445
x:

2

3+4/5
X =
2

€ (b,0) and x=3_

€ (o0, a)

(a) |Using T-1|Let o = 1, B = 2 are two consecutive integers which are

roots of the equation
Then, x2—3x+2=0
Comparing withx2 —bx+c=0= a=1,b=3,c=2
L b —4c=9-4%x2=1

(b) [Using T-1]|Let k = -3
Then, the equation is x* — 6x +4 =0 = x =325

So, roots are real and unequal.

(a) [UsingT-2]~- P+Q+R=a(b—c)+b(c—a)+cla—b)=0

=2 V2 =JR
= alb-c)=cla-»b)
= ab—ac=ac—bc
= ab+bc=2ac
= b(a+c)=2ac
~ pe 2ac

a+c

a, b, c are in H.P.
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10. (d) “+ 2loggx — log, 0.01 =2 log, v — log (1072)

= 2log;yr + 2log, 10

Applying AM = GM

2log;px+2log, 10

. > (2logg x - 2log, 10)2

1/2
= 2logjyx+2log, 102 2| 4logjg x- ~log,10= !
logjg x logyo x

= 2log x +10g 0.0122x2
= 2 log;yx +10g,0.01 = 4

. Least value is 4.




Matrices and
Determinants

MATRICES

“f\ l Review of Key Notes and Formulae ,

1. Definition: A matrix is a rectangular arrangement of numbers (real or complex)

. dp A Ay,

A=[a] . = Gy dyp Uy A2
ijdm xn .

aml am2 am3 amn

* Order of matrix 4 =m x n
* Note: Upper Triangular Matrix: A = [aij]n
matrix, if a;= 0,vi>j

, 1s called a upper triangular

x

Lower Triangular Matrix: A = [a is called a lower triangular
matrix, if a;= 0,Vi<j
2. Alegebra of Matrices: If 4 = [aij]m . ,and B= [by_]m .
(1) Addition of matrices: 4 + B = [alj +b

(i1) Subtraction of matrices: 4 — B = [aﬁ. — bl.j]

y']nxn

ij]mxn

mxn

(111) Multiplication of a matrix by a scalar: = k4 = [kaij]

H X n

(iv) Multiplication of matrices: Let A = [ and B = [b:j] Then, AB

aij]mxn nxp’

n
is multiplication, is given by Cij = Z ay. by
k=1

3. Positive Integral Powers of a Square Matrix: If 4 is a square matrix, then

(i) A""l'=4"4;neN

(11) Am  gn = gm +n

(i) A™y'=A";m,ne N
4. Transpose of a Matrix: 4'= AT= (@],
Properties:

(i) “UHT=4 (i) (4+B)T=AT+BT
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(i) (kAT = ka” (iv) (4B)'=BT4AT

(V) (A7) = (4Ty" (vi) (ABC)T = CTBTAT
Symmetric and Skew Symmetric Matrix:

(1) A square matrix 4 = [al.j]n ., is said to be symmetric, if AT= A i.e.

a;=da; Viandj

(i1) A square matrix 4 is said to be skew-symmetrics, if 4T=-A4 i.e. a;=-a;
Viandj.

Properties:

(1) Elements of principal diagonals of a skew-symmetric matrix are all zero.
(11) If 4 is a square matrix, then
(a) A+ AT is symmetric
(b) 4 — AT is a skew-symmetric
(111) If 4 is symmetric (or skew symmetric), then kA(k is a scalar) is also
symmetric (or skew-symmetric) matrix

(1v) Every square matrix can be expressed as the sum of symmetric and
skew-symmetric matrix.

ie. :%(A+AT)+%(A—AT)

Elementary Operations:
(1) Interchanging any two rows or columns
R, <> R; or C, < Cj
(i1) Multiplication of the element of any row or column by a non-zero scalar
quantity.
R, > kR or C,— ij
(iii)) Addition of constant multiple of the elements of any row to the corre-
sponding element of any row,
Ri—>Ri+kRj or C,—> Cl.+ij
Trace of a Matrix: Sum of the diagonal elements of a square matrix 4 is called
the trace of 4, denoted by 11(4).
Some Special Types of Matrices:
(i) Orthogonal matrix — 44T =1 =474
(ii) Idempotent matrix — A% =4
(i) Involuntary matrix — 4% =1
(iv) Nilpotent matrix — 4" = O, where ‘m’ is the least positive integer such
that A” = O, then ‘m’ is called the index of the nilpotent matrix ‘4’.

Periodic matrix — If 451 = 4, where ‘k’ is a positive integer, then 4 is
a periodic matrix and ‘%’ is known as period of matrix ‘4’.

™



Matrices and Determinants

DETERMINANTS

f l Review of Key Notes and Formulae ,

1. Definition: An expression expressed in equal number of rows and column and
put between two vertical lines 1s called as determinant.

2. Expansion of Determinant:

. a b
(1) Two order: =ab,~ba,
a b
a b ¢
(i) Three order: |a, b, c,| =a,(b,c;—c,by) —b(a,c;—c,a;)
a; by ¢

+ey(ayhy —byay)

3. Minor
ayp Gz dps

IfA = Minor ofa. is M, =| 2
=|ay ayp ay| = Minorofa, is M, =

ds; A3
a3 4z ds3

4. Cofactor: C;; = (-1)'"/ M,

Therefore, cofactor of a,, is C,, = ) "' M, =M,

*Note: (i) A=a,,c;, +a,,c,,+ a;5c,;; ete.

(1) a, ¢y, + a0y, +a 50,5 = 0; ete.
5. Properties of Determinants:

P-1: The value of the determinant remains unaltered, if two rows and columns
are interchanged

P-2: If any two rows or columns of a determinant are interchanged, the
numerical value is unaltered but there will be change in sign.

P-3: If any two rows or columns are identical then the value of determinant
will be zero.

P-4: If all the elements of a row or column are multiplied by the same number,
then the determinant is multiplied by that number.

P-5: The value of determinant is unaltered, by adding the elements of any row
or column to the some multiple of the corresponding elements of any
other row or column.

6. System of Equation: Three variables equation

ax+tbytecz=d
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a,x + b,y tecz=d,

axx+bycz=d,

Find the following determinants:

a b g d bh q a d ¢ aq b oq

A=lay by ¢, A\=1|dy by ¢, Ay=|ay dy ¢, Aj=|ay by ¢
a; by ¢ dy by ¢ az ds 3 as by ¢
Now follow the steps below.
Check value of A
A#Q A=0
'
Consistent and
unique solution
x=B B2 A Atleastone of Ay, Ay, A A=Ay =Ay=0
A A A is not zero i
l Consistent and
Inconsistent solution infinite solution

* Note: Irivial solution: IfA#0and A, =A,=A; =0, then system of equation
has trivial solution (x =y =z=10)

TIPS AND TRICKS: (T-1)

e

e

To find 4™; where 4 1s 2 x 2 matrix and ‘»’ is a multiple of ‘2’ of the type

a b
€ d2><2

Use characteristic Eqn: A% — trace (4) + [4| I=0

% Note: Trace (4) = Sum of the elements of diagonals.

Illustration 1

-7 5
Ifd= { 0 7} ; then 4299 is equal to:

@ Short-cut solution :

o trace (A) =0, [4|=1

= A () + A =42 0+1=0

1 0
Hence 42000 = 7=
0 1
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Illustration 2

5 3 .
If4= {7 5:| ; then 4°% is equal to:

@ Short-cut solution :
- tr(4) =0 and 4| = 46

= A2 r(A) + A= 42— 0 — 461 = 0 = A% = (46)> ]
e

TIPS AND TRICKS: (T-2

Inverse of 2 x 2 matrix:

a b 1 |a —b
Letd = =41=—
¢ dj|,., |4||—c a

* Note: Interchange the diagonal elements and change the sign of
non-diagonal elements.

Illustration 3

8 5
Find the inverse of 4 = {2 }

o@ Short-cut solution :
\ Ve L{—4 —5}2 {2/11 5/22 }

-221-2 3 1/11 -3/22
Illustration 4

2 a b
If inverse of 4 = { = } 1s equal to [ d} then find the value of
c

a+b+c+d

@ Short-cut solution :
3 5 b
e o0 [2 [ ¥ o
c

2 d
=a+b+tct+d=11
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TIPS AND TRICKS: (T-3)

Determinant of triangular matrix.
a b c a 0 0
If A=|0 d e OR A=|b d 0
0 0 f c e f
Upper Triangular Matrix Lower Triangular Matrix
Then, | 4 |= Product of diagonal elements=(a.d. /)
Illustration 5
-1 22 333
If4=|0 2 44 |, then find |4]
0 0 7
o@ Short-cut solution :
Using T-3| |4| = -1 x2x 7=-14
Illustration 6
0 q r
Ifd=|p (a—b) (b—c)|,thenfind |4|.
0 0 (c—b)
o@ Short-cut solution :
(Determinant)

p (a=b) (b-0)

Using T-3| Applying R, & R, = A=(=D|0 ¢ r
0 0 (c—b)
Hence 1t becomes upper triangular matrix = |4| = pg(b — ¢)

TIPS TIPS AND TRICKS: (T-4)

e

Method of substitution.

INlustration 7

2 28 45 i
IfA =] o B r |, then the value of ZAF is equal to
o=l gn-1 5n-1 =1
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@ 0 (b) apr
() a+tp+r d a.2"+B.3"+r. 4"
c@ Short-cut solution :
Tiedr=ts ]

1
=>A = |0 =0 (. Two rows are identical) Ans. (a)
1

Illustration 8

—2a a+b a+c
Ifjpb+a -2b b+c|=oa(a + b)(b + c)c + a) # 0, then ‘e’ is equal to
ct+a b+c -2
[AIEEE 2012]
(a) 1 (b) atbt+c (¢) abe (d) 4

@ Short-cut solution :

[Using T-4| Leta =0, b~ 1,¢~2

0o 1 2
12 3 =a)B)2)= 10+ 14=60= a=4 Ans. (d)
2 3 4
Illustration 9
a+b+c —c —b
The value of A=| —c a+b+c —a | is equal to
-b —-a a+b+c
(@ (a+b+cy (®) 0
(¢) 2(a+b)(b+c)c+a) @ (a+b)

@Short-cut solution :
Teta=b=c=1
3 -1 -1
=>A=-1 3 -1 =3@8)+1(4)—-4=16
-1 -1 3

Now, checking options (a), (b), (¢), (d) fora=b=c=1
Hence, option (¢) = 2(2)(2)(2) = 16




Authentic Shortcuts-Tips & Tricks in Mathematics
Illustration 10

If a, b, ¢ are in G.P,, then the value of determinant
a b ax+b

A=] b c bx +c| is equal to
ax+b bx+c 0
(@ 0 (®) 1 (© -2 (@ -1

O@ Short-cut solution :
Using T-4( -~ ¢, b, care in G.P., Leta=1,b=2and c=4 andx=0

1 2 2
SA=2 4 4 =1(=16)-2(-8) +2(0)=0 Ans. (a)
2 4 0

Illustration 11
For positive numbers x, y, z the numerical value of the determinant

1 log, vy log,z
A= |log, x 1 log, 2| is

log.x log_ y 1
@ Short-cut solution :
Letx=y=z-2

1
= A=
1

—_

—_— = =
Il
(=]

INlustration 12
x! (x+D! (x+2)!
The value of A= |(x+D! (x+2)! (x+3)] is
(x+2)! (x+3)! x+4!
(a) 2xI(x + 1)! (b) 2x! (x + 1)! (x + 2)!
(c¢) 2x! (x+3)! (@ 2x+ DM (x+2)! (x+ 3)!

0@ Short-cut solution :
Using T-4 Tetx=0

or 1 21 101 2
=A=|1! 2! 3=]1 2 o6|=4
20 31 4 2 6 24
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Now, check option (a), (b), (c), (d) forx=0
=2(0N(1NH2hH=4 Ans. (b)

TIPS AND TRICKS: (T-5

Short trick to find inverse of 3 x 3 matrix.

e

a b c

Finding inverse of A= |d e [ |; follow the steps below (procedure).

g h i
Stepl:a b ¢ a b
d e f d e
g h i g_ﬂh
Copy 1" column and 11"
column from A.
Step2: ¢ b ¢ a b
d e f d e
g h i g h
{ a b ¢ a b } Copy first row and 11"
d e [ d e) W from step 1.
Step 3: « b 5 a p [ Neglect first row
d e\<f ,Xd ’,e * From up to down
P T i - 1g" Sh arrow take positive sign.
/ y \ * From down to up
2 v \<C PN arrow take negative sign.
d| e e

Neglect first column
ei—hf fg—id dh—eg
Therefore, A~ = m hc—bi ai—cg bg—ah
bf —ec cd—af ae—bd

* Note: We are moving up to down but in the 4! matrix we arrange along left
to right.
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Illustration 13
1 2 =2
Find the inverseof 4=|-1 3 0
0 -2 1
c@ Short-cut solution :
Using T-5(| 1 | 2 ) 1 9 [ Neglecting

S NP NP NPE

S?\Ieglecting

3 2 6

Cld=l=2 4t =101 1 2

2 25

Illustration 14

01 2
Find the inverseof 4= |1 2 3
31 1

c@ Short-cut solution :

0l 1 2 0 | [ Neglecting
1] 20 430 41 42
3 1"1,1"',3"\’31
0| 17 ,2’/ ,0"' i
1] 27703

\

Neglecting

1
=24 =28 -6 2
S 3 -1
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(i) A(adj 4) = (adj 4). 4 =4[,
(i) adj(adj4) =4 2. 4

2
(iii) [adj(adj 4)| = | 4"V

Illustration 15

2 1 4

If4=0 7 8 , then |adj(adj 4)| is equal to
-1.2 0],

(a) +12 (b) 122

(c) 124 (@ 12¢

((/7 Short-cut solution :

v MI=2(-16) - 1(8) + 4(7) =12

Therefore, [adj(adj 4)| = |4~V = (12)* Ans. (¢)
Illustration 16

i 0 0

If4=|0 —(1+i) O|;wherei= V-1 then ladj(adj 4)| is equal to
0 0 i

(2) 4 (b) -4

(c) 4 (d) +2

@ Short-cut solution :
Using SC-1| -+ |4| =i x (1 + i)i =1 + i (" Triangular Matrix)
= ladj(adj A)| = 4|~V = (1 + i)* = 4 Ans. (b)

TECHNIQUE ooy

Orthogonal matrix:

Suppose 4 be a square matrix with real entries of order n and 47 be transpose
of matrix A, then 447 =T

where [ is identity matrix.
If 4 is orthogonal matrix, then [4| =1 or 1 and 41 = AT,
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Illustration 17

cosx sinx
—sinx cosx

Find 4! of the matrix 4, where 4 = |:

c@ Short-cut solution :

cosx —sinx
AT = .
me cosx}
cosx sinx||cosx —sinx 1 0
aar=| . =l =T
—sInX CcOSX || sinx  cosx 0 1
= A1=4T

cosx —sinx
= Al=] .
sinx cosx
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Concept Booster Exercise

4 5
1. The inverse of 4 = |:6 7} is equal to

2 sn [ s
@ 13 gn S

7o d) None of th
(©) 6 4 (d) None of these

-2 -1 .
2. Ifd= { s 2} then 4739 is equal to

(@ I by 2I () 31 (d) 41
-2 4 5
3. The value of the determinantof 4=| 0 —6 12 | isequal to
0 0 368
(a) 4426 (b) 4406 (c) 4436 (d) 4416
cos —sin0 T
4. Ifd=| . , then 4% when 6 = — is [JEE M 2019]
sin@ cosB 12

(a) 2/ (b) 37 (c) I (d) 41
1 a a*—bc
5. The value of determinant |1 5 5° —ca | is
1 ¢ c*—ab
(@ 1 (b) 0
() a+b*+c? (d) None of these
a b c

6. Ifa, b, c are sides of scalene triangle, then valueof |6 ¢ a| is

c a b
[JEE M 2013]

(a) negative (b) non-negative

(c) positive (d) non-positive




10.

11.

12.
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a* b* c? a b2
If[(a+1)? (B+L)° (c+M)?|=ki|a b c|,A#0,then kis equal to:
(@a=-2> -2 (-n? 111
[JEE M 2014]
(a) 4\ abc (b) —4rabc (c) 422 (d) —4?
r 2r—1 3r-2
n—1
IfA = g n-1 a , then value of ZAr is:
r=1
1 , 1
SN (=1 =13 +4)

[JEE M 2014]
(a) depends only on ‘n’ (b) depends only on ‘a’
(¢) independent of both ‘@’ and ‘#»” (d) depends on both ‘a” and ‘n’

1+a’x  (1+bH)x (1+cH)x
Ifa>+b>+c2=2and fix) = [1+a®)x 14b6°x  (I+c?)x| then fix)isa

A+a®)x Q+bH)x 1+cx

polynomial of degree [AIEEE 2005]
(@ 1 ® 0 (© 3 @ 2
x+x x+1 x-2

If 2x*+3x—1 3x 3x—3| =px— 12, then

¥ 4+2x+3 2x—1 2x-1

(@) p=-24 (®) p=24 (©) p=12 (d p=0
If o, B #0,and fin) = o + p" and [JEE M 2014]
3 I+ /1) 1+ 1(2)

1+ 7)) 1+ £(2) 1+ f(3)| = k(1 — a)*(1 — B)*(o. — ), then

1+/Q2) 1+/3) 1+/(4)
‘k’1s equal to

@ ap ) — © 1 @ -1

of

If |adj(adj A)| < 0 and order of matrix is less than ‘4’, for real elements, then
order of matrix is

(a) 3 (b) 2 (c) can’tsay (d) None



13.

14.

15.

16.

17.

18.

19.

20.
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If |adj(adj A)| = 16 and |4| = 2, then order of matrix is

(a) 2 b) 3 (c) 4 (d) 6

Let a, b, ¢ be such that b(a +¢) = 0. If [AIEEE 2009]
a a+l a-1 a+1 b+1 c—1

—b b+1 b-1|+| a-1 b—1 c+1| =0,

c c—1 c+1 (_1)n+2a (_1)n+l b (_l)n c

then value of ‘n’ 1s

(a) Any even integer (b) Any odd integer
(¢) Any integer (d) Zero
1 =2 2
Ifd= 1 2 -1 -2/, then inverse of 4 is
. 2 2 1
@ A4 ) 54
() 4T (d) 34T
NUMERICAL VALUE PROBLEMS
1 x x+1
If fix) = 2x x(x—1) x(x+1) then f{100)is
3x(x—1) x(x-1(x—-2) x(x+D(x-1)
log/l p 1
If p. g™ r term of a GP are I, m, n then the value of |logm ¢ 1| is equal
logn r 1
to [AIEEE 2002]
Ifa,a,, a,, ... a, are in G.P., then the value of the determinant
loga, loga,, loga,,
loga,,, loga, , loga,, | is: [AIEEE 2004]
loga, s loga,.; loga,.

9 10 a b
Ifd= and 42560 = thena+b+c+d
-8 -9 c d

cosXx —sinx .
Ifd= { } , then |adj(adj A)| is equal to

SINX COSX




1.

Authentic Shortcuts-Tips & Tricks in Mathematics

9@ Solutions

(b)
(a)

@

(©)

(b)

(a)

©

(©)

Using T-2| -~ |4]
» A% —trace (a) + |A| I=0and |4] = 1

=S A2 (242)A+T=0=> A0 = ([P =]

Using T-3| - 4 is upper triangular matrix.

= || = (-2)(—6)(368) = 4416

T - |

s AP —tr(a) + 4] I =0 = A% + (—sin®0 — cos?0)[ = 0

g 41 [—7/2 5/2}
—2 = =

3 -2

sinf cos0 ® R)
>
cos® —sin@ ! 2

Hence, A2=I= A=y =1

Letazbzczl

11
= |l 1
11

0

0 =0

0

- Aisscalene, Leta=1,b=2,¢c=3

1
=A= |2
3

2
3
1

3

1| = A=1(5) - 2(1) + 3(-7) =18 (Negative)

2

Letazl,bIZ,c:?»andkzl
4 9 1 4 9
Therefore, 4 9 16/ =k |1 2 3

=k=4

Now, check options fora=1,b=2,c=3 and A =1

=4\ =4

1

0

1

4 111

Letn:2andr:1

1
=A =1
1

—_— = =

1

a
5

=0 = Independent of g and »
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11.

12.

13.

14.

15.

16.

@

)

©

(b)

)

(b)

(©)
()]
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car+br+cet=1,Leta*=0,b*=-1,c2=-1

1 0 0
=f)=|x 1I-x 0 |=1-2x+x?
x 0 I-x

= Degree =2

[OSIRg 1) Let x - 1

2 2 -1
=4 3 0|=p 12=p=24
6 1 1

Leta=-land =2 = f(n)=(-1)"+2"
Therefore, /(1) =1, f(2)=35,/3)="7,f(4) =17
3 2 6
=02 6 8 =k1+D*1-2*(3)P=k=1
6 8 18
Now, check options (a), (b), (c), (d) foraa=—-1 and f =2

Using SC-1 (iii) | -+ |adj(adj 4)| < 0
= A"~ <0= |4]<0and (n— 1)?is odd
Hence, if n = 2 then (n — 1)? is odd.

Using SC-1 (iii) |-~ |adj(adj A)| = |4~ D*
=16=2)" V=2t=n=3

wbhla+c)z0,leta=b=c=1

1 20 2 2 0
=|-1 2 0+(D"lo 0 2[=0
1 0 2 1 -1 1

= 8+ (-1)" 8 =0 is possible only if ‘n” is odd integer.

Using Tech.| - AAT=1—= A1 =4T
OV =) =A-1)=..=0

Hence, f{x) is independent of x

= /(0) =/(100) =0




Authentic Shortcuts-Tips & Tricks in Mathematics

Letp: l,g=2,r=3and /=2, m=2%n=23

log2 1 1 1 1 1
= |log2® 2 1l=log2]2 2 1|=0
log2® 3 1 331
18. (0) [UsingT-4] Let the G.P. be 2,22,23, 2%, _andn =1
log2 log22 log23 1 2 3
= [log2* 1log2’ log2%|=(log2)*l4 5 6/ =0
log2” log2® log2’ 7 8 9

19. (2) o A2 tr(a) +|A|I= 0 and |4] = 1

1 0
:>A270*I:0:>A2560:(I)1280:I: |:0 1:|

Hence,a +b+c+d=2

20. (1) |Using SC-1 (iii)| - |adj(adj A)| = |A|@~ V" = cosZx + sin®x
= ladj(adj 4)| =1




Permutations and
Combinations

‘f/ / Review of Key Notes and Formulae ,

1. Fundamental Principle of Counting:

(1) Multiplication principle: If an event can occur in ‘m’ different ways
following which another event can occur in ‘»’ different ways then number
of ways of two consecutive event occurring in a definite way occurs in
‘m X n’ ways.

(i) Addition principle: If an event occur in ‘m’ ways and another event, which
is independent of the first, can occur in ‘n” ways. Then either of the two
events can occur in “m + n”’ ways.

2. Permutation: Refers to an arrangements of objects in a definite order, objects
may be different or alike taking same or all at a time.

Number of permutations of ‘»” distinct objects taken ‘7" ata time 0 <r<nis

p = n!
(n—n)!

3. Combination: Refers to selection of objects, order in significant objects may
be alike or different taken same or all at a time.
Number of combination of ‘n’ distinct objects taken ‘7’ at a time is

n!
nCr =
(n—r)lr!

4. Formation of Groups :

(1) (m + n) distinct objects to be divided into two groups < m#n

—m +nC
m

/m

(i1) 2m distinct objects to be divided into two groups .
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Circular Permutation: In a circular permutation first we fix the position of
one of the objects and then arrange other objects in all possible ways.

Case 1: When clockwise and anti-clockwise orders are treated as different.

n

P
(i) Taking all at a time = —% = (n — 1)!
n

n
I

r

(il) Taking ‘7’ at a time =

Case 2: When clockwise and anti-clockwise orders are treated same.

. . . "P, -
(i) Taking all at a time = —*= M
2n 2
(i) Taking ‘7’ at a time = —=
2r

Dearrangements: If ‘»’ distinct objects are arranged in a row, then the number
of ways in which they can be dearranged so that no one of them occupies the
place assigned to it is:
1 1 1 1
D(n) = n{l—ﬁ+a—§+...(—l)" ;}

Some Important Results
(1) Given, ‘n’ distinct points in the plane, no three of which are collinear

(a) Number of line segments formed ="C,

(b) Number of triangles formed ="C,
(i1) The number of diagonals in a n-sided polygon ="C, —n
(iii) Given, ‘n’ points on the circumference of a circle then

(a) Number of straight lines ="C,

(b) Number of triangles = "C,

(c) Number of Quadrilaterals ="C,

(iv) Exponent of prime ‘p’ is n! is
n
4=
Pr

s [} 53]

(where, [ ] is greatest Integer function)
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TIPS AND TRICKS: (T-1)

Short trick to find rank of the word when arranging letters as in a dictionary.
STEPS

Step 1: Rank the alphabets in a alphabetical order. (Give numbering to each letter)
Step 2: Below each letter write the number of digits which is right side on a
particular letter and less than the signed number. (Let P, Py, P, ..., P,)

Step 3: Start writing 0!, 1!, 2!, 3!, ..., (n — 1)! from the right side.

Step 4: Then rank ofa word = {P 0!+ P 1!+ .. +a (n—1)!} +1

INlustration 1
Find the rank of the word TOUGH arranged in dictionary.

o@ Short-cut solution :

4 3 5 1 2 <« Stepl

T O U G H

3 2 2 0 0 <« Step2

40 30 21 11 0! &« Step3
= Rank = {3.4!+23!+22!1+0.1'+0.0!} +1=289

INlustration 2
Find the rank of the word PRIME as arranged in dictionary.

o@ Short-cut solution :

4 5 2 3 1 <« Stepl

P R I M E

33 1 1 0 <« Step2

40 31 20 1t 0!

= Rank = {3.4!+33!+ 12!+ 1.1'+0.0!} +1 =94

Illustration 3
Find the rank of the word SECRET as arranged in the dictionary.
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@ Short-cut solution :

4 2 1 3 2 5
S E C R E T
4 1 0 1 o0 0
21 2020 11 12

-

As “E’ 1s repeated twice in both letters.

51413121 110!
! | !
— Rank = {4XS'+i+0+&+0+0}+1 ~ 255
21 21 1
R

TIPS AND TRICKS: (T-2)

Short trick to competition/games/matches type problems then,

(7) Total number of matches = % xNx(N—1)xp

‘Where, N — Number of teams, p — Number of times

Illustration 4
In a hockey league there are 10 teams, each plays every other team once. If
they can play 5 games every week then how many weeks long is this season.

o@ Short-cut solution :
Using T-2|Here, N=10and p = 1
=3 T:%x10x9xl:45

Since, they can play 5 games every week.

Hence, number of weeks = ? =9 weeks.

Illustration 5
In a game, 153 matches are played. Every 2 teams played once with each
other. Find the number of teams.

@ Short-cut solution :
[Using T-2| Here, T= 153, p= 1

1
= 153= EN(Nfl)x1:N27N7306:0

Hence, number of teams = 18.
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TIPS AND TRICKS: (T-3)

Short trick to find total number of factors or proper factors.

If ‘P’ are number of factors of one type, ‘g’ are number of factors of second
type, ‘7’ are number of factors of third type and ‘s’ are number of factors of
fourth type and so on. Then,

Total number of factors = (p + 1)(g + 1)(r + 1)(s + 1).

Illustration 6
Find the total number of factors of 4200.

@ Short-cut solution :
"+ 4200 =23 x 31 x 52 x 7!
Here,p=3,g=1,r=2,5=1
= Total number of factors = (3 + 1)(1 + 1)(2 + 1)(1 + 1) =48

Illustration 7
Find the proper factors of 2520.

c@ Short-cut solution :
2+ 2520=23 %32 x5! x 7!
Here,p=3,9g=2,r=1,5s=1
= Total number of factors =4 x 3 x2 x2 =48

Now, proper divisors =48 — 2 =46
{
{2520 1s a factor of itself and }

'1" is a factor of every number

TIPS AND TRICKS: (T-4)

Short trick to find sum of all the numbers that can be formed using the digits 1
to 9 taking all at a time.

Sum of all numbers = s x (n — 1)! %
where, s — Sum of all given digits.
n — Number of digits

Illustration 8
Find the sum of all numbers that can be formed using the digits 2, 3, 4, 5

taken all at a time.
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o@ Short-cut solution :
Here,s: 14,n=4

10% -1
= Sum of all numbers = 14 x (4 — a0 -h

D! =93324
10—
INlustration 9
Find the sum of all 4-digit numbers that can be formed using the digits 0, 3,

7,9 taken all at a time.

o@ Short-cut solution :

Using T-4|If ‘0’ comes first than the numbers will be three digit numbers.

Required = "Sumof numbers" — "Sumof numbers"
So, Sum including zero excluding zero
(0,5,7,9) (3,7,9)
U U
110% — 3 _
Sum — 6><3.(190 9) Dc .0 (109 1)

= 39996 — 1332 = 38664

TIPS AND TRICKS: (T-5)

e

Short trick for distribution problems.
Case 1: If ‘»’ distinct things are distributed among ‘m’ people

|
v !

Number of ways = m" Number of ways = m" — m

If all things can be ; If all things cannot be
given to same person ! given to same person
4 i U

Case 2: If ‘»’ identical things are distributed among ‘m’ people

|
' !

If all things can be E If all things cannot be
given to same person i given to same person
{ i L

Number of ways ="™"-1C,.; | Number of ways =""C,,,

Illustration 10
Find the number of ways in which 9 distinct toys can be distributed among
5 children.
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%‘ Short-cut solution :

| Using T-5 (Case-1) | Here,n=9 andm =35
= Number of ways = m" = 5% = 390625
Illustration 11

Find the number of ways in which 11 different prizes can be distributed
amongst 7 people so that every person receives almost 10 prizes.

@ Short-cut solution :

| Using T-5 (Case-1) | Here,n=11andm="7
= No.of ways=m" —m="71-7
Illustration 12

Find the number of ways in which 30 apples can be distributed amongst 5
persons.

@ Short-cut solution :

| Using T-5 (Case-2) | Here, n=30,m =5
= No. of ways :'”mflCmf1 = 3°+5*1C571 _ 34C4
Illustration 13

Find the number of ways of distribution of 9 identical balls in 4 distinct
boxes so that none of the box is empty.

@ Short-cut solution :
| Using T-5 (Case-2) | Here, n=9 and m =4
= No.ofways=""!C  =271C, =°%C

SHORTCUTS: (SC-1)

If family of ‘m’ parallel lines are intersected by family of ‘»’ parallel lines
then number of parallelogram will be:

m.n(m—1)(n—1)
4

1

No. of || oms

mo my N3 n4 N5 Mg Ny nNg Mg Ay
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INustration 14
If family of 4 parallel lines are intersected by family of 3 parallel lines then

number of parallelogram is:
@ Short-cut solution :
Here,m=4,n=3
mn(m—1)(n—1) 4x3x3x2
4 I

18

= No. of parallelograms =

If n articles (items) taken all at a time when p-items of one type are identical,
g-items of second type are identical and r-items of third type are identical,
n!

plq'r!

then number of arrangements =

Illustration 15
Find the number of words that can be formed from the letters of the word

HINDUSTAN.
Short-cut solution :

Using Tech. | Total number of letters n =9

N is repeated two times, p = 2

1
Total number of words = %
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I

Qj| Concept Booster Exercise

b &

1. The letters of the word COCHIN are permuted and all the permutations are
arranged in an alphabetical order as in an English dictionary.
The number of words that appear before the word COCHIN is[AIEEE 2007]
(a) 360 (b) 192 (c) 96 (d) 48

2. [Ifall the words (with or without meaning) having five letters, formed using the
letters of the word SMALL and arranged as in a dictionary, then the position
of the word SMALL is [JEE M 2016]
(a) 460 (b) 59T (c) 52 (d) 58™

3. Ifthe letters of the word SACHIN are arranged in all possible ways and these
words are written out as in dictionary, then the word SACHIN appears at serial
number [AIEEE 2005]
(a) 601 (b) 600 (c) 603 (d) 602

4. In a football match there are 9 teams. Each team plays each other twice. The
total number of matches played are
(a) 56 (b) 72 (c) 64 (d) 102

5. There are ‘8’ teams in a league, each plays with the other exactly once. If each
game is between ‘2’ teams, then the total number of games played are
(a) 14 (b) 35 (c) 42 (d) 28

6. The number of proper divisors of aPblc'd® where a, b, ¢, d are primes and

p,q,7,5 €N, is
(a) pgrs ® @E+D@+HEF+D(s+1)-4
() pgrs—2 @ @p+D@+DHEr+DH(s+1)-1

7. The number of ways in which 10 identical apples can be distributed among 6
children so that each child receives at least one apple is:

(a) 126 (b) 252 (c) 378 (d) None of these

8. The number of ways of distributing 10 identical balls is 4 distinct boxes such
that no box is emply is: [ATEEE 2011]
(@) °C, ®) °C, © *C, ) °C,

9. The sum of all numbers greater than 10,000 formed using 0, 2, 4, 6, 8 such
that no digit being repeated is:
(a) 120 x 44444 (b) 120 x 43333 (c¢) 120 (d) 43333

10. The total number of non-negative integral solution of x, +x, +x, +x, = 100

is
(a) 102C3 ®) 101C3 (©) 103(}3 (d) None of these
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. The number of distinct words that starts with E and end with N formed from

12.

13.
14.

15.

the letters of the word PERMUTATION is
(a) o (b) 1 () 9 (d 11!

2! 2!

NUMERICAL VALUE PROBLEMS

In a hockey league there are 16 teams, each plays every other team twice, then
total number of games played are
The total numbers of divisors of 75,600 are .
If chocolates of a particular brand are all identical then the number of ways
in which we can choose 6 chocolates out of 8 different brands available in the
market is equal to °C  then P is
If family of 6 parallel lines are intersected by family of 5 parallel lines then
number parallelogram will be
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§§> Solutions

Lo©

1

5 1 2 3 4
0 C
0 4 0 0 0 0
5! 41 3! 2! 1! 0!
= words before COCHIN =4 x 4! =96

2@

4 3 1 2 2
S M A L L
4 3 00 0
20 20 20 201
430 2 1o

. 4 3.3!
= Position = EX4I+T+O+O+O +1 =358

5. @ [TngT
6 1
S A
5 0 0 0 0 0
sto41 3t 21 noo
= Rank=(5x5!'+0+0+0+0+0)+1=601

4. (b) |Using T-2|Here, N=9,p=2

DT:%XNX(Nfl)Xp:%X9X8X2:72

5. (d) |Using T-2|Here, N=8,p=1
1 1
:>T:5 xNx(Nfl)xp:E x 8x7x1=28
6. (d) |Using T-3| - a, b, ¢, d are prime numbers

= Proper divisors = (p + 1)(g + D)(r + 1)(s + 1)

(since, abed is multiple of itself)

[Ne]
(O8]
—
wn




10.

11.

12.

13.

14.

15.
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(a) |Using T-5 (Case-2) | Here, n=10,m =6

= No.of ways ="~ !'C _ =7C;=126
(d) |Using T-5 (Case-2) | Here, n =10, m = 4

= 9C3

= No. of ways ="~ 'C |

(b) |Using T-4|Here, s =20,n=35 andn =4

= Sum=sx (n - 1)'M7 x (n 1)|M
10-1 10-1
5 _ 4_
:20x4!u 720x3!u

=20 x6(4 x 11111 -1111) =120 x 43333
(c) (Since, no condition is given in the question so, identical
things can be distributed to same person also - Case 2)
= No. of ways ="*m-1C =105,
(a) W Total number of letters are 11 out of which two (E and N)
are fixed.
So, remaining number of letters n =9
T is repeated twice, p =2 \
Number of distinct words that can be formed = E

(240) |Using T-2|Here, N=16andp =2

1 1
:>T:5xNx(Nfl)xp:Ex16x15x2:240

(120) |Using T-3| - 75600 = 24 %33 x52x7!
Here,p=4,g=3,r=2,s=1
= Total number of factors = (4 + 1)(3 + 1)(2 + 1)(1 + 1) =120
(13) | Using T-5 (Case-2) | Here, n =6 and m = 8

= Total number of ways ="""-1C  =183C =1C,

(150) | Using SC-1 |Here, m=6andn=>5

= No.of | = 2D =D _6x5x5x4 _ 4,
gms 2 p




Binomial Theorem

f I Review of Key Notes and Formulae ,

1. Binomial Theorem for Positive Integral Index : If ‘»’is any positive integer
then (x + a)" = "C x" +"C x" ! a +"Cx"2.a>+ . +"C a"
where x & a are real and "C, "C,, ... "C, are called binomial coefficients.

2. General Term for Positive Integral Index: General term in the expansion
of(x +a)'isT _ ="C (x)'"".a"
where, ‘a’ can be positive, negative or 1.

3. Properties of Binomial Expansion of (x + a)":

(i) Total number of terms in the expansion of (x + a)" is (n + 1).

(il) The binomial coefficients of term equidistant from the beginning and the
end are equal i.e. "C, = "C

n-r

4. Middle Term in a Binomial Expansion:

th
(1) If ‘n’ is even then middle term = [g+ IJ term

.. . . n+\" n+3\"
(11) If ‘n’ is odd then middle terms are = > and 5 term.

5. Greatest Term in the Expansion of (x + a)": Calculate = p(say)

+1

a
(1) If ‘p’ is an integer then Tp and Tp ., are the numerically greatest term

n+1
, then

(i) If ‘p’ is not an integer with ‘m’ as integral part of
Tm+1
6. Some Important Results on Binomial Coefficients:
If(1+x)"=C,+Cx+Cpx?+ ...+ Cx"
(i C,+C,+C,+..+C =2"
(i) C,+C,+C+...=C +C,+C +...=2""1

is the greatest term. . +1
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(iii) C,—C, +C,-C,+ ... (-1)"C, =0
(iv) C,+2C, +3C,+..+(m+ 1)C, =2"1(n+2)

C C n+l
™) CO+&+—2+...+—":2 !
2 3 n+l n+1

(vi) Cj+C]+C3+...+C. =2C,
7. Binomial Theorem for Any Index. If ‘n’ is any rational number then

—1 (-2
nn—l) 2 ne—( )x3+___+,|x|<1
12 123

nn=D(n-=2)..[n-(F-1)] e
r!

TIPS AND TRICKS: (T-1)

Short trick to find the sum of all coefficients in the expansion of
(1) (ax + by)" = sum of all coefficients = (a + b)"
(i) (ax + by + cz)" = sum of all coefficients = (a + b + ¢)"

(1+x)"=1+nx+

General term: T .

e,

T

INlustration 1
‘What is the sum of the coefficients of all the terms in the expansion of (43x —49)*?
(a) -256 (b) -100
(¢) 100 (@) 256

o@ Short-cut solution :

Here,a:45,b:49 andn=4

= Sum of all coefficients = (45 — 49)* = 256 Ans. (d)
INlustration 2

In the expansion of (1 + x)*°, sum of coefficients of odd powers of x is:

(a) 226 (b) 2%

(c) 2% (@ 2%

Short-cut solution :

Here,a: 1,b=1andn=>50

So, sum of all coefficients = (1 + 1)°% = 239

(As we know that odd power coefficients will be half of total coefficients)
50

Hence, sum of coefficients of odd powers = o 24 Ans. (b)
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Illustration 3

The sum of the coefficients of all the terms in the expansion of (1 — 3x +x%)!? is:
(@) 2 () -1
(© 1 @ -2

G@ Short-cut solution :
Using T-1(ii)| Here,a =1,b=-3,c=1and n =10

Therefore, sum of all coefficients = (1 =3+ 1)!°=1 Ans. (c)

INlustration 4
Sum of all coefficients of all the terms in the expansion of (2x + 3y + 4z)?" is:

(a) 91 (b)  20°
) 10° (d) 92
@ Short-cut solution :
Using T-1(ii)| Here,a =2,5=3,c=4 and n =20
Hence, sum = (2 + 3 + 4)20 =920 Ans. (d)

TIPS, TIPS AND TRICKS: (T-2)

Short trick to find number of integral terms in the expansion of the type (a'? + b2y
where a and b are prime number.

R

n
——— |+1, where ‘»’1s completely divisible by ‘p’or ‘q’.
[LCM 22 Q’)}

Integral term = |:

n
———— |, when ‘n’is not completely divisible by ‘p” or ‘q’.
LCM(p, q)}

where [*] is greatest integer function.

Illustration 5

Find the number of integral terms in the expansion (312 + 51/8)256

@ Short-cut solution :
Using T-2|Here,a=3,b=35,p=2,¢9g=8 and n =256
As it is clear that 256 is completely divisible by ‘2” or ‘8.

256

So, integral terms = | —
LCM (2, 8)

}+1—32+1—33




Illustration 6
Find the number of irrational terms in the expansion of (5/5 + 5/5 )
(a) 96 by 97
(c) 98 (d) 99
@ Short-cut solution :
Irrational terms = Total — Rational terms

Integral terms
Here,a=5,b=2,p=8,g=6and n=100

Since ‘100’ is not completely divisible by ‘6’ or §’.

100 100
= Integral terms = {—:| = |:_:| =4
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100

LCM (8,6) 24
Hence, irrational terms = (101 —4) =97 Ans. (b)
e
TIPS AND TRICKS: (T-3)
. ‘ R Y
Short trick to find term independent of ‘x’ of the term | ax? t—
bx

where, ‘R’ can be anything (constant, etc.)
Hence, first of all we will find ‘7.
=" = T 1 1s the term independent of ‘x’.

prq

Illustration 7
6
: : 3% 1
Find the term independent of x of | — ——
2 3x
(@) 5™ term (b) 4™ term
(c) 3“term (d) 6"term
@ Short-cut solution :
Using T-3 |Here,n=6,p=2and g =1
n
- P 6x2 _ 4
pPrq 241
= T,,, is the term independent of ‘x’ Ans. (a)
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Illustration 8

3 2x7
(@ T, () T,
(© T, (d T

o@ Short-cut solution :
1/2 10
Using T-3| Rewrite as [XT + ﬁ]
3

\/; +£Jw is

The term independent of {—

2x?
1
Here,n=10,p = E,q:2
np 10x 1
=2 - 25
p+q l +2
2
Hence, T, is the term independent of “x’. Ans. (¢)
SR

TIPS AND TRICKS: (T-4

Short trick to find number of terms in the expansion of the form
(a, +a, +a,+..+a)" then,

Number of terms = "Jr(k*l)C(k_l)

T—

Illustration 9

The number of terms in the expansion of (1 + 2x — 7y + 2)° is:
(a) 83 (b) 84
(¢) 85 (@) 80

@ Short-cut solution :

Using T-4| Here,n=6, k=4

= Number of terms = "*UH)C(,H) =641c,  =9C, =84 Ans. (b)
Illustration 10

The number of terms in the expansion of (7x —4 + y —w+ g)*% is:
(a) 10626 (b) 10620
© 620 @ 265
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% Short-cut solution :
Here; n=20,k=5

= Number of terms = 2(’+5‘1C(571) =2C,=10626 Ans. (a)

If the coefficients of T, T, |, T, terms in the expansion of (1 + x)" are in
A.P., then the value of ‘7’ is

INustration 11
Ifthe coefficients of 71, (r+ 1) and (r + 2)™ terms in the binomial expansion
of (1 +y)" are in A.P,, then ‘m’ and ‘7’ satisfy the equation: [AIEEE 2005]
(@ m*—m@r-1)+4*-2=0 (b) m*-m(dr+1)=0
(©) m*—m@dr+1)+42-2=0 (d) None of these

o@ Short-cut solution :
Using SC-1|Here, m =n

mEtm+2
2

= r= = @r-mP=m+2)

Hence, m> —m(4r+ 1)+ 42 -2=0 Ans. (¢)
Illustration 12

If the coefficients of T, T,,,, T ,, terms of (1 +x)* are in A.P.; then r =
(a) 7 (b) 14
(c) 8 (d) 16

@ Short-cut solution :
Here, n =23

=140r9 Ans. (b)

L 23442342
2

Use of substitution method.
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Illustration 13
IfC,, C,, C,, ..., C, denote the coeflicients in the binomial expansion (1 +x)",
then C, +2.C, + 3.C, + ... + nC, is equal to
(a) n2" (b) n2+!

(¢) 2! (@ m-1.21

O@ Short-cut solution :
Puting n =2

~. Expression becomes =*C, +2.7C, =4
Now, checking options (a), (b), (¢), (d) forn =2
=>n2m1=22%1=4 Ans. (b)
INustration 14
If (1+x)"=C,+Cpx+Cp®+ ...+ Cx"then

$,26 36, 455 s equalto [AIEEE 2002]
CO Cl C2 Cnfl
n
(@) 5 (b) nm+1)
n(n+1) n(n+1)
o 1T g 2IT)
(©) o (d) 2

@ Short-cut solution :

[Cing G2 Puting n 2

. e, 2%¢,
= Expression becomes = -—+——— =3
c, 2€

Now, checking options (a), (b), (¢), (d) forn =2

_ At _2Q+D) Ans. (@)
2 2

SHORTCUTS: (SC-3)

Total number of terms of :

(i) (x+a)"f(xfa)":§

(i) (x+ay+(x—ay = g+1
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Illustration 15
The total number of terms in the expansion of (x + 3y)° + (x — 3y)° is
() 25 (b) 26
(¢) 27 (d) 24

@ Short-cut solution :
| Using SC-3(ii) |Here, n =50

n 50
= Total number of terms = E+1 = 7+1 =26 Ans. (b)

Illustration 16
The total number of terms in the expansion of (x + 2y)1% — (x — 2))'% is
(@) 51 b) 49
(©) 48 @ 50

@ Short-cut solution :

Using SC-3(i) | Here, n =100

100
= Total number of terms = <f 50 Ans. (d)

TECHNIQUE o0

Greatest Coefficient in the Expansion of (x + a)"
The coefficients are "C,, "C,, "C,, .... "C_ where the coefficient of the general
term is "C,. We have to find the value of r for which "C_has the greatest value.

. . . n . . .
We know that if n is even “C_is greatest when r = B and if n is odd "C_is

n-—1 n+1
orr = .

greatest for r =

Hence, if n is even the greatest coefficient is " C, and if nis odd, the greatest

2

coefficient is *C both being equal.

m-12 T "Crin

Illustration 17

20
L . y .
The greatest coefficient in the expansion of (x + —3) is
X

(a) 2OC8 (b) 2OC10
(C) ZOC12 (d) ZOC13
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c@ Short-cut solution :
Using Tech. |~ nis even

= the greatest coefficient = "C, = 20(310 Ans. (b)
Illustration 18 :

9
1
The greatest coefficient in the expansion of [2x+—2] is
3x
(a) 126 (b) 127

(c) 128 (d) 130

c@ Short-cut solution :
Using Tech. |- nis odd

Greatest coefficient = "C _, = °’c 4 Ans. (a)

2
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Concept Eooster Exetcise

S

T &

1. The sum of coefficients of all the odd degree terms in the expansion of

(1+x)"8is:
(a) 2% (b) 2% (©) 216 d) 2%
2. The sum of coefficients of all terms in the expansion of (2 + 3x)%? is
(a) 5% () 5°7 (c) 510 d) 5%
3. The number of integral terms in the expansion of (512 + 71/8)1024 jg
(a) 128 (b) 129 © 130 ) 127
4, The number of integral terms in the expansion of (914 + §1/6)5%0 g
(@ 251 (b) 259 (©) 250 (d) 249
5. The number of terms which are free from radical signs of (/'° + x1/19) where
x and y are prime numbers.
(@ 35 (®) 4 © 7 (@ 6
6. The term independent of x of (% P )8 is:
(a 7™ (b) 4™ (c) 6" (d) 5™
10
7. The term independent of ‘x” in the expansion of (xz 3 x:}g o - xx ;]1/2 )
is: [JEE M 2013]
(a) 4 (b) 120 @© 210 () 310
8. The number of terms in the expansion of (7x — 5 + p)'%is
(a) 65 () 62 ) 66 (d) 68
9. The number of terms in the expansion of (100x + y — 2)!0! is
(@) 5253 (b) 3251 (©) 5250 ) 2523
10. If the coefficients of T, T .|, T ,, terms of (1 +x)** are in AP, then ‘7’ is

(a) 20 ®) 13 () 12 (d) 40
11. If(1+x)"=Cy+Cpx+Cpx2+...+Cx", then forn odd, C} +C3 +C3 +...+ C;
is equal to
(2n)! (2n)!
20inE (d) 5
(nh) (n!)

(@ 222 () 2 (©)




12.

13.

14.

15.

16.

17.

18.
19.

20.

Binomial Theorem
IfC,, C, C,, ..., C, denote the coefficients in the binomial expansion (1 + x)”

then, e e 1 equal to

1 3 5
n+l n+l _ n
(a) ) (b) 1 (©) 1 (d) None of these

The total number of terms in the expansion of (x + 52)*%° — (x — 52)?%° is

(a) 100 ) 50 (©) 200 @ 150
The total number of terms in the expansion of (x +2000)!° + (x — 2000)!° is
(@) 3 () 6 (©) 3 (@) 4
1—"01{ L+x }-i—"Cz szz -"C, LZ’J: +... is equal to
1+nx (1+nx) (1+nx)
(@ 0 (b) n" (c) " (@) n

Numerical Value Problems

The sum of the coefficients of the polynomial (1 + x — 3x%)?1%% is ‘P’ then | P |
1s equal to

20
The term independent of x in the expression (sz _%) is kM term then ‘&’
is equal to X

Total number of terms in the expansion of (3 — 2x? + 8x* + 2)% is

Let ‘n’ be a positive integer. If the coefficients of 2", 3'4 and 4™ terms in the
expansion of (1 +x)" are in AP, then the value of ‘n’ is

The coefficient of x* in the expansion of (1 +x + x? + x*)® in powers of x, is
[JEE M 2020]
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g& Solutions

1. (b) [UsingT-1|Here,a=1,b=1andn=48
So, sum of all coefficients = (1 + 1)*¥ =248

18
Hence, sum of odd coefficients will be half = e 247

2. (d) |UsingT-1|Here,a=2,b=3andn=99

Hence, sum of all coefficients = (2 + 3)* = 5%

3. (b) [Using T-2|Here,a=35,b=7.p=2.9g=8andn=1024
Since, 1024 is divisible by ‘2’ or ‘8’

1024 1024
So, integral terms = +1= +1 =129
LCM (2,8) 8

4. (a) Since, 9 and 8 are not prime
So, we will rewrite as (324 + 23/6)300 — (312 4 21/2y500
Here,a=3,b=2,p=2,g=2and n=>500
Since, 500 is divisible by 2°.
500
LCM(2,2)

= Integral terms = [ }-ﬁ-l =250+1=251

5. (d) Since, free radical means integrals terms.
Using T-2|Here,a=y,b=x,p=35,g=10and n =55
Since, 55 is divisible by 5 or 10
55

= Integral terms = | —
LCM(5,10)

}+1 —[55]+1=6

1 1 1
6. (¢) |UsingT-3 Here,a:E,ng,ngandHZS
" le
So, r= P =7 31:5
p+tq 2,7
35

=T, = 6 termis independent of x.
Using T-3 | First of all we will simplify the expression
10
B D 11-x7) @2 4R -1
2 — ¥ 11 ST 2 -1y

= (13 _x Uzl

Expression =




10.

11.

12.

13.

14.

15.

©

(@)

(a)

(©)

©

(@)

(b)

(@)

B 1
Here,afl,pfg,qu
np 10x§
=>r= = =4
p+qg 1.1
3 2
=T

441
So, T, = 1%C, = 210

Using T-4|Here, n =10, k=3

= Number of terms = '"3-1C, | =12C, = 66

Here, n=101,k=3

= Number of terms = '91*3*71C, | =103C, = 5253

Using SC-1| Here, n = 34

=r=

Binomial Theorem

and n =10

= 5™ term which is independent of x.

=20or 14

ntvn+2 _ 34++/34+2
2 2

Using SC-2 | Putting n = 3 (Since, # is odd)
Expression becomes = *C; +°C2 =9+ 1=10
Now, checking options (a), (b), (c), (d) forn=3

= Option (¢) =

[CRRESC2] Puting =2

Now, expression becomes =

2

@m! _(2x3)!
20’ 230

Now, checking option (a) (b) (¢) (d) for n =2
2 2

= Option (¢) = =

n+l 2+1 3

Using SC-3 |Here, n =

Using SC-3 | Here, n =

200

4

= Total number of terms = ? = 100.

10

10

n
= Total number of terms = 5+1 = ?+1 =6

[Cmgse2] Puring - 1

= Expression = 1- 'C, [

1+x

1+x

X




17.

18.

19.

20.
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(§)) Here,a: I,b=1,¢c=-3
—Sum=(1+1_3726- 1-p

=|P|=1

(9) | UsingT-3 |Here,p=2,q=3,n=20

np  20x2

=
ptyq 2+3
=T, = 9™ term is independent of x.

(84) Here,n=6,k=4

= Total number of terms = ™*'C, , =°C
= Hence °C, = 84

(7) | Using SC-1 |Here, r =2
ntn+2 —o= ntan+2
2 2

3

=r=

= (4 -n)*=n+2=n=7or2 Rejected.

6
_ .4
I-x J = coefficient of x* in (1-6x")(1—x)°
I-x

(120) Coefficient of x* in [

= coefficient of x* in (1- 6x4)[1 +5Cx+7C,x" + J

=°C,—6-1=126-6=120.




Sequences and
Series

* I Review of Key Notes and Formulae ,

1. Sequence : An arrangement of numbers according to definite rule or a set of
rules is called a sequence.
A sequence takes the form a;, ay, a;, ..a , ...
A sequence is finite if it contains finite number of terms otherwise, it is infinite.
2.  Series : A series is obtained by adding or subtracting the terms of a sequence.
Ifa, a,, ..., a is a sequence, then the sum a, + a, + ...+ a,_is a series.
The series 1s finite or infinite according as the given sequence is finite or infinite.
3. Arithmetic Progression : A sequence a,, a,, a,, ..., a, 1s called arithmetic
sequence or progression ifa , , =a +d,n € N, where a, is called the first
term and the constant ‘d’ is called the common difference of the A.P.
(i) n™ term (general term)
a,=a+(n-1)d
where, a = first term,
d = common difference, n = number of terms
Note that :
(a) Common difference can be positive or negative.
() mtterm from end of AP, is (n —m + 1) term from the beginning of A P.
(11) Sum of n terms

S, =%[2a +(n—l)d:| or S, =g[a+l]

[ = the last term
(ii1) Supposition of terms
Whenn=3, wetakea—d,a,a+d
Whenn=4, wetakea—3d,a—d,a+d,a+3d
Whenn=>5, wetakea—2d,a—d,a,a+d,a+2d
(iv) Arithmetic Mean (A.M.)
The arithmetic mean of two numbers 'a' and 'b' is given by the formula,
a+b

A:




®

(i)

7.
®

(ii)
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Properties of A.P. :

If a constant is added to (or subtracted from) each term of an A P., the resulting
sequence is also an A.P.

If each term of an A.P. is multiplied (or divided) by a non-zero constant, the
resulting sequence is also an A.P.

Insertion of Numbers in A.P. :

LetA, A, A,, ..., A bennumbers between a & bsuch thata, A, A,, ....., A,

bis an AP. Here b is (n + 2)1 term where d=[b_a)

n+l1
b— 2(b- 3(b- b—
Aj=a+ a,A2=a+ ( a),A3=a+w,...,Aﬂ=a+u.
n+1 n+l n+l n+l
Geometric Progression
A sequence a, a,, ag, ....., a is called a geometric progression if each term is

non-zero and X&+L — r,k=1
ag

where a=a, is called the first term and r is called the common ratio of the G.P.
Geometric Progression is denoted as : a, ar, 512, '5113> ...... R
where 'a' 1s the first term and 't' is the common ratio.
If the number of terms in a G.P is definite it 1s called finite geometric series,
otherwise it is called infinite geometric series.
(a) n™ term (general term)

a =ar'” 1

where, a = first term, r = common ratio and n = number of terms
(b) Sumton terms ofa G.P

n
a(r =1 .

1_ n
=M,r<lor8n= r>1
l-r r—1

S

n

(c) Supposition of terms

a
‘Whenn = 3, we take —,aI,ar3
r

a a

‘Whenn =4, we take —,—,ar,ar3
P
a a

‘Whenn =5, we take —> o ar,ar2
T T

(d) Geometric Mean (G.M.)
The geometric mean between two positive numbers 'a’ and 'b' is given by

the formula, G = \/E
Properties of G.P. :
If each term of a G.P. is multiplied or divided by the same non-zero quantity,
then resulting sequence is also a G.P.
If each term of a G.P. is raised to the same power, then resulting sequence is also a G.P.
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8.  Insertion of Numbers in G.P. :
Let G|, G, ...., G, be 'n' numbers between positive numbers a & b such that a,
G, G,, Gy oo ,G,,bisaGP

1

b n+l
Here b is the (n + 2)% term. Where, 1= (—)IH
a

L 2 o
(}1 = a[h)n+l ) G2 = a[E)IH»l peneaan B GIl = a[E)IH’l
a a a

9.  Relation between A.M. & G.M
Let A and G be AM. & G.M. of two given positive real numbers ‘a’ and ‘b’
respectively, then A > G.

10. Some Special Series

@ 1+2+3+....+H=M

(i) 124224374 4n? = 202HDC0TD
p

Gi) P+2°+3+. +n’ = {H(HTH)}

(v) 1+3+5+. .. +@2n-1)=n2
v) 2+4+6+...+2n=n(n+1)
n(2n-1) (2n+1)
3
2n(n+1) 2n+1)
3
wit) 13 +33+ 53+ .+ (2n—1)®=n%2n2- 1)
(ix) 22 +43+ 63+ ..+ (2’ =2[n@m + D)2
11. Important Points to Remember
(@) Ifrtermofan AP,
= A3 + Br2 + Cr + D, then sum of first # term of this AP,

n n n n n
S;=> T,=AY P +BY r*+C> r+D > 1
r=1 r=1 r=1 r=1 r=1
(i1) Ifno. of terms » in any series is odd then only one middle term is exist which is

erm [ n+ 1)“‘
2 Y th
(iii) Ifno. ofterms » in any series is even then (7/2)" term and {(—) + 1} term are

two middle terms, where # is even. 2
(iv) For every sequence, it is not always possible to write a specific formula.

i) 12+32+52+ _+@n—1)2=

(vii) 22+ 42+ 6%+ ...+ (2n)* =
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(v)  Sum of'n arithmetic means A}, A,, A, ..., A  inserted between a and b is equal

; . - +b
to n times the single A.M. between a and b 1.e. Z A, =nAwhere A = aro
r=1 2
. sumof mAM's m
(vi) Between any two numbers, —8M8M = —
sumof nAM's n
.o o . 1/
(V11) G.M. of n positive numbers a,, a,, A ey G, 13 (@, -a,. .05 . a)m.
(viil) If a and b are two numbers of opposite signs, then G.M. between them does not
exist.
(ix) Formula for the sum of infinite terms of a G.P.
It | r| <1, the sum of infinite terms (S) of the G.P.a+ar +ar® +............ to infinity
s S=—
1-r

12. Harmonic progression (H.P.)

The sequence where each (Xl, X2, X3, ,Xn,.m.> x; # 0 is said to be a
harmonic progression (H.P.), if the sequence formed by the reciprocals of its

1 1 1 1
terms is an A P. That is, the sequence <—, NG o 3T e > isanA.P.
X] X3 X3 Xn
/11 1
The standard form of H.P. 1s { —, S e
a a+d a+2d
General term n term of a HLP. is given by
1
T= a+(n—-1)d
13. Relations between A.M., G.M. and H.M.
- b 2ab
Ifaand b are positive numbers, then A = %; G=+ab;H= a4 5 . We have
a+

(@ AM., GM.,HM.arein GP,ie. G>=AH
(b) AM.>G.M.=2HM, ie.,A>G2=H.Equality holds if and only ifa=b
14. Arithmetico-geometric sequence (a.g.s.)
If each term of a sequence is the product of the corresponding terms of an
A.P. and a G.P,, then it is called arithmetico-geometric sequence (A.G.S.)
eg a(a+dr@+2d) ...
The general term (n® term) of an A.G.S. is
T, =[a+@—1)d] ™!
rd (1 —rn_l) a dr
=—F——FandS, =—+——
-t (1-1)? -1 (1-1)°
15. Important Points to Remember.
(1) a,b,careinAP andHP.=a, b, carein G.P.

S a

n

1 1 1
(1) Ifa, b,carein A.P.then -——,—,— are in A.P.
bc ac ab
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1 1
b+c c+a a+b
(iv) Ifa, b, c are in G.P. then a2, b2, 2 are in G.P.
v) Ifa,b,c,darein GP.thena+5,b+c,c+dareinG.P,
b+c c+a a+b

a b c

(iii) Ifa?, b2 c* are in AP then are in A.P.

are in A.P.

(vi) Ifa, b, c are in H.P. then

e

TIPS AND TRICKS: (T-1)

e

Sum of all interior angles of polygon has 7 sides is (n— 2) x 180°

INlustration 1
The internal angles of a convex polygon are in A.P. The smallest angle is
100° and the common difference is 8°. The number of sides of the polygon
is .
(@) 8 () 6 (c) 4 @7

o@ Short-cut solution :
[Using T-1] Here a = 100°, d = 8°

Sum of interior angle of polygon.

(n—2)x 180 = g [2a+ (n - 1)d]

(n—2)x 1801% [200 + (n— 1) 8]

(n —2) x 180 = 96n + 4n?
= n’-2In+90=0
= n=6 or n=15notpossible. Ans. (b)

TIPS, TIPS AND TRICKS: (T-2)

If the ratio of sum of n terms of two AP is f (1) : g(») then ratio of their n'™ term
will be f(2n—1) : g(2n—1).

Illustration 2

The ratio of the sum of n terms of two A.P.’s is (3n — 13) : (5n + 21). The
ratio of 24™ terms of the two progressions is

(@ 1:2 () 2:3 (¢) 3:5 @ 7:11
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% Short-cut solution :

S, 3n-13

Using T-2| - ﬁ 5121 (Given)

3(2n-1)-13 3(48—1)—-13
Gn _ (2n-1) - 9 _ ( ) _128 1 Ans. (a)

a'y 5(2n-1)+21" a', 5(48-1)+21 256 2

TIPS AND TRICKS: (T-3)

If the ratio of n terms of two A.P. is f(n) : g(n) then ratio of sum of n terms will
be f n+l) (n+l
N2 )E 2

Illustration 3

14n—
8n+23

If the ratio of first n terms of two A P's is , then find the ratio of sum

of first n terms.

C@ Short-cut solution :

a, 14n—6

Using T-3| - L= Given
= —f (Given)

n
S

n+l
. 14[2}6 _ 7(n+1)-6

S, 8("+1)+23 4(n+1)+23
2

Tn+1

Can+27

TIPS AND TRICKS: (T-4)

If arithmetic mean and geometric mean of two numbers @ and b (a > b) are in
ratio m : n, then

a m+Vm27n2

b m—\)mz—n2

Illustration 4
If o and B be the roots of equation x2 — 6x + 4 = 0, then find the ratio of o and p.

@ Short-cut solution :

Using T-4|Here o. + B =6
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a+p

= AM. (m)=

anda.p=4

= GM.(n) = Jap =2
g=m+\1m2—n2=3+\/974=3+\/§
B Am2—n? 3-V9-4 3-5

=3

If for an A.P.,pth term is g and qth term is p then m't term isp+q—m.

Illustration 5

If p™ term of an A.P. is q and its q'" term is p, then what is the common
defference?

(a -1 (b) 0 () 2 @ 1
@ Short-cut solution :

v Ty=ptq-m

w Ty=p+q-landT,=p+q-2

So, d=T,-T,=(p+q-2)-(p+q-DH=-1L Ans. (a)
Illustration 6

If 19t term of an AP, is 39 and its 390 term is 19, then value of 53t term
is
(a 5 (b) 58 () 39 (d) 19

@ Short-cut solution :

Using SC-1 | Here p=19 and q =39

T,=p+q-m
Ty;=19+39-53=58-53=5 Ans. (a)

SHORTCUTS: (SC-2)

1
If p term of an A.P. is 2 and qth term is —, then
p

q

® a=- andd=- i) am =

i) a=—and d=— ii S—
Pq rq " pq
m(m+1)

i) S, =
@) Sy, 25
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Illustration 7

1 1
If the 10t term of an A P. is — and its 20th term is E, then the sum of its
first 200 terms is: 20 [JEE M 2020]

1 1
(@ 50 ) 50 (c) 100 @ 100

@ Short-cut solution :

Using SC-2(iii) | Here p = 10 and q = 20

_ m(m+1)
2pq

_200x201 201 _,n01 Ans. (d)
2x10x20 2 2

SHORTCUTS: (SC-3)

Sum of infinite series of type
1 1 1 1
—t—t—F.0=———
aby  a,b, a;b; a (b1 fal)
where a,, a,, a;.... are first A.P and b,, b, b,.... are second A.P and b, — a
=b,—a,= ..
7~ @

S

m

200

1

Illustration 8
. .1 1 1 .
Sum of the following series —+—+—+.......... 18-
12 23 34
(a) o (® 1
() 0 (d) None of these

@ Short-cut solution :
S= T e Ans. (b)

al("l—az)

SHORTCUTS: (SC-4)

For x € R, Let [x] denote the greatest integer < x, then the sum of the series

[x]+{x+ﬂ+[x+ﬂ+..{x+"7_l} =[nx]
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Illustration 9

For x € R, let [x] denote the greatest integer < x, then the sum of the series is
1 99
+ {————} [JEE M 2019]

EERTE

=+ |- |+

3 3100 3100 3100

(a) —153 (b) 133 (¢) 131 (@) 135

o@ Short-cut solution :
; - 1 2 noll_
[ Using SC-4 |- [x]+[x+n}+[x+n}....{x+ - } [nx]

and [x] +[-x]=—-1(x g 2)

:100[100}133 Ans. (c)

To convert recurring decimals in fraction form Remove decimals and re-
curring then subtract that number which has no recurring decimals, then
divided by many nine's as many digit has recurring decimal and many zero's
as many digits has no recurring decimal.

Illustration 10

The fractional value of 0.235 is-

235 235 233 233
)\ b) — ) — d) —
@ 1000 ®) 990 © 990 @ 900

c@ Short-cut solution :
Using SC-5 | 0.235= 235-2_233

990 990

(Non recurring no = 2. After decimal two recurring digit use 99 and one non
recurring digit use 0.) Ans. (c)
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SHORTCUTS: (SC-6)

Sum of series in the form K + KK + KKK + ....up to n terms is

K
QI:IO"Jrl —9n— IO:I where K 1s non zero digits.

Illustration 11

The sum of the following series 7 + 77 + 777 + ... to n term is

7 7

(@) — @097 _10) ()  —(10"—9n)
81 9

(c) 1(10”—9;1— 1) (d) 1(10"'+l —9n)
81 81

O@ Short-cut solution :
7
Using SC-6] S, = 31 (1071 97 _10] Ans. (a)

SHORTCUTS: (SC-7)

Sum of Series in the form 0.K + 0.KK + 0.KKK +....up to » terms is

K
5[914 +107" — 1] where K is non zero digits.

Illustration 12
The sum of the following series 0.5 + 0.55 + 0.555 + ... to n terms is

5 — i —71
(@) 2y On-107-1) (®) ;107 9m)
2 (01 d (10791
© 2pA07-1 (O n-1)
o@ Short-cut solution :
S, = %[9;1 +107 - 1] Ans. ()
SHORTCUTS: (SC-8)

Product of n GM's inserted between 'a' and 'b' is equal to nth power of the
single GM between 'a' and 'b' i.e.

n
HG,, = (G)" where G = Jab
r=1




Sequences and Series
Illustration 13

The product of 8 geometric means between & and é is P. Thenvalue of Pis
(@ 212 b 2712 (¢ 2° @ 2°

% Short-cut solution :

1
Using SC-8 | Geometrical mean between 8 and —

1/2 1/2 64
ot ")
64 8
.. Product of 8 geometrical mean
1 1/2 1 4
P=G)> (gj = (gj =212 Ans. (b)

SHORTCUTS: (SC-9)

Method of Substitution check the option by substitute the value of terms a
a,, d-.... and number of terms n.

1>

5> U3

Illustration 14

If S, denotes the sum of n term of an A.P,, then § . — 38
equal to

(@ 0 () 1 (c) 172 (d 2
Short-cut solution :
Using SC-9 | Let the AP i1s1,2,3, 4,56 ...

nt+2 +3 Sn+1 - Sn 18

Sn+3 4 3Sn+2 "y 3Sn+1 o Sn
(Putn=1)=8,-38;+38,-8,=10-3(6) +3(3) + 1 =0. Ans. (a)
Illustration 15
If a2, b2, ¢? are in A.P. then ! R ! R ! are in
b+c c+a a+d
(a) AP (b) G.P. (c) HP (d) None of these

ﬁ Short-cut solution :

Using SC-9 | Let a> = 1, b= 25 and ¢? = 49
1 1 1 1 1 1

Now s s =—, =, —
b+c c+a a+bh 12 8 6

=2, 3, 4 (Multiply by 24)

which are in A.P.

Note : We can give direct answer from point to remember
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TECHNIQUE o0

Sum of series by method of difference

Sometimes, the nth term of a series cannot be determined by the methods
discussed so far. If a series is such that the difference between successive terms
are either in A.P. or in G.P., then we determine its nth term by the method of
difference and then find the sum of the series by using the formulas for Xn,
¥n2, and In3.

Illustration 16
Leta,b,c € R Iff(x)=ax?+bx +cissuch thata+b+c =3 and fix + y) = f{x) +

10

f(y) +xv, X, ¥ € R, then Z f(n) is equal to : [JEE M 2017]
n=l

(a) 255 (b) 330 () 165 (d 190

ﬁ Short-cut solution :
fx)=ax2+bx +c
filly=a+b+c=3=f(1)=3
Now f(x +y) =f(x) + f(y) + xy (1)
Putx=y=11neqn (1)
f)=f(H)+f(1)+1 =2f(1) + 1

f(2)=7
=1f(3)=12
S, =3+7+12+ ... +t,
Sn: 3+7+12+......... +trrl-i-tn
0=3+4+5.... to nterm —t;
t,=3+4+5+ .. upton terms

(n? +5n)

~ <« (n?+5m)
Sp=Dt, = 2—2
S, :l[n(n+1)(2n+1) +5n(n+1)}
2 6 2
_n(n+1)(n+8)
B 6

59 = XIS 339 Ans. (b)
6




Qﬂ| Concept Booster Exercise

1.

10.
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@

The interior angles of a polygon are in arithmetic progression. The smallest
angle is 120°, and the common difference is 5°. The number of sides of the
polygon is
(a 9 ®) 6 ) 7 (@) 8
The ratio of the sum of » terms of two A.P’sis (7n + 1) : (4n + 27). The ratio
of 13™ terms is

99 176 170 127

(2) =0 (b) 7 © 17 @ =

If the ratio of first » terms of two A.P’s is (6n — 16) : (101 + 16), then ratio
of sum of 15 terms is

1:2 b) 7:11 38 d 1ot

@ I ) 7 © 7o @ =

If sum of two number is 10 and product is 16 then their ratiois

(a) 4:1 b)) 1:4 (c) 5:4 (@ 4:5

If the /1 term and 41 term of an AP are k and j respectively, the (k + ) term is.
(a 0 ® 1 ©) k+j+1 (@) k+j-1

Let T be the M term of an AP, forr=1,2, 3, ... If for some positive

. 1 1
integers m, n we have T, = — and T, = — ,then T, equals
m

n
1 1 1
(@) — ®) —+— © 1 (@ 0
mn m n
Sum of the following series
1 1 1 .
+ + +...18
1-4 4-7 7-10
(a 12 ) 1 (c) 1/3 (d) None

If [x] stand for the greater integer functions, then the value of

L, UL, 2, 1 90, N
271000 |2 1000 2 1000 | S

(a) 497 (b) 498 (c) 3500 (d) 502
The fractional value of 2.357 is

1167 1167 1177 1177
a) ——° b)) —° c) —~ d) -
@ 450 ®) 495 © 450 @ 495
The sum of the following series 5 + 55 + 555 + .... to n terms is

i n+l b 5 n+l
(@) 81[10 ~9n] (b) E[10* ~9n-10]

(©) %[10"“ +9n-10 ] (@) %[10"*1 ~9n+10]




12.

13.

14.

15.

16.

17.

18.

19.

20.
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The Sum of the following series 0.6 + 0.66 + 0.666 +.... to n terms is.

6 ( _ 6
) (107 -9n 1) D) (107 +9n
o 2 o oo
© 1(10*" +9n-1) @ i(10*’“ +9n-1)
27 81
If first and 7™ term of a G.P is 2 and 1458 respectively then product of terms
between first and 7 term is—
(a) 26318 (b) 2331 (c) 233 (dy 2.3°
. 4 10 28 .
The Sum of the series 1+ §+?+E +.... up to n terms is: [ATEEE-2012]
1 1 1 1
a) n+—-— b) n——+
@ 2 2 3! ®) 3 32"
5 7 1 7 1 1
c) —n——+ d) —n+——
( ) 3 6 2‘3,1_1 ( ) 6 6 3.2n—1
If the Sum of # terms of an A.P. is Cn?, then the Sum of square of these n
terms are: [AIEEE-2009]
n(4n® 1) 2 4(4n? +1) 2
(@ —— ®» -
6 3
n(4n® 1) C? | n(4n® +1)C?
¢ - ]
© 3 (@ p
20 4
The sum Zk—k is equal to : [JEE M 2019]
k=1
3 11 11 21
(a) 2*27 (b) 1 *2? (C) 2*? (d) Z*ZW

Numerical Value Problems

Fifth term of a GP is 2, then the product of its 9 terms is
If the arithmetic mean of two numbers a,b; a > b > 0 is five times their

a+b 56

is equal to —=—_ then value of k is

a-b K [JEE M 2017]
If the sum and product of the first three terms in an A.P. are 33 and 1153,
respectively, then absolute value of its 11 term is
Let X be the set consisting of the first 2018 terms of the arithmetic
progression 1, 6, 11, ..., and Y be the set consisting of the first 2018 terms of
the arithmetic progression 9, 16, 23, .... . Then, the number of elements in
the set XVY is . [Adv. 2018]
The sides of a right angled triangle are in arithmetic progression. If the
triangle has area 24, then what is the length of its smallest side? [Adv. 2018]

geometric mean and
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Sequences and Series

(a)

(b)

(a)

[ Using T-1 |Let there be n sides in the polygon.

Sum of all n interior angles of polygon = (n — 2) x 180°

Since the angles are in A.P. with the smallest angle 120° and common
difference 5°.

Sum of all interior angles of polygon

=g[2x120+(n71)x5]
§[2x120+(n71)x5]:(n—2)x180

%[SM +235] = (n—2)x180

5n?+ 2351 =360n - 70
—25n+144=0 . n=16,9
Also ifn = 16, then 16th angle = 120 + 15 x 5 =195° > 180°, which is
not possible. .. n=9.
Using T-2
Sa _ In+l (given)
S, 4n+27
a, 12n=-1)+1
Ca', A2n-1)+27
a3 _ 7(26-D+1 176
a'ls  426-1)+27 T127
Using T-3

) @y _ 6on-16 (given)

C 2 T 10n+16)
S

n
n+1
. ,1_6(2 )16 (n+1)-16
s, 10(";1) 16 StitD-16

S5 _3(17)-16 _ 35

S's 5317)+16 101

Herea +b=10

a+b:%:5 and ab=16

= AM. (m)=
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= GM (@) =+/16=4

Eier\/mzfnZ ~ 54+25-6
b w2 5-V25-16
A3 8 4 4y
5-3 2
Using SC-1
Here P=jandg=1Fk
T =Ptg-m
o Ty = U+ —(j+k)=0
Using SC-2(ii
Here P=mandg=n
m

[a—

hn
—_

&
—

(=)
_

o
~

_P_q

m

8. (¢) | UsingSC-4
S = [nx]=[1000 x %] =[500] = 500
9. (b) | Using SC-5
= 2357-23 2334 1167

2357 =
990 990 495
10. (b) | Using SC-6

\O

S, = %[10’”1 ~9n-10]

11. (c¢) | Using SC-7
6
w81
Using SC-8
G=(2 % 1458)1/2 = (2236)1/2 =2 x 33,
Product of terms between first and 71 term is = (2 x 33y =23315,
Using SC-9
Let n =2 then Sum = 1+§=

(10—" +9n 71) = 22—7(10—" + 91171)

¥}

w3




Sequences and Series

Now put n=2 in options, then option (a) # +—
1s current answer.

14. (c¢) | Using SC-9
Tn - Sn B Sn— 1
=c(2n-1)
= (Tn)2=c2Qn—-1)2=c2[4n? —4n+ 1]
S = c2[4Zn? — 4Zn+ 21|

_ cz|:4n(n+1)(2n+1) 4n(n+1)+n}

6 2

2 23n1

=cn? —c(n—1)>?

Putn =2
S =2
Now put n = 1 in the options, then

2
(c)=n (4n _ 1) ¢ — (2 1s correct option.

3
20 1
15, (0 [USmgTedh]ietS= D kop
=1 2
1 1 1 1 .
= —+2.—+4+3.—+....+20.— ()
2 T3 520
1 1 1 1
—S——+2—+ +19_+207 ..(i1)
2 22 2 22 2
On subtracting equations (i) by (1),
S 1 1 1 1 1
E:(E+2—2+23+ +220] 20?
1(1_1]
20
o1 2 2 20
2
S 11L:>S N PINENNP S L
2 220 219 519
16. (512)[Using Key Notes | ar* =2

CIXCITXCH’Z XCH’3 XCH"4 XCH"S XCIT6 XCIT7 XCITS

=a° 30 = (@) =2=512

17. (12) AM 5
GM

1

=5+\/ﬂ a+b 5\/_

a
Tbos—N24 T Ty T

k=12.




18.

19.

20.

Authentic Shortcuts-Tips & Tricks in Mathematics
(25) [ Using Key Notes | Let three terms of A.P. area —d, a,a +d

Sum oftermsis,a —d+a+a+d=33= a=11
Product of terms is, (a — d) a (a + d) = 11(121 — d*) =1155
=121-d*=105= d=+4
ifd=4
T,=T,+10d=7+10(4) =47
ifd=-4
T,=T,+10d=15+10(-4)=-25
Hence, absolute value of Ty} = [T;| = |-25| =25
(3748) [ Using Key Notes | The given sequences upto 2018 terms are

1,6, 11, 16, ......... , 10086 and 9, 16, 23, ......... , 14128
The common terms are
16, 15, 86, ........... upto n terms, where

16 + (n— 1) 35 < 10086
= 35n-19<10086

10105
= n=< =288.7

n=288
n(XUY)=nX)+n(Y)-nXNY)
=2018 +2018 — 288 = 3748
(12) [ Using Key Notes | Let the sides be a—d, a, a + d where d is positive. Using

Pythagoras theorem,
(a+d?=(a—di?+a’=a-4d
Sides are 3d, 4d, 5d
1
Area=24 = —x3dx4d =24

= d=4
Smallest side=3d =12




Probability

‘f I Review of Key Notes and Formulae ,

1. Basic Terms

(i) Random experiment : It is an experiment which when repeated under
identical conditions does not produce the same outcome every time but
the outcome in a trial is one of the several possible outcomes.

Possible result of a random experiment is called its outcome.

An experiment is called random experiment if it satisfies the following
two conditions:

(a) It has more than one possible outcome.

(b) It is not possible to predict the outcome in advance.

(i) Sample space . The set of all possible outcomes of an experiment is
called the sample space. It is denoted by S. An element of S is called a
sample point.

2.  Event and its Occurence

Any subset of a sample space is called an event. Any event (say E) of a

sample space (say S) is said to have occured if the outcome (say ®) of the

experiment is such that o € E. If the outcome o is such that ® ¢ E, we say
that the event E has not occured.
3. Types of Events

(i) Impossible event : The null set ¢ is called the impossible event or null
event.

(i1) Sureor certain event : The entire sample space is called the certain event.

(111) Simple event : An event which consists of only one sample point of a
sample space is a simple event.

(iv) Compound event : An event which consists of more than one sample
point is called a compound event.

(V) Mutually exclusive events : If two events cannot occur simultaneously
then they are called mutually exclusive. If A and B are mutually
exclusive, then AnB=4¢
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(iv) Exhaustive events : If the union of given events is the sample space S,
then those events are exhaustive events.
In general, if E;,E,,...,E are n events of a sample space S and
if EyuE,UE;...UE =8 then E|, E,,..., E_ arecalled exhaustive
events.

Algebra of Events

(1) Complementary event : For every event A, there corresponds another
event A’ called complementary event to A. It is also called event ‘not
A’. Tt is the set of All sample points other than the sample points of A,
e, A'=S-A

(i) Theevent (A or B) : Event (A or B) contains all those elements which are
either in A or in B or in both. It is also denoted by (A w B). Therefore,
Event(AorB)=AuUB
={m:oeAormegB}

(iii) The event (4 and B) : Event (A and B) is the set of all those elements
which are common to both A and B. i.e., which belongs to both A and
B. It is also denoted by A ~ B.
LANB={0o:0cAand ®eB}

(1v) The event (4 but not B) : It is also denoted by (A — B) and (A n B’). It
is the set of all those elements which are in A but not in B.

Probability of Equally Likely Outcomes

Let S be a sample space and E be an event such that n(S) =n and n(E) = m.

If each outcome is equally likely, then we have

P(E) = m _ Number of outcomes favourable to E
n

Total possible outcomes

Axiomatic Approach to Probability

The probability P is a real valued function whose domain is the power set of
S and range is the interval [0, 1] such that,
(1) ForanyeventE, P(E)>0
a) PS)=1
(1) P(E U F)=P(E) +P(F), if E & F are mutually exclusive events
Let S be a sample space containing outcomes, @, ®,, ..., @,
S={o,, 0,, .., 0}
Then
(i) 0=P(w)<1foreachw, €8
(i) P(®,) +P(w,) +... +P(o ) =1
(iii) For any event A, P(A) = ZP(0), ©, € A
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Probability of the Event ‘A or B’
For any two non-disjoint sets A and B, the probability of the event
(A or B) is given by

P(AorB)=P(AuB)=P(A)+PB)-P(AnB)
If A and B are disjoint sets i.e., they are mutually exclusive events, then
AnB=9¢
Thus for mutually exclusive events A and B,

P(Auw B)=P(A) + P(B)
Note that P(¢)=0,P(S)=1
Probability of Event ‘not A’

Consider an event A associated with the sample space S. Then the probability
of the event ‘not A’ is given by P(A") =1 —P(A)

Odds in Against and Odds in Favour of an Event

Let there be (m + n) equally likely, mutually exclusive and exhaustive cases
out of which an event A can occur in m cases and does not occur in # cases.

Then by definition of probability of occurrences of event A, P(A) = nn

The probability of non-occurrence of event A, P(A") =

m+n
L PA):PAY=m:n
0dd in favour of occurrences of the event A are defined by m : n i.e.
P(A): P(A"), and the odds against the occurrence of the event A are defined
byn:mie P(A"):P(A).
Conditional Probability

IfE and F are two events associated with the sample space of a random ex-
periment, the conditional probability of the event E given that F has occured
is given as:

P(EAF) _ n(ENF
P(E/T) = (P(?) )= “(n (;‘) ) P(F) 20

Properties of Conditional Probability :

(i) LetE & F be events of sample space S of an experiment, then we have
P(S/F) =P(F/F)=1.

(i) If A and B are any two events of a sample space S & F is an event of S
such that P(F) # 0, then
P((A w B)F) = P(A/F) + P(B/F) - P((A ~ B) /F)
In particular if A and B are disjoint events, then
P((A v B)F) =P(A/F) + P(B/F)

@i1) P(E'/F)=1-P(E/F)
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Multiplication Theorem on Probability

For two events E & F associated with a sample space S, we have
P(E n F)=P(E) P(F/E)

=PF) P(E'F)
provided P(E)#0 & P(F) # 0
The above result is known as Multiplication Rule of Probability.
Independent Events

Two ormore events are said to be independent if occurrence or non-occurrence
of any of them does not affect the probability of occurrence or non-occurrence
of other events. For example, when two cards are drawn from a pack of 52
playing cards with replacement (the first card drawn is put back in the pack
& then second card in drawn).

(1) IfE & F are independent, then
P(E ~ F)=P(E) P(F)
P(E/F)=P(E), P(F) £0
P(F/E) =P(F), P(E) #0
(11) Three events A, B & C are said to be mutually independent, if
P(A n B)=P(A) P(B)
P(AnC)=P(A) P(C)
P(B n C)=P(B) P(C)
&P(AnB N C)=P(A)P(B) P(C)
If at least one of the above is not true for three given events, we say that
the events are not independent.
Baye’s Theorem

(i) Partifion of a sample space : A set of events E, E,, ..., E_ is said to
represent a partition of the sample space S if
(a) EimEj:d),i,j,i,j: 1,2,3,..n
(b) E,vE,u...UE =8
(¢) P(E)>0Oforalli=1,2,..n

(i) Theorem of total probability : Let {E, E,, ......, E_} be a partition of the
sample space S, and suppose that each of the events E, E,, ....., E has

nonzero probability of occurence. Let A be any event associated with
S, then

P(A) = ZP(EJ-)P(A/ E)
=
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Probability
(iii) Baye’s Theorem :IfE, E,, ..., E are non-empty events which constitute
a partition of sample space S & A is any event of non-zero probability.
P(E;) P(A/E;)
n
ZP(EJ-)P(A/ E)
j=1
Random Variable & its Probability Distributions
Arandom variable is a real valued function whose domain is the sample space
of a random experiment.

P(E;/A)= forany1=1,2,3,...n

The probability distribution of a random variable X is the system of numbers.
X: X, I &
PX): pp P, o Py

X

n
where, p;>0, ' p; =1,i=1,2,...n

1=1
The real numbers x|, X,, ..., X are the possible values of the random variable
XandP(i=1,2, ..., n) is the probability of the random variable X taking the
value x; i.e., P(X=x) =p;
Mean of a Random Variable
The mean (p) of a random variable X is also called the expectation of X,
denoted by E(X)

n
EX)=p=> xp;
1=1
Here x|, x,, ..., X, are possible values of random variable X, occuring with
probabilities p,, p,, ..., p, respectively.
Variance of a Random Variable
Let X be a random variable whose possible values X, Xy, ooy X OCCUT with
probabilities p(X,), p(X,), ..., p(X,) respectively. Also let u = E(X) be the mean
of X, then the variance of X is given as:
n
Var (9 or 62 = 3 (x; =)’ p(x;) = E(X—)” = B(X?)<[E(x)]
i=1

2

The non-negative number, o, =,/Var(X) is called the Standard Deviation
of random variable X.

Bernoulli Trials & Binomial Distribution

(1) Bernoulli trials: Trials of a random experiments are called Bernoulli
trials, 1f they satisfy the following conditions:

(a) There should be a finite number of trials.
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(b) The trials should be independent.
(¢) Each trial has exactly two outcomes: success or failure.
(d) The probability of success remains same in each trial.
(i) Binomial distribution: The probability distribution of number of success
in an experiment consisting of n Bernoulli trials may p + q= 1. Hence,
this distribution (also called Binomial distribution B(n, p)) of number
of success X can be written as:

X 0 1 2 ——— X n
P(X) ncoqn nclqnflpl nczqn72p2 nqunfxpx ncnpn

The probability of x successes P(X =x) is also denoted by P(x) is given as:
P(x)="C q" "% x=0,1,...n q=1-p).
This P(x) is called the probability function of the binomial distribution.
18. Extension of Multiplication Theorem for Independent Events
IfA}, A,...,A  are independent events associated with a random experiment, then
PAAINA, AN A)=P(ADP(A)... P(A).
19. Probability of Occurence of at Least One of the » Independent Events
Ifp,. p,y. Pss ---.on p, be the probabilities of happening of n independent events
AL AL AL, L A respectively, then
(a) Probability of happening none of them
= P(Kl HKZ s K3 N Kﬂ)
—P(A)).P(A,)P(A3)...P(A,)
=(-p)A-p)A-py...(1-p,)
(b) Probability of happening at least one of them
=PAVA, VA, ...UA)

=1-P(A VA, UL UA))

=1-P(A|)P(A,)P(A3)...P(A,)

=1=(-p)A-py)(d-py-.(I-p,)
20. Probability Regarding n Letters and Their Envelopes
It n letters corresponding to n envelopes are placed in the envelopes at random,
then
1

(a) Probability that all letters are in right envelopes = P

(b) Probability that all letters are not in right envelopes
1

=1- —
n!

(c) Probability that no letters is in right envelopes
1 1 1

20 31 41
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(d) Probability that exactly r letters are in right envelopes
- |:L_i+i_ 44444 +(_1)”*'” _1 }
21 3! 41 (n—r)!
21. Mode of Binomial Distribution
The mode of a binomial distribution is r if for X = r, the probability function
p(X) is the maximum.
ie., p(1)>p(r—1) and p(r)>p(r+1)
22. Method of Finding Mode
Let X, n, p be respectively binomial variate and the two parameters
(1) Casel: If (n+ 1)pis a positive integer : Let (n+1)p =k . The binomial
distribution will be bi-modal, the modal values of X being k and k — 1.
(1) Casell: If (n + 1)p is not an integer . Let(n+ )p=k+{, 0<f<1and
k € N. The binomial distribution will have unique mode (unimodal)
the modal value of x being k.

TIPS AND TRICKS: (T-1)

For two events A and B
(1) P(atleast one out of them) = P(A) + P(B) — P(A m B)
(i1) P(exactly one out of them) = P(A) + P(B) — 2P(A n B)

Illustration 1
o . . . 1
Probability of solving specific problem independently by A and B are ) and
1 . .
3 respectively. If both try to solve the problem independently, find the

probability that
(i) the problem is solved

(11) exactly one of them solves the problem.

@ Short-cut solution :
sing T-1 (i)| (i) Here P(A) =% and P(B) = %

Since A and B Solve the problem independently.
. P(AnB)=P(A) - P(B)
.. P(the problem is solved) = P(at least one solved a problem)
= P(AuB)=PA) +PB)-P(AnB)
=P(A) + P(B) - P(A) - P(B)
1 11 4
6

=—+_—_xl
2 3 2 3

w | o
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(i) |Using T-1 (i)
P(exactly one solves the problem)
=P(A)+ P(B) - 2P(A N B)
=P(A)+ P(B) - 2P(A) - P(B)
11 1 1 3 1
=t ——2X—X—=—=—
23 2 3 6 2
INustration 2

In a class of 60 students, 40 opted for NCC, 30 opted for NSS and 20 opted
for both NCC and NSS. If one of these students is selected at random, then
the probability that the student selected has opted neither for NCC nor for
NSSis : [JEE M 2019]

1 1 2 5
(a) 5 (®) 3 © 3 (d) °

o@ Short-cut solution :
Using T-1| P = Set of students who opted for NCC

0 = Set of Students who opted for NSS
n(P) =40, n(Q) =30, n(P N Q) =20
n(Pw Q)= n(P)+n(Q)—n(PNO)
=40+30-20=150

50 1

. Hence, required probability = 1-— = — Ans. (a)

60 6
TIPS AND TRICKS: (T-2

e

-

For three events A, B and C
(i)  P(at least one out of them) = P(A U B U C)
=PA)+PB)+P(C)-P(ANB)-PBNC)-P(CNA)+PIANBNC)
(i1) P (at least two out of them) = P(B N C) + P(C n A) + P(A N B)
—2P(ANBNC)
(ii1) P (exactly two out of them) =P(B " C) + P(C n A) + P(A N B)
-3P(ANnBNC)
(iv) P (exactly one out of them) = P(A) + P(B) + P(C) — 2P(B n C) —
2P(C nA)-2P(ANnB)+3P(ANBNC)

Illustration 3
The probabilities of three events A, B and C are P(A) = 0.6,
P(B)=04,P(C)=05,P(ANnB)=03
P(ANC)=03,PBNC)=0.2and PIANB N C) =0.2 then

(1) Find the probability of at least two out of A, B and C

(11) Find the probability of exactly two-out of them.

(iii) Find the probability one out of them.
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%‘ Short-cut solution :
Using T-2 (ii)| (i) P(at least two out of them)

=PBNC)+P(CNnA)+P(AnB)-2P(AnB N C)
=03+02+03-2x02=04

(11) P(exactly two out of them)
=PBNC)+P(CnA)+P(AnB)-3P(AnBNC)
=03+02+03-3%x02=02

(111) P(exactly one out of them)

=P(A)+PB) +P(C)-2P(AnB)-2P(BC)-2(CnA) +3P(AnBnC)
=0.6+0.4+0.5-2(0.3) —2(0.2) — 2(0.3) + 3(0.2) = 0.5

SHORTCUTS: (SC-1)

Expected value (Mean) E(X).

Let X and Y be random variables on the sample space S and K are real
number. Then

H EX)=K

(i) E(KX)=KE X)

(i) E(XxY)=EX)+E(Y)

@iv) E(KX+b)=KEX)+b

(v) IfXandY are independent then E(XY) = E(X) E(Y).
Variance V(X) :

VX)) = EX?) - [EX)P

(vi) V(KX)=K?>V(X)

(viy) V(K)=0

INlustration 4
If E(X) =2 and E(Y) = 4 then E(Y — X) 1s equal to

(a) 2 (b) 6 () 0 (d) None
(@ Short-cut solution :
[Using SC-1(ii)| E(Y - X) = E(Y) - E(X) =4 -2=2. Ans. (a)

Illustration 5
IfY =3X + 4 and E(X) = 5 then value of E(Y) is
(a) 5 (b) 15 (c) 19 (d 4

O@ Short-cut solution :
Using SC-1(iv)| - Y=3X +4 .. E(Y)=EG3X +4)=3EX) + 4

=3x5+4=19.

Ans. (¢)
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Mean, variance and standard deviation of binomial distribution are np, npq,
\Jnpq respectively.

Note: If np = integer, the binomial distribution will be unimodal and the
mean = mode.

Illustration 6
The mean and the variance of a binomial distribution are 4 and 2 respectively.

Then the probability of 2 successes is [AIEEE 2004]
28 219 128 37

a) — b) — c) — d —

@ 256 ®) 256 © 256 @) 256

(@ Short-cut solution :
Using SC-2| Given that mean = np = 4 and variance = npq = 2

:>p=q=%andn=8

1°(1)
P(2 success) = 8C2 (—J [—J

2 2
_28_ 28
28 256 Ans. ()
Boole’s Inequality.

For any two events A and B
P(AuB)=P(A)+PB)-P(AnB)

~PAUuB)< P(A) +PB) {{"P(AnB)>0}

For any three events A, B and C
P(AUuBUC)<PA)+ P(B)+PC)

In general for any nevents A, A, ... AL

PA, VA, U LLUA)SPA)+PA) + ... +P(A)

Illustration 7

If A and B are arbitrary events, then
(8 P(AnB)=P(A)+P (B) (b)) P(AUB)<P(A)+P(B)
(¢) P(AnB)=P (A) +P(B) (d) None of these

@ Short-cut solution :

Using Tech. | We know,

P(AuB)=PA)+PB)-PANB)SPA)+P(B) [ P(AnB)z0]
Ans. (b)
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QE| Concept Booster Exercise

k0 @

1. LetA4 and B be two events such that the probability that exactly one of them

occurs is % and the probability that A4 or B occurs is % , then the probability

of both of them occur together is: [JEE M 2020]
(a) 0.02 (b) 0.20 (c) 0.01 (d) 0.10

2. IfA,Band C are three events, then which of the following is/are not correct?
(a) P(exactly twoof A, B and C occur) <P(ANB)+P(B NC)+P(CNA)
(b) PAUBUC)<PA) +PB)+PC)
(c) P(exactly one of A, B and C occur) < P(A) + P(B) + P(C) - P(B N C)

~P(CNA)-P(ANnB)

(d) P(at least two out of them) > P(A N B) +P(B N C) +P(C N A)

3.  IfE[X]=1 and V(X) = 5, then value of E[(2 + X)?] is

(a) 14 b 9 (c) 27 (d) 49
4. IfE(X)=>5and V(X) = 2 then value of V(4 + 3X) is
(a) 6 () 18 () 22 (@ 10
5.  The mean and variance of a random variable X having binomial distribution
are 4 and 2 respectively, then P (X=1) is [AIEEE 2003]
1 1 1 1
(a) 7 ®) B © T (@ g

6. If X has a binomial distribution, B(n, p) with parameters n and p such that
P(X =2)=P (X =3), then E(X), the mean of variable X, is [JEE M 2014]

@ 2-p (b 3-p © % Q) %

7.  Ifthe mean and the variance of a binomial variate X are 2 and 1 respectively,
then the probability that X takes a value greater than or equal to one is :

[JEE M 2015]
9 3 1 15
(a) T (b) 7 (©) e (d T

NUMERICAL VALUE PROBLEMS

8.  Four fair dice are thrown independently 27 times. Then the expected number
of times, at least two dice show up a three or a five, is . [JEE M 2020]

9. In a bombing attack, there is 50% chance that a bomb will hit the target. At
least two independent hits are required to destroy the target completely. Then

the minimum number of bombs, that must be dropped to ensure that there is

at least 99% chance of completely destroying the target, is

[JEE M 2020]



11.

12.
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The probability of a man hitting a target is % The least number of shots

required, so that the probability of his hitting the target at least once is greater
than %, is . [JEE M 2020]

Of the three independent events E,, E, and E;, the probability that only E,
occurs is o, only E, occurs is 3 and only E; occurs is y. Let the probability
p that none of events E,, E, or E; occurs satisfy the equations (o 2B)p = a8
and (B — 3y)p = 2Py. All the given probabilities are assumed to lie in the
interval (0, 1). [JEE Adv. 2013]

Then Probability of occurrenceof E;

Probability of occurrenceof E4

Let S be the sample space of all 3 x 3 matrices with entries from the set {0,1}.
Let the events £, and E, be given by E; ={4 €S :det A=0} and

E,= {4 € §: sum of entries of A is 7}.

If a matrix is chosen at random from S, then the conditional probability
P(E|/E,) equals . [JEE Adv. 2019]




§@ Solutions

1.

Probability

@

@

P(exactly one) = %
= P(4) + P(B)— 2P(4 ~ B) = % (i)
P(4 or By=P(4 L B) = %
=P(4)+ P(B) - P(d ~ B) = % (i)
From (i) and (i1)
LPUnB=L1-22372 1 4

2 5 10 10

Using T-2 (iii)| ~~ P(exactly two of A, B and C occur)
=PBNC)+P(ICNA)+P(AnB)-3PAnBN Q)
SP(ANB)+PBAC)+P(CnA)

.. Option (a) is correct.

“P(AnB N C)=P(AUB) + P(C)~P{(AUB) ~C}

< P(A U B) + P(C) < P(A) + P(B) + P(C)
.. Option (b) is correct.
P(exactly one of A, B and C occur)
= P(A) + P(B) + P(C) — 2P(A A B) - 2P(B ~ C) — 2P(C n A)
+3P(AnB A C)
~P(A) + P(B) + P(C)— P(A ~ B)— P(B ~ C) — P(C ~ A) — {P(A ~ B)
+P(B A C)+P(CAA) —3PAABAC)
<P(A)+ PB) + P(C) - P(ARB)-PB ~ C) - P(C A A)
.. Option (c¢) is correct.
Also P(at least two out of them)
—P(AAB)+P(B A C)+ P(C ~A)—2P(A~ B C)<P(A B)
+P(B A C)+PC A)

.. Option (d) is not correct.
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®

E[(2 + X)?] =E[4 +4X + X2| =4 + 4 E(X) + E(X?)
=4 +4+V(X) + (E[X])?
=4+4+5+12=14.
W
o V[4+3X] = V[4] + 32V[X]
=0+32%x2=18

5. (b) [UsingSC-2| Given that np =4 and npg =2

=>qg=— —ln—S
q_z’p_z’ =

.
px=p=3¢ L)1} ssL-L-1L
2 N2 28 925 32
6. (b) |Using SC-2| Since X has a binomial distribution, B (», p)
L PAX=2)="C, ®)? (1 -p)y2
and P (X = 3) = "C, (p)* (1 - )"
GivenP (X=2) =P (X=3)

= "C, P (1-py2="C; (Y (1 - p)°

nl o pra-p"  al pla-p)
20-2)!" (1-p)?  3@-3) a-p)
1 1 r _
=— =37, 230-P-p@E-2)

=3-3p=np-2p
=np=3-p

= EX)=mean=3-p (. mean of B (n, p) = np)

7.  (d) |Using SC-2|Let mean=np =2 ()
and variance = npq = 1 ...(11)

On solving eqns. (1) and (i1), we get

1 1

1Ty ey




Probability
From eqn (1), we have
n=4

P (Xz1)=1Cp'q’ +1Cp*q> +C,p’q + ‘C,p’

4
1 1 15
1_4C0p0q41_[_) =1 Ep—

2 16 16
8. (11) |Using SC-2

Probability of getting at least two 3’s or 5’s in one trial

“ofZ]g- g )

B_1
T3t 27
E@X)=np =27[%J=11-
Tricks
9. (11.00) P(X22)=1-P(X=0)-P(X =1)

Let ‘n” bombs are required, then

1 n—-1 0 n
e B3 e 3
2 2 2 2 100

Lt 100+ = n 211
100 2"

1 9
q=—"

10. @3.00) P=1,-977,

Tricks
P(X21)=1-P(X =0)
. . 9\
P (not hitting target in » trials) = [1—)

P (at least one hit) = 1—[1J
10
wl- 2 > 1 = (0.9)" <0.75
10 4

N

P = 3-
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(6) LetP(E) =x;P(E) =y, P(L)=z

Tricks

For independent

P(A~B~C)=P(A)-P(B)-P(C)
=[1-P(D]-[1-PB)]-[1-P(O)]

11.

Ponly E)) =P (E; N Ern E3):x(1 -MNd-2)=a
P(onlyEz):P(ElmEzm ES):(lfx)y(lfz):B
Plonly E))=P(E1n E2 nE)=(1-x)(1-»)z=y
P(none) =P (E1n~ E2 ~ E3)=(1-x) (1 -3 (1 -2)=p.
Now given (o —2B)p=afp =>x=2y

and (B-3rp=2pr =>y=3z .. x =06z

Hence PEY) X
(F3)  z
12, (0.50)[ Tricks
Use permutation and combination

Total number of 3 x 3 matrices with 0 or 1 =2%= 512
E, contains those matrices in which sum of entries is 7.
It will be contains 7 one’s and 2 zeroe’s.
nWE) =°C, =36
E, n E, contains those matrices in which 7 ones, 2 zeroes and its det is

ZE10.

Det(A) = 0. This can be occurs when two rows/columns are identical.

5.0
0 0 I 1 0 0 0 1 0
1 1 1) oril 1 Ifor |1 1 1
I 1 1 I 11 111

n(E, ~ E,)=3C, x3C, x2=18
P(EnEy) _18/512_1_ o
P(Ey)  36/512 2

P(E/ Ey)=




UNIT-I11 : TRIGONOMETRY

Trigonometric
Ratios

“f\ / Review of Key Notes and Formulae ,

1. Fundamental Trigonometric Identities
(i) sin®0 + cos?0 = 1
(i) 1+ tan?0 = sec?0
(iil) 1+ cot?0 = cosec?

2. Sign of Trigonometric Functions

y
~
[I-quadrant I-quadrant i .
sin and cosec Cruse Aid to Memorize
are positive @ @ All positive “All Students to California”
> X
tan and cot cos and sec
are positive are positive
I1I-quadrant IV-quadrant

3. Trigonometric Ratios of Compound Angles
(1) sin(4xB)=sin4cosB*cosdAdsinB
(i) cos (4 * B)=cos A cos B=EsinA sin B

tan 4t tan B
(i) tan (4 £ B) = ——— 07
lF¥tan Atan B
(iv) cot (4 + By = SotACotBTL
cot Bxcot 4

4. Transformation Formulae
(1) 2sindcos B=sin(4 +B)+sin(4d - B)
(i) 2 cos 4 sin B = (sin (4 + B) —sin (4 — B)
(ii1) 2 cos A cos B=cos (4 +B) +cos (4 —B)
(iv) 2sin4sin B=cos (4 —B) —cos (4 +B)
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(v) sinC+sinD=2 sin[C;D] cos [C;DJ

C-D C+D
(vi) sin CfsinDZZSin[ ] cos( al ]
2 2
C+D C-D
(vii) cos C+cosD:2cos[ Al ] cos[ ]
2 2
(Viii)cosC—cosD:2sin[C;D] sin[D;C]

5. Trigonometric Ratios of Multiple Angles

2tand
@) Sin29:25in90059:i2
1+tan” O
1—tan” @
(i) cos20=cos?0—sin20=1-2sin20=2cos?20 1= an2
1+tan” 0
2tan®
(iii) tan 20 = LZ
1—tan” 0

(iv) sin 30 =3 sin O — 4 sin® O
(V) cos30=4cos’0 3 cos 0
3tan ® —tan’ O
1-3tan”@
6. Trigonometric Ratios of Sub-Multiple Angles

. . (8)  [l—cos6
@ Sm[i) N2
y 6) ’1+c0s9
@11) COS(EJ = 2
(ifi) tan[g] _ [imcos®
2 14+cos6

7. Maximum and minimum value of E=a sin ® + b cos 0

Maximum value = va? + 5> , Minimum value = — a® +b°

8. Conditional Trigonometric Identities

If4+ B+ C=mn, then

(1) sin24+sin2B+sin2C=4sin 4 sin B sin C

(i) cos24 +cos2B+cos2C=—-1—-4cos AcosBcosC

(vi) tan 30 =
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TR . . A B
(iii) sin 4 +sin B +sin C =4 cos— cos — COSE

(iv) cosd+cosB+cosC=1 +4sin§ sing sin%

(v) tanAd +tan B +tan C=tan 4 tan B tan C
(vi) cotA cotB+cotBcotC+cotCcotd =1

.. B A B
(vil) cot— +cot— +cot— = cot— cot— cot—
2 2 2 2 2 2

A B B C C A
(viil) tan— tan— +tan— tan— + tan— tan— =1
2 2 2 2 2 2

Some Useful Series
(1) sin o + sin(o + B) + sin(a + 2B) + ... + sin(a + (m — 1)P)

) sin [a + (HT_I) B} {sin [Hzﬁ]}
sin (%)
(i) cos a + cos(a + P) +cos(a + 2P) + ... + cos(a + (n — 1))

cos| o+ [L — 1] § sin(@)
B 2 2
sin (E]
2
10. Some Important Results to Remember
(i) sin(4 + B) sin(4 — B) =sin’> 4 —sin’ B
(i) cos(4 + B) cos(d — B) = cos> 4 —sin’ B
tan A+ tan B + tan C — tan 4 tan Btan C

1—tan Atan B —tan Btan C — tan C'tan A
(iv) tan 4 =cotd4 — 2 cot(24)

TIPS TIPS AND TRICKS: (T-1)

;B #2nm

;B #2nm

(i) tan(4 + B+ ()=

e

tan0,.tan0, =1
cot0, . cotB, =1

If 6, + 6, = 90° = {

INustration 1
The value of tan 3° tan 20° tan 40° tan 45° tan 50° tan 70° tan 87° is equal
to




@ Short-cut solution :

tan 3° tan 87° tan 20° tan 70° tan 40° tan 50° tan 45°
KA KA K A

v 0,1+0,-90°=1x1x1x1-1

Illustration 2
Iftan 20 . tan 70 = 1, then tan 30 is equal to:

@ Short-cut solution :
" 20+70=90°=0=10°

1
Now, tan 3(10°) = tan 30° = ——=

3

Illustration 3

Iftan (x +y) . tan (x —¥) = 1 then tan [23_;{) is equal to:

o@ Short-cut solution :
Using T-1 |x+y+x yp= — =x=—
2 4
2
Hence, tan [—.E) = tanE
34 6

TIPS A

et

N
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D TRICKS: (T-2)

e

cos0, +cos0, +cos0; +...4+cos0, n

sin0, +sin0, +sin0; +...+sin0, . [91+92+...+6n
= tan| A2 0

J

Illustration 4

sin 20 +sin 56 + sin 40 + sin 70
c0s 20 + cos 50 + cos 40 + cos 76

@ Short-cut solution :

26+59+49+79) [96)
= | =tan

[Osg 2] an 2250

Illustration 5

is equal to:

2

cos 20 + cos 50 + cos80 .
- - - is equal to:
sin 26 + sin 50 + sin 86
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@ Short-cut solution :
cor224204)

TIPS| TIPS AND TRICKS: (T-3)

e

= cot(56)

1
If sec O + tan O = x, then, sec 6 —tan 0= — and
x

1
If cosec 6 + cot 8 =y, then, cosec B — cot = —

¥

Illustration 6
If sec 0 + tan 0 = ¢*, then cos 0O is equal to:

c@ Short-cut solution :
secB—tanBze*" E))

sec O+ tan 6 = e* .(2)
On adding eqn (1) and (2)
= sec 0= 2 T2
= cos 6=
e +e "

Illustration 7

11
If cosec O + cot 6 = 2> then tan 0 1s equal to:

% Short-cut solution :
s 2
Using T-3 | * cosec B —cot 6 = m (1)

11
cosec 0 +cot 0 = Py (2)

On subtracting eqns (1) and (2)

117
= cot=—
44

44
= tan 6 = —
117
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TIPS AND TRICKS: (T-4)

To find range of trigonometric functions of the type:

Minimum  Maximum

(1) asin®’x+bcosec’x =  24/ab ©
(ii) acos’x+bsec?x = 2+ ab o
(iii) a tan’ x + bcot? x =  2+/ab ©

* Note: This can be proved by using concept of AM > GM.

Illustration 8

2

The range of y = 4 sin® x + 9 cosec? x is equal to:

c@ Short-cut solution :
Minimum = 2+/ab = 24/4x9 =12

Maximum — <«
= Range : y € [12, »)
Illustration 9

The range of y = 9 tan® x + 16 cot® x is equal to:

G@ Short-cut solution :
Minimum = 2+/ab = 24/9x16 =24

Maximum — e
Hence, range is : y € [24, »)

TIPS TIPS AND TRICKS: (T-5)

Method of Substitution:

If an expression is independent of an unknown parameter, then we can put any
suitable value for that parameter to minimize the calculation.

Illustration 10

2sin® 1+sinO—cosbO
Ifp=

—— | the: - is equal to:
14+ cosB+sinb 1+sin0

(@ I-p () p () l+p (d Up
o@ Short-cut solution :
Using T-5 |Put0=0=p=0
1+sin(0) —cos(0) 0

1+sin(0) Ans. (b)

Now, expression
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Illustration 11

1 .
Iftan o — —— and tan B=——,then a + [ is equal to:
n+l 2n+1

T T
(a) n (b) i (©) 3
O@ Short-cut solution :
PutH:0:>taIlOL:0:>OL:00
T
n
Hence, o+ = n/4 Ans. (a)
Illustration 12
If sin x + cosec x = 2, then sin” x + cosec” x is equal to
(a) 2n ) 2 () 2n-2 @ 2n-1

@ Short-cut solution :

5 . T 4 -
Using T-5 | Since, x = ) satisfies in sin x + cosec x =2

n
(d) 2

andtan =1= pB=

then, [sing) +(cosec§) 5 2 Ans. (b)

Illustration 13
If x = sin O + cos 0 and y = sin O cos 0, then, x* —4x?y — 2x2 + 47 + 4y + 1
is equal to
(@ 1 (b) 0 () 2 (d 4

o@ Short-cut solution :
Using T-5 | Putting 0 = % =x=landy=0

Now, expression (1)*~0-2+0+0+1=0 Ans. (b)
INustration 14

The value of the expression

cos A sin(B — C) + cos B sin(C — 4) + cos C sin(4 — B) is equal to:

(@) 0 (®) 1 () -1 (@ 2

o@ Short-cut solution :
Using T-5 | Putting A = B = C=0 in the expression=>0+0+0=0

Ans. (a)
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Illustration 15

. A4 B B C C 4.
In triangle ABC, tan — tan— + tan— tan; + tan 5 tan Bl is equal to:

@ Short-cut solution :
Using T-5 |Since, 4 + B+ C=n

Putting 4 =B=C=n/3
= Z:tanétz:mE = 3[tan£.tan£) =1
2 2 6 6

Illustration 16
If (cos 0 +sin0)> + mcos Osin© =1,V 0 € {R—nn} then value of ‘m’ is

equal to:
(@) -1 ® 1 () -2 (@ 2
@ Short-cut solution :
Using T-5 | Putting 0 = n/4 = m = -2 Ans. (c)

Illustration 17
The value of tan 4 + 2 tan 24 + 4 tan 44 + 8 cot 84 is equal to:
(a) tan 24 (b) tan4 (¢) cot24 (d) cotd

Q@ Short-cut solution :
s . b4
Using T-5 | Putting 4 = —
12
. 2
Expression tan% +2 tan% +4 tan% + 8 cot [?n] =2+ \/5

On checking options = cot 4 = 17?2 =2+ 43 Ans. (d)

Illustration 18

The value of 4/2++/2+2cos 40 (0 <0 < 15°) is equal to:
(a) cosb (b) sinB (¢) 2sinB (d) 2cosB

O@ Short-cut solution :
Putting 6 = 0° = L.H.S. = 2

Hence, checking options = 2 cos(0) =2 Ans. (d)
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Illustration 19

+ _—
Iftan 0= 2 , then P A Canb A N equal to
x \}x—y \Jx+y

2cosB 2sin 0 2sin 6 d 2cos0

) — b) — ) — —_—

@ \Jcos 26 ®) /sin 26 © JJcos 20 @ 4/sin 26
@ Short-cut solution :

Puttingx:a,yZO:GZOO

. ’a +0 ‘a -0
= Expression + =2
a-0 a+0

Zcos(0) ’

Jcos(0)
SHORTCUTS: (SC-1)

Use of some important series:

Now, checking options = Ans. (a)

1
(1) sin 6. sin (60° —0) . sin(60° + 0) = " sin360

1
(11) cos B . cos(60° —0) . cos(60° + 0) = 7 cos 30

(i11) tan 6. tan(60° — 0) . tan (60° + 0) = tan 30

Illustration 20

The value of sin 10° sin 50° sin 60° sin 70° is equal to:

@ Short-cut solution :

Using SC-1(i) | sin10°sin(60° —10°)sin(60°+10°).sin 60°
3

1
= Expression is 7 sin(3.10°) . sin 60° = e

Illustration 21

The value of cos 20° cos 30° cos 40° cos 80° is equal to:

% Short-cut solution :

Using SC-1(ii) | cos 20° cos(60° — 20°) cos(60° +20°) . cos 30°
V3

1
= Expression is 1005(3.20) .cos 30° = o
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Illustration 22

The value of tan 40° tan 20° tan 100° . tan 45°

o@ Short-cut solution :
Using SC-1(iii)| tan 40° tan(60° — 40°) . tan(60° + 40) . tan 45°

= Expression is tan (3.40) . tan 45 = —\/5

TECHNIQUE o0

An increasing product series. Let S be an increasing product series of cos such
that

S=cos a-cos 2a - cos 2%a ..... cos(2™ )

.

sin2" o
, OL#NT
2" sina
Then S= 11, o = 2nm
-1, a=2n+Dr

L

Illustration 23

. T 2 3n 4n
Find the value of cos —-cos—-cos—cos—.

o@ Short-cut solution :
) 4 3
Using Tech. 008 = - COS =+ cos — | cos
9 9 9 9

. 8
sin2? sin -~ )
9 T 9
= -COS— = - 5
23sinE 3 8sin
9
sinE
1 9 1




Al Concept Booster Exercise

Trigonometric Ratios

If cot(118) . cot(78) = 1 then tan(90) is equal to:

@ -1 ®) 1 © 2 @ 2
Find value of tan 1° tan 2° tan 3° ... tan 89°
() 1 ) 2 © V2 @ -1
The value of sinl1®+sin 2°+sin 3°+sin4°sin 5 is equal to:
cos1°+cos2°+cos3°+ cos4°+cos5°
(a) tan 1° (b) tan2° (c) tan 3° (d) tan 4°
If cot x + cosec x = 5, then sin x 1s equal to
12 7 12 5

a) — b) — c) — d) —

@ = ® — © - @ 3

2

-1
If sec O + tan 6 = n, then ! is equal to:

2

ne+1
(a) sin 6 (b) cosB (c) cosec B (d) tan 0
The minimum value of 8 sec? 2x + 6 cos? 2x is equal to:
@ 43 ® 243 © 3 @ &3
If tan 3x k, then 51.113x 1s equal to:
tan x sin x
2k 2k 1
a) —— by —ke|=-.3
@ 7 ® = [3}
2k 1 k-1
c) — kel —.3 d) —keR
© k=1 {3 i| @ 2k
If o + B +y = 7, then sin?a + sin?P — sin%y is equal to:
(a) 2sinasinPsiny (b) 2 sin o cos f3cosy
(c¢) 2sinasinPcosy (d) sin o sin 3 cosy

If0 [0,%) and 7, = (tan )™ °, 1, = (tan 0)'®, 1, = (cot O) °

and 7, = (cot 6)'°, then [AIEEE 2006]
(@ t,>5,>t>1, (b) t,<n<t<t,
(c) >, >t,>1, @ t,>t,>t>1,
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If4+B+(C=180° thentan 4 + tan B + tan C is equal to:

(a) tan 4 tan B cot C (b) tan 4 cot Btan C
(c) tan A tan Btan C (d) cot A tan B tan C
11. The value of 16 cosz—ncos4—ncos8—ncosl6—n s
15 15 15 15
(@ 1 () 3 (© -1 d -3
12. Ife=—, , then cos 8 - cos 20 - cos 220 ... cos 2710 is
2" -1
1 1 1 1
a) — b) — c d) —
(a) Iy (b) o (© 1 (d 1

NUMERICAL VALUE PROBLEMS

13. The minimum value of 3 sec®x + 12 cos? x is equal to

14. The value of tan (15°) tan (45°) tan (75°) is equal to




§@ Solutions

Trigonometric Ratios

1. (b)
2. (a)
3. (©
4. (@
5. (a)
6. (d)
7. (©)
8. (0

Using T-1 | *+ cot(110) . cot(76) =1 =116 + 76 =90° = 0=75°
Hence, tan (9 x 5) =tan 45° = 1

.+ (tan 1° tan 89°)(tan 2° tan 88°) ... (tan 45°)
and 1° +89° =2°+ 88° =3°+87°=90° =1

Using T-2 Exprtz:ssiontan(1 T2t ATES ]tan 3°

5
: 1
Using T-3 |cosec x — cot x = 3 (1)

and cosecx +cotx =35 -(2)
On adding eqn. (1) and eqn. (2) we get

26 .
2 cosecx = = sinx= —

5 13

: 1
Using T-3 |sec 8 —tan 6 = - (D)

and secO+tan B =n (2
On adding and subtracting eqn. (1) and (2) we get

2

+1

2sech= 2 (3)

n

2

-1
2tan 6= 2 ey

n

n® —1
From eqns. (3) and (4) we get: sin 0 = "
n-+

USiIlg T—4(ii) (8 SCCZ 2x + 6 0052 zx)Min =2 /8 < 6_ _ 8—\/5
Using T-5 | Putting x = g —k=0and ST _,

)

= Ik # 1 which satisfies the condition k ¢ [%,3}
T
[T Puting a ==~ =

:sinz[z] + sin? [ ] — sin [E) _3
3 3 4

Now, cheking options for k=0
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r
3

Now, checking options fora ==y =

n(5) n(3) e (3) -
=2sin| —| .smn|—| -cos|—| = —
3 3 3) 4
9. (b) [UsingT5|~60e [O,%],puttingezg

- cot(n/6) 3
=1,= [cot [g]] = (JE) which is greatest in option (b).

10. (¢) [UsingT-5 |Putting 4=B = C=60°
Expression is tan(60°) + tan(60°) + tan(60°) = 3J§
Now, checking options for 4 = B= C = 60°
= option (c¢) is tan(60°) tan(60°) tan(60°) = 3\/5
11. (a) [UsingTech|Let 2T =4, 305y 874y 167 o or15a-2n
15 15 15 15
So, 16 cosA cos 2A cos 4A cos 8A = 16(cos A cos 2A cos 22A cos 23 A)

4
_16 ST2A
2%sin 4

165054+ 4)
16sin A
sin(2w+ A)
sin 4

(- 154=2m)

sinA=1
sin A4
12. (b) [UsingTech.|0= (2" - hn2"0 0 =1 =>2"0=(n+0)

sin2"0 1 sin(m+06)
MGng 2" sin®

cos O - cos 20 - cos 220 ... cos 271 9 =

1( sinb 1
~ o\ sin@®) o7
13. (12) |Using T-4(ii) |Here, a =3,5 =12

= Minimum Value = 2+/ab = 2+/3x12 =12

14. (1) |Using SC-1(iii)| *.* tan 8 tan(60° — 0) . tan(60° + 0) = tan 360

= Here,0=15°=tan 3 x 15°) =1




Trigonometric

Equations

‘t\ l Review of Key Notes and Formulae ,

1. Definition: An equation involving one or more trigonometric ratios of unknown
angle 1s called a trigonometric equation.

2.  Solution of Trigonometric Equation:
The trigonometric equation may have infinite number of solutions.

(1) Principal Solution: The solutions of trigonometric equation which lie in
the interval [0, 27) are called principal solutions.

(i) General Solution.: The expression involving an integer ‘n’ which gives
all solutions of a trigonometric equation is called general solution.

(@)sinf=sina=0=nn+(-1)Y"o;ac {%,g},nel

(b)cosO=cosa=0=2nnto;o0ec[0,n],nel
(c)tanB=tana = 0=nn+2;0 € [_—;,E}nel

(d) sin?0 = sin’0. = 0 = nt + 0
(e) cos?0 = cos’a. = B =nn * o
(f) tan?0 = tan’0 = 0 =nn + o
[*Note: ‘a’ is called the principal angle]
3. Important Results to Remember
(i) sin® +sinO,+..+sin6 =n=15sn0 =sin0,=. =sinb =1
(if) cos B, +cosO,+ ..+ cos0O, =n=rcos0 =cosB,=..=cos0, =1
(iil) sin © +cosecH=2=sin B =1
(iv) sin O +cosec 0 =-2 = sin 6 =-1
(v) cosB+secB=2=cosb=1
(vi) cos 6 +secB=-2=cos B=-1

Solving trigonometric inequations using graphs.
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Illustration 1

Solve the inequality: sin x > _?

o@ Short-cut solution :
-1
Using SC-1|Drawing graphs of y =sin x and y = >

-
sinx =2 —
=3

. -1 - 7
From above figure, sin x > > when ?n <x< ?n

Hence, the general solution

7
:>2m'|:fE <x<2nm+ ?n;nel

Illustration 2
If A + B + C =m, then prove that:

3 ..
cos A+ cos B+cos C< E; when 4, B, C are distinct.

@ Short-cut solution :

Using SC-1| Let, x =4, x = B, x = C be three points on f(x) = cos x. So that

A+B+C=n
{A+B+C [A+B+CD
’ 3

(4, cos 4)

y=cosx




Trigonometric Equations
where, ‘G’ be centroid of triangle given by

G= (A+B+C cosA+cosB+cosC)
3 7 3
Hence, from figure it is clear that P, G, Q are collinear points, where,
ordinate of GQ < ordinate of PQ.
cos A+ cos B+cosC [A+B+C)
< cos| ——

3

3
=cos4 +cos B+cos C< 5 Hence, proved.

TECHNIQUE o0

(1) The general solution of an equation of the form

asinx +hcosx=c

Put g=sinB, é=cosE), r=«]a2+b2

r r
So, r sinf.sin x + 7 cosB.cos x = ¢

@
cos (x —0)=—
r

Then, the general solution of the equationa sinx+ b cosx=cisx=2nnt a

@
+6,wheren € Z,cosa= —,a € [0, 7]

r
(i) —Va®+5? <asin@+bcosO<va> +5?

Illustration 3
Find solution of sinx + \/g cosSx = \/5
@ Short-cut solution :

r=\/a2+b2 =,/12+(«/?:)2 =2

o

1 3 LT T
SN+ —cosx =—o" = sm—smx+cosEcosx=
2

;3
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Concept Eooster Exercise

= |‘|

If4+ B+ C=mand 4, B, C are angles of triangle; then prove that:

33

1.
sin 4 + sin B+ sin C < >
Solve the inequility: tan x < 3.
If A + B+ C=mn, then prove that: tan” 5+ tan® =+ tan® — > 1
The value of tan 20° + tan 40° + \/5 tan 20° tan 40° + tan 60° + 2\/5 1s equal to:

3.
b) 43

4.
1
© B
@ 2
@ -3

(© 1
5. The value of tan 30° + tan 15° + tan 30° tan 15° + tan 60°, is equal to
@ 1-+3 b 3 © 1+3
LetS= {X e(-mm):x#0,x —} . The sum of all distinct solutions of the equation
3 sec x + cosec x + 2(tan x — cot x) = 0 in the set S is equal to
[JTEE Adv. 2016]
2 5m
(© 0 (@ ry

Tn
(@ —— ® -—
The number of integral values of k for which the equation 7 cos x + 5 sin x =
[ATIEEE 2002S]
(c) 10 (d) 12

7.
2k + 1 has a solution is
(a) 4 (b) 8

The general solution of the trigonometric equation sin x + cos x = 1 is given

by:

(@ x=2nm;n=0,+1,+2 ...

®) x=2nn+7n/2;n=0,+1,+2 ...
x=nn+ ()" - wheren=0, £1,%2..

(©

G

none of these




Trigonometric Equations

§§> So[utwns

Drawing graph of y=sinx
Letx =4, x=B, x= Cbe three points on f(x) = sin x
Sothat A + B+ C=m,
where ‘G’ be the centeroid of triangle.
G [A+B+C sinA+sinB+sinC)

)

3 3
where; G, H, I are collinear points
y
A
(B, sin B) A+B+C . (A+B+C]
3 3

,sin4),_ |7 g R(Cysin C)

Hence, from the figure it is clear that, ordinate of H > ordinate of G
. (A+B+C sin A +sin B+sinC
= sin > 3

i >sin4 +sinB+sinC  Hence, proved.
2: Usmg SC Drawing graphs y = tanx and y = 3

Since tan x is periodic with period 7.
v y=tanx

)

(tan"'3, 3)
y=3

2]
=Y
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So, we will check solution on x € [;,g}

Now, it is clear from figure
-
— <x<tan!3
2
= General solution

n
2nm — 5 <x<2nm+tan! 3

3. |Using SC-1|Drawing graph of y = tan? %

8o | =

0 > X
A+B+C 2o A+B+C
,tan
3 2(3)
|

Letx =4, x =B, x = B be three points on f(x) = tanzg
Sothat 4 +B+C=n
Where ‘G’ is the centeroid of triangle.

an? 2+ tan? 2 4 an2 €
A+B+C an; an; ana

2

3 3

G=

Now, from figure it is clear that,

ordinate of G > ordinate of M




=

(b)

(©

(©)

(b)

Trigonometric Equations

A B C
tan? = + tan® = + tan® — A+B+C
2 2 2 . tanz( 2 )

A B C
tan? 2 +tan?2 ftan?— > 1 Hence, proved.

Using SC-1] tan 60° = (tan(20° + 40°))

\/5 _ tan 20° + tan 40 -t tan(A+ B) = tan A +tan B
1—tan 20° tan 40° 1—tan A tan B
= /3-4/3 tan20° tan 40° = tan 20° + tan 40° (1

On substituting (1) in the expression
= 3-3 tan20°tan40°+ /3 tan 20° tan40°+ /3 + 243 = 43

Using SC-1| tan 45° = tan(15° + tan 30°)

_ tan15°+tan30°

" 1-tan15° tan 30°
= tan 15° + tan 30° =1 — tan 15° tan 30° (1)
Substituting (1) in the expression

= 1 —tan 15° tan 30° + tan 15° tan 30° + 3:1+\/§

Using Tech. \/5 sec x + cosec x + 2 (tan x —cotx) = 0

2

X — sin?

3. 1
= —sInx+—CcosXx = cos X
2 2

= cos[x—g) =Ccos2x = x—E =2nm £+ 2x
3

2nm Tw B
=x=—+—orx= —2nn——
3 9 3
T 0w
ForxeS,n=0=>x=—,——
9 3
B =57
Now,n=1=x=—; andn=-1=>x=——
9 9
n n Tn 5m
Hence, sum of all values of x= ———+—— =
9 3 9 9

Using Tech. | We know, —\/az—i-bz Sacos9+bsi119£\102+b2
= - 74S7cosx+55inxS\/ﬂ

= —A74<L2k+1<474 = -8.6<2k+1<8.6

= 48<k<38
Hence, k can take only 8 integral values.




(¢) |Using Tech.| Given : sinx +cosx =1

—sinx+—cos =

V2 \f «f

. T . T .
SN x ¢0S —+COoS xSin— = sin—
4 4 4

U

sin (x + m/4) = sin /4
x+wd=nn+(-1)'ndne”
x=nn+ (- 1) n/4 - n/4;
where n =0, £1, £2, ....

uuu U

Authentic Shortcuts-Tips & Tricks in Mathematics

(the set of integers)



Solution of Triangles
(Properties of Triangles)

f) / Review of Key Notes and Formulae ,

A
.. at+b+c
Semi-perimeter =
c b Where a, b, ¢ are sides of triangle ABC.
B C
a
a b ¢

1. Sine Rule: =2R where, R is circumradius of A4BC.

sind sinB sinC

B 1c®_g? 2,2 _p2
2. Cosine Rule: cos 4 = #, cos B= L,
2bc 2ac
I )
S (=
cosC=2 12 7€
2ab

3. Projection Rule: a=5cos C+ccos B, b=ccos 4 +acos C,

c=acosB+bcosA

= cot—,
b+c 2

B-C b- A
4. Napier’s Analogy: tan[ ) ¢

[C—A] c—a B [A—B) a-b C
tan| —— | = cot—, tan = cot—.
2 cta 2 2 a+b 2

5. Trigonometric Ratios of Half Angles of a Triangle:

(1) sinﬁz w)smgz (S—c)(s—a)’
2 be 2 ac

_ /w

ab

e
sin—
2
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A - B —-b C —
i) cosd = [f6=) (B _ [s6-b) € [sts=)
2 be 2 ac 2 ab
A

B A A
2 s(s—c)

A
(i11) tan— =

C
, tan n— =
2 s(s—a) 2

, ta
s(s—b)

Area of Triangle:

1 1 1
(1) A= —bcsin4d, A= —casmB,A=—absnC
2 2 2

(i) A= \/s(s —a)(s—b)(s—c) , it is known as Heron’s formula.

(i) A= % = rs, where R and r are radii of the circumcircle and the incircle
of AABC.
Circumcircle of a Triangle:
__a _ b e _abe
2sind  2sinB  2sinC  4A

Incircle of a Triangle:

W r-=
)

A B C
(1) r=(s—a) tan;,r:(sfb)tanz andr:(sfc)tang

. B . C . C .4 .4 . B
asin —.sin— bsm;.smz csmz.smz
(i) r= Y L= Z L=
cos — cos— cos—
2 2 2

A B C
(iv) r=4R .sin— .sin— .sin—
2 2 2

Excircles of a Triangle:
A A A

1) r, = r,= r,=
® n s—a r s=b’ s—c

.. A
1) r, = stan—,r, =stan—,r, = s tan—
@ 272 273 2

B C A B

acos—cos; bcos; cosz ccoszcosz

(111) r= Y JFy = 3 STy =
cos — oS — cos—




10.

11.

12.

13.

Solution of Triangles (Properties of Triangles)

. ! B
(1v) r; =4R sin— cos — cos—
2 2

r, = 4R cosé sinE cos —
2 2 2

A B . C
ry = 4R cos— cos— sin—
2 2 2
Orthocentre of a Triangle:

If AD, BE and CF are perpendiculars from the vertices 4, B, C on the opposite
sides BC, CA, AB of AABC, respectively meet at “‘O’, which is orthocentre of
AABC.

(1) O4=2Rcos A, OB=2Rcos B,OC=2Rcos C
(11) OD=2R cos Bcos C, OF=2R cos Ccos 4, OF =2R cos 4 cos B

R
(iii) Circumradius of the pedal triangle = &

(1v) The area of pedal triangle = 2A cos 4 cos B cos C
Length of Altitude, Angle Bisector and Median:
a

(1) Length of Altitude from vertex 4 = ———
cotB+cotC

2bccos é

(i1) Length of Angle bisector from vertex 4 = A
+c

. 1
(iii) Length of Median from vertex A4 = E\) 267 +2¢% —a®

% Note: Similarly find lengths for others using symmetry.

A
m — n Rule: [k
(i) (m+n)cot®=mcota—n cotp
(i) (m+mn)cot®=ncotB—mcot C
N
Regular Polygon: B n ¢

2
Area of polygon = %cot [E) — 2 [EJ
n

n
nR? . (21‘:)
=——sin| —
2 n
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* Note:

(i) Distance between the circumcentre and orthocentre

= RJ]—ScosAcosBcosC

(ii) Distance between the circumcentre and incentre = v R* — 2Rr

(iii) Distance between incentre and orthocentre = \/ 2r* —4R* cos Acos Beos C

. . . . 1
(iv) Distance between circumcentre and centroid = R? — g(a2 +b%+c?)

SHORTCUTS: (SC-1)

Use of Substitution Method.
Assume triangle to be an equilateral triangle and proceed with a = b = ¢ and
ZA=/B=ZC.

. . where, r — inradius
* Note: In equilateral triangle

r 1
R 2 R — circumradius

INlustration 1
In AABC, cosec 4 (sin B cos C + cos B sin C) is equal to

o@ Short-cut solution :
Using SC-1 [Let ABC be equilateral triangle

Then, A =B =C =60°
2 (3 3)
= cosec A (sinA cosC + cosB sinC) = — £+£ =1

N Ry
Illustration 2

In a AABC, among the following which one is true? [AIEEE 2005]
B+CJ

(a) (b+c)cos§asin(
B+C] 4
=asin—
2 2
B-C A
=acos—
2
A 4[B—C)
d) (b- — =
d) ( c)cos2 a sin 2

o@ Short-cut solution :
Using SC-1 [Let AABC be equilateral triangle.

TN

(b) (b+c)cos

() (b—c)cos

N
[\8]




Solution of Triangles (Properties of Triangles)
Then, A=B=C=60°anda=b=c¢

(b—c)cosé = (b—b)cos@ =0
2 2
asin(B;CJ=asin(%J=O Ans. (d)

Illustration 3

b— - -b
In A4BC, ¢ + cd + a is equal to
35 3r, 3r

(a) 1 ) 0 (c) abc (d rorr
@ Short-cut solution :
Using SC-1 | Let the triangle be equilateral then, the expression = 0

Ans. (b)
Illustration 4
In AABC, 1 — cot 4 cot B is equal to
2c a 2 4q
a) —— b)) —— c d
@ a+b+c ®) a+b+c ©) a+b+c @ a+b+c
c@ Short-cut solution :
Using SC-1 | Let the triangle be equilateral triangle.
2
=a=b=cand 4 =B =60°= 1 - cot(60°) cot(60°) = 3
2 = 2, = 2 Ans. (a)
a+b+c 3¢ 3
Illustration 5
acos A+bcosB+ccosC .
is equal to
2(a+b+c¢)
(@) Ur (b) /2R (c) Rir (d UR
@ Short-cut solution :
Using SC-1 | Let the triangle be equilateral triangle
d=b=candA=B=C=60°= acosA+bcosB+ccosC _ 1 =l
2 (a +b+ c) 2x2 4
r 1 r
S = = — Ans.
R 2 2R ®)
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Concept Eooster Exetcise

S

T &

1. InaA4BC, tan 4 +tan B + tan C is equal to

@ 3 ®) 243 © 33 @ 43
2. If P, P,. P, are the altitudes of a triangle from the vertices 4, B, C and ‘A’ the
1 Kab

1
area of the triangle, then —+ ———=—""—"¢
B P P (atb+toA

(@) 1 (® 2 () -1 (d -2
3. Ifthe angles 4, B and C of a triangle are in an arithmetic progression and if
a, b and ¢ denote the lengths of the sides opposite to 4, B and C respectively,

2 C 4
0s > then ‘K’ is equal to

. a . c . .
then the value of the expression —sin 2C + — sin 24 is equal to

¢ a [AIEEE 2010]
1 V3
@ ® — (© 1 @ 3
A+ B A-B
4. cot[ il ) . tan[ 3 ) is equal to for AABC.
a+b a->b a a
a b c d
@ -b ® a+b © a+b @ a-—
5. InAABC a® sin 2B + b? sin 24 is equal to
(a) 2A (b) 3A (c) 4A d A
6. InAABC, (a+b+c)(b+c—a)2(02+a—b)(a+b—c)
4b%c
(a) cos*4 (b) cos’B (c) sin’ A4 (d) sin? [A h B]
7. InAABC, a(b cos C —c cos B) is equal to
(a) b2+ c? (b) b -c? (©) l+l (d) l+l
b ¢ a b

NUMERICAL VALUE PROBLEMS

8. InAA4BC,(b+c)cosA+(c+a)cosB+ (a+b)cos Cisequalto K(a+ b +c);
then ‘K’ is equal to

A B . Kc )
9. InAA4BC, 1 - tanz tanE is equal to the value of ‘K’ is
a

+b+c

10. In AABC, ZC =60°, then
to

. K .
+ 1s equal to ————, then ‘K 1s equal
at+c b+c a+b+c



§@ Solutions

1.

Solution of Triangles (Properties of Triangles)

() Using SC-1 | Let AABC be equilateral triangle.

s A=B=C=60°= tan 60° + tan 60° + tan 60° = 3+/3

(b) | UsingSC-1 [Let AABC be equilateral triangle.
N 5

3 .
P =P,=P,a=b=c,A= T(s1de)2,P1: 76!

2  Ka*x4 3
> F==—F=—x-=>K=2
\/ga 3a(«/§ Ya© 4
(d) Since, 4, B, C are in AP for AABC A
Let angles be 4 = 30°, B=60°, C=90°
30°

:EsinZCJrEsinZA 2

c a v 3

1 . .
= —sin (180°) + 2 sin (60°

 sin (180°) + 2 sin (60°) o

\/, C < B
= ./3 N

(b) Using SC-1 | Let AABC be an equilateral triangle.

A+ A4 A-A4
A=B=(C = cot 5 tan 5 =0

a—a _

0

Now, checking options fora=b=c =
a+a

(¢) Using SC-1 | Let AABC be an equilateral triangle.

La=b=cand 4 =B=C=60°

. 3a’ x4
= 24 5in(120°) — ‘/_afx —4A
() Using SC-1 | Let A4BC be an equilateral triangle.
La=b=c
3

_ da@@@ _ 3

4a* a* 4
Now, checking options for 4 = B= C=60°

. . 3
sin® A = sin® 60 = Z
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(b) Using SC-1 | Let AABC be an equilateral triangle.
sna=b=cand4d=B=C
= b(bcos C—bcosB)=0
Now, check options fora=b=—c¢
B2-cr=p-1b2=0

8. () Let AABC be an equilateral triangle.
sa=b=cand4=B=C=60°
(b+c)cos A+ (c+a)cosB+ (a+ b)cosC
= 6a cos 60° = 3a
and K(a + b +c)=3aK
S 3a=K3Ba)=>K=1

9. (@ Using SC-1 | Let AABC be an equilateral triangle.

nA=B=C=60°anda=b=c¢

60 Kc
l-tan—tan—=—
2 2 3¢
1 X
l——=—
3 3
2_K
3 3
=>K=2

10. (3) Using SC-1 | Let A4BC be an equilateral triangle.

La=b=cand4=B=C=60°




UNIT-IV : COORDINATE GEOMETRY

Straight Line

“f\ / Review of Key Notes and Formulae ,

1. Definition: A straight line is the locus of all those points which are collinear
with two given points.

2. Slope (Gradient) of a Line: If ‘0’ is the angle made by a line with the positive
direction of x-axis in anticlockwise sense, then the slope of the line, m = tan6.
(i) Slope of a line parallel to x-axis, m = 0
(i) Slope of line parallel to y-axis, m =
(iii) Slope of a line equally inclined with axes is 1 or —1 as it makes an angle

of 45° or 135° with x-axis.

(iv) Slope of line joining points (x,») and (X3 ,) is m= %
274
3. Different Forms of the Equation of Straight Line:
(1) Slope form:
(a) y = mx + c¢; where ‘¢’ 1s intercept on y-axis.
(b)y _yl N m(x - xl)
¥
A
oo Vo=V (X2’ y2)
(i) Pointform: y—y ==2—L(x—x)
S (x1, ¥1)
» X
Y
A
(ii1) Intercept form: XY
a b b
» X
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y

>

F AN

Y

(iv) Normal form: x cos a+ysina =p P

(v) Parametric form: Th H =r
cosO sin® &)

Position of a Point w.r.t. Line: Let point be (x,, y,) and line be ax + by + ¢ =0
* if b(ax, + by, + ¢) > 0 = Point lies above the line
* if h(ax, + by, + ¢) <0 = Point lies below the line

Relative Position of Two Points w.r.t. Line: Let points be (x,, y,) and (x,, ,)
and linebe ax + by +c¢=0

* if (ax, + by, +c)(ax, + by, + ¢) > 0 = Both points lies in same side of line.
* if (ax, + by, +c)(ax, + by, + ¢) <0 = Both points lies in opposite side of line.

Angle between Two Straight Lines: The angle between two straight line
m—m,

having slopes m, and m, is tan 0 = 1+ mym,

Perpendicular Distance of a Point From a Line: The perpendicular distance
of the point A(x,, y,) from the line ax + by + ¢ =0 is

ax, +by, +c¢
po Lo s

a“+b

Perpendicular Distance between Two Parallel Lines: The perpendicular
distance between the lines a,x + b,y + ¢, =0and a,x + b,y + ¢, =0
_ la—c |

[2 ;2
ay + b

Condition of Concurrency of Three Lines: a, + bl_ +c,=0;i=1,2,3

d




10.

11.

12.

13.

Straight Line
Family of Lines: Equation of line passing through intersection of the lines
ax+by+tc =0andax+by+c,=0is

ax+by+c +Max+by+c,)=0
Equation of Angle Bisectors: The equation of angle bisector of the lines
ax+by+c =0andax+by+c,=0is
ax+by+e a,x+by+ce,
Ja 5 Ja 5
Homogeneous Equation of Second Degree:

(1) ax®+2hxy+b?=0

=+

*If h? > ab = Two distinct real lines
* If 4> = ab = Coincident real lines
* If h? < ab = Imaginary lines
(i) Acute angle between pair of lines
28h* —ab
|a+b]

tan O =

*If lines are perpendicular => a + b =0
*If lines are coincident = h*> = ab

*[f lines are equally inclined to x-axis = Coefficient of xy =0ie. h=0

(iii) Pair of angle bisectors to pair of lines ax? + by? + 2hxy = 0 is

=y x

a-b h

Homogenisation: A two degree curve and given a line intersecting the curve
at two points A and B, then equation of pair of lines  y
OA and OB where ‘O’ is origin, is obtained by A

homogenisation. ‘A
Let equation of curve ax? + 2hxy + by? + 2gx + 2y +
¢ =0 and the equation of line AB: Ix + my+n=20 B

Then, equation of pair of lines OA and OB is
* ax? + 2hxy + by? + (2gx + 2/)

Ix+m Ix+m z
(E e 222 0
—n -n
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14. Important Points to Remember:

(1) Locus: Itis the path or the curve traced by a moving point satisfying the
given condition.

(i) Area of a general quadrilateral ABCD

Area = \/(s —a)(s—=b)(s—c)(s—d)—abcd cos’ a

. ) . a+b+c+d

where, ‘s’ is semi-perimeter and s = —
A+C 2n—-(B+D)
and o = or o =f

(1) Ptolemy’s Theorem:

IfOABCD is cyclic quadrilateral

= (AC)(BD) = (AB)(CD) + (BC)(AD)
(1v) Harmonic conjugates:

Two points are said to be harmonic conjugates if they divide a line segment
say (AB) in the same ratio.

A P B Q
-1, 1 _2
AP AQ AB
(v) Area of the parallelogram formed by the lines:
ax+by+c =0,a,x+b,y+c,=0,ax+by+d =0and
ax + by +d,=0is
_la—clld—d,|
| my —m, |

Area

TIPS AND TRICKS: (T-1)

The ratio in which the line ax + by + ¢ = 0 divides the line segment joining the
points (x;, y,) and (x,, y,)

ax1+by1+cJ

= Ratio = —
ax, +by, +c

* Simply put the coordinates in the equation of line followed by negative sign.

INlustration 1
Determine the ratio in which line 3x + 4y — 9 = 0 divides the line segment
joining the points (1, 3) and (2, 7).



Straight Line

Q@ Short-cut solution :
Using T-1| Putting the coordinates in the equation

3(1)+4(3)—9}=—_6

Ratio = —|:
3(2)+4(7)-9 25

= Line divides in the ratio 6 : 25 externally.

INlustration 2
The ratio in which the line x + y = 4 divides the line segment joining the

points (—1, 1) and (5, 7) is
(a) 1:3 (b)y 2:1 (¢) 1:2 (d 2:5

o@ Short-cut solution :
Using T-1| Putting the points in the equation

“irl-d4) 4 1
5+47-4] 8 2
Hence, line divides internally in the ratio 1 : 2. Ans. (¢)

TIPS AND TRICKS: (T-2)

Short trick to find the intersection point of two lines a;x + b,y + ¢, = 0 and

e,

a,x +byy+c,=0

. ol R C TNl
ab, —ba, ab, —ba,

Illustration 3
Find the intersection point of the lines 3x +y +2=0and Sx + 3y +5=0

O@ Short-cut solution :

. 5-6 -1
Using T-2|x = —————=—
3x3-5x1 4

_ —(15-10) _ -5

YT 3x3-5x1 4
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TIPS AND TRICKS: (T-3)

If a point (x,, y,) divides the line segment ‘}(
between the x-axis and y-axis in the ratio
m : n, then the equation of line is } n
2 J’] m
» X
C\

INlustration 4
A straight line through the point A(3, 4) is such that its intercept between the

axes is bisected at A, then its equation [AIEEE 2006]
(a) 3x—4+7=0 (b) 4x+3y=24
(¢) 3x+4y=25 (d x+y=7

@ Short-cut solution :

Using T-3| Here, m : n=1: 1 and (x,, y)) = (3,4)

MHx ) L9y
4

Hence, equation is —— =14+1 = 4x+3y=24 Ans. (b)

Illustration 5
If the point (2, 3) divides the line between the x-axis and y-axis in the ratio
3 : 4 the equation of the line is:

(a) 2x+3y=7 (b) 2x+3y=4

(¢) 2x—3y=7 (d) 2x-3y=4

% Short-cut solution :
Using T-3| Here, m : n =3 : 4 and (x, y)) = (2, 3)

4x 3
Hence, equation is ?x_i_?y =3+4 = 2x+3y=7 Ans. (a)




Straight Line

SHORTCUTS: (SC-1)

Short trick to find “Foot of perpendicular and reflection of point with respect
to a line”.

M (x, yp)
P L ax + b! +c=0
) i
% L — Foot of perpendicular
0 N — Reflection of M w.r.t. line
I\II (h', k")

(1) To determine ‘L.’ (Foot of perpendicular)
h—x; k-y —(ax;+by +c)

a b a* +p*

(i1) To determine ‘N’ (Image w.r.t. ax + by + ¢ =0)

W—x  k'-y _ —2(ax; +by, +¢)

a b a® +b?

Illustration 6

The foot of perpendicular from point (2, 3) on the linex + y =2 is

[1 —_3) [—_1 3) (3 1) (1 i)
@ (372 ® {773 © {7272 272
O@Short-cut solution :

z - h—=2 k-3 —(2+3-2)

1 I+1

Ans. (d)

:>.h:l and k=
2

| W

Illustration 7
The reflection of the point (4, —3) in the line 2x + 3y + 5=01s

-13 36 —63
(@) [7’5) ®) [EF}

(l 3} (‘_36 ﬁ)
© (73 @ 33
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@ Short-cut solution :

W—-4 k'+3 —2(8-9+5)

= h'=""and k' =—= Ans. (b)

SHORTCUTS: (SC-2)

Shortcut method to find “number of points having both coordinates as an
integers that lies in the interior region of a triangle” with vertices

(0, 0), (0, k) and (k, 0); k e T*is (k—D(k-2)
2

Illustration 8

The number of points having both coordinates as an integers that lies in the
interior region of the triangle with vertices (0, 0), (0, 41) and (41, 0)

[JEE M 2015]
(a) 901 (b) 861 (©) 820 (d) 780
@ Short-cut solution :
Using SC-2| Here, & = 41
= No. of points = @r=hei=2) 780 Ans. (d)

Illustration 9

The number of points having both coordinates as an integers that lies in the
interior of the triangle with vertices (0, 0), (0, 61) and (61, 0) is

() 1772 (b) 1770 () 1660 (d 1550

C@ Short-cut solution :
Using SC-2| Here, k = 61

(61-1)(61-2)

= No. of points = =1770 Ans. (b)




Straight Line

SHORTCUTS: (SC-3)

In APQR 1f X, Y, Z are the mid points of triangle, then we can find the vertices
of the triangle by using shortcut method.
P

P=X+Z-Y
Q=X+Y-Z
R=Y+Z-X

Illustration 10

The mid-points of sides of a triangle are (3, 4), (4, 2) and (5, 4). Then the
coordinates of its vertices are

(@) (4,6),(2,2),(6,2) () (2.5).(5.9).(2,6)
(©) 4.9.2.5,2.4 (d) None of these

C@ Short-cut solution :
R

P=X+Z-Y =(4,6)
Q=X+Y-Z=(2,2) 3. HX 7 (5,4
R=Y+Z-X=(6,2)

R
TECHNIQUE | _ 28 -
To find the point of intersection of a pair of straight lines:

Let ax? + 2hxy + by? + 2gx + 2fy + ¢ = O represents a pair of straight lines.
Then, the point of intersection of the pair of straight lines is
hf —bg _gh—af
X = 92 - 5)
ab—h ab—h

Illustration 11

The point of intersection of lines represented by the equation
6x2+ 5xp — 2137 +13x+ 38y - 5=01s

5 7 17 32 32 17
@ LD O (EEJ © [EE] @ [‘EE)
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c@ Short-cut solution :
13
Using Tech.| - a=6,b=-21,/=19,g= E’h =3

5 13
—x19 - (2D)x—
2 C2hx—> 32

2 23
6x(2D(§j

13 5

—x=-6x19

272 7 1
y= 5 2 T 3

6x(-21)~| J

3211]

Point of intersection = (—E, 23 Ans. (d)




Q§| Concept Booster Exercise

1.

Straight Line

The ratio in which the line segment joining the points (5, — 4) and (2, 3) is
divided by the x-axis is

(a) 3:4 (b) 4:3 () 1:2 d 2:1

The ratio in which the line segment joining the points (2, 3) and (4, 5) is divided
by the line joining the points (6, 8) and (-3, —2) 1s:

(a) 5:7 (internally) (b) 5:7 (externally)

(c) 7 :6 (internally) (d) 6:7 (externally)

The coordinates of point of intersection of the line 5x + 2y — 34 = 0 and
3x+4y—-26=01s:

(@ (2,6) ®) 249 (©) 4,2) () (6.2

If a line intercepted between the coordinate axes is trisected at a point A(4, 3)
which is nearer to x-axis, then its equation is : [JEE M 2014]

(a) 4x-3y=7 (b) 3x+8y=36

(c) 3x+2y=18 (d) x+3y=13

If a point (2, 5) bisects the line segment intercepted between coordinate axes,
then its equation is :

(a) 5x+2y=20 (b) 5x-2vy=20

(c) 2x+5y=20 (d) 2x-5y=20

The coordinates of foot of perpendicular drawn from (2, 4) to the linex +y=1
is

13 -1 3 41 3 -1
N (5’5) ® (?5) © [E’E) @ (1’7)

The image of a point A(3, 8) in the linex +3y—7=01is
(@ 1.4 (®) (3.-8) (© 4.1 (@ (3.8)

The coordinates of the foot of perpendicular from the point (2, 3) on the line
x+y—11=0are

(@ (6,3 () (5.6) (©) (-3,6) (d) (6,3)
The reflection of the point (4, —13) in the line Sx + y + 6 =01is
(@ 1.-149 b 6.4 (e (1.2) (d) (=4.13)
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. The number of points having both coordinates as integers that lie in the interior
of the triangle with vertices (0, 0), (0, 31) and (31, 0) is:

(a) 465 (b) 496 (c) 435 (d) 935

Numerical Value Problems

11. Number of integral points exactly in the interior of the triangle with vertices
(0, 0), (0, 15) and (15, 0) is

12. The mid-points of sides of a triangle are (2, 1), (-1, —3) and (4, 5). Then the
sum of x-coordinates of the vertices of the triangle is




Straight Line

§§> So[utwns

(b) 1| Since, equation of line is y =0

Putting co-ordinates in the equation y =0

) —4
= Ratio = 3

2. (b) Finding equation of line

(6,8)

2,3)

G

(3,-2)

-10
y—8= —9(x76):> 10x—-9y+12=0
Now, putting (2, 3) and (4, 5) in the equation of line.

10x2—9x3+12)_ =5

10x4-9x5+12) 7

52+136 —(-130+102)

3. (d)[UsingT2]x= ———— =6;y=
()x 20—6 -y 20-6

4, (¢) |Using T-3| Since, line is trisected by the point
Here,m :m,=1:2,(x,y)=(4,3)

= Ratio = _(

y

.2
Hence, equation 1s % +==1+2

=3x+2y=18

5. (a) |Using T-3| Since, line is bisected

Here,m :m,=1:1,(x,»)=(@2,5)
Hence, equation is §+% =1+1

= 5x+2y=20




7.

8.

9.

10.

11.

12.
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(b) | Using SC-1(i) | Here, (x,, ¥,) = (2, 4)
h-2 k-4 —(2+4-1)
1 1 1+1

=h= _—1 and k = é
2

(a) | Using SC-1(ii) | Here, (x,,y,) = (3, 8)

W3 k-8 -2(3+24-7)
1 3 1+9

(8]

=h=-1landk' =4

() Here, (). 7,) = (2. 3)

h-2 k-3 —(2+3-11)
1 1 1+1
=h=5andk=6

(a) | Using SC-1(ii) | Here, (x,,y,) = (4, —13)

W-4 K+13 -2(20-13+6)
5 1 25+1

= h'=-1and k'=-14

(¢) | Using SC-2 | Here, k=31
k-1 k-2 31-D@31-2
= Number of points = ( )é )=( ):g )=435

(91) | Using SC-2 | Here, k=15

= Number of points = (k- 1)2(k —2) = (45— 1):515 —2) =91

(5) | Using SC-3 | x-coordinates of

P=2+4-(-1)=7
P=2-1-4=-3 | = Sum of x-coordinate=7 -3 +1=35

R=4-1-2=1




Circle

f I Review of Key Notes and Formulae ,

1. Equation of Circle in Different Forms:

(i) The circle with centre (/, k) and radius ‘r” has the equation
(x—h)2+ (y—k)2:f2
(i) General equation of circle is x2 + y2 + 2gx + 2fy + ¢ = 0 with centre as

(-2, f) & radius = \fgz +fi=c

(i) Diametric form: The equation of circles with (x,, y,) and (x,, y,) as its
diameter is (x —x)(x —x,) + v =y ) —»,) =0
2. Intercepts Made by a Circle: The intercepts made by the circle
2+ +2ex+ 2 +e=0

x-intercept = 24g°—c¢

y - intercept = Z\I‘fz —c

3. Position of Point w.r.t. a Circle:
S=x2+32+2gx+2f+¢=0
IfS,>0 = Lies outside the circle

IfS; <0 = Lies inside the circle

where S, is Xp+ ¥l +2g% + 2/ +e
4. Line and Circle: Let L =0 be a line and S =0 be a circle. If 7 is the radius of the

circle and ‘p’ is the length of the perpendicular from the centre on the line, then

Ifp>r = lineis neither tangent nor secant

Ifp=r = tangent
Ifp<0 = secant

=

Iftp=0 line 1s diameter of circle.




10.
11.
12.

13.

14.

15.

16.
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Parametric Form of Circle:
(i) The parametric equations of a circle xZ + y2 = 2 are x = r cos6, y = r sin
(i) The parametric equation of a circle (x — )2 + (v — k)2 = % are

x=h+rcosh, y=Fk+rsind.

E.,quati(.)n of Tangent: “T” represents (replace)
(1) Point form (T = 0): B tx, ,
H1+W1+g(X+x1)+f(y+y1)+c_0 X—> T Vo=
(ii) Slope form: y =mx + ry1+m* Y +0 LW +x,
y —Q | @&~
(i11) Parametric form: 2 2
(x—h)cosb+ (y—Fk)snb=r ¥ xx,

Equation of Normal: Normal will always be perpendicular to tangent and
passes through centre which P_ diameter of circle. But pomt of contact of
tangent & normal is same.

Length of tangent = \/E = \/xl2 +y7 +2g6+2f, +c

Pair of tangent = T2 = 8§,

Chord of contact =T =0
Equation of whose mid point is given = T =S,

Director Circle: Director circle is a concentric circle whose radius is «/E
times the radius of given circle i.e. x2 + 12 = 272

Pole and Polar:
(1) The equation of polaris T =0

A _m2
(11) Pole of polar Ax + By + C=0 w.r.t. circlex2+y2r2is( Ar , lzr ]

Family of Circles: The equation of the family of circles passing through the
points of intersection of two circles S, =0and S,=0is S, +AS, =0 (L £ -1)
Common Tangents to Two Circles: Let C, (h,, k,) and C,(h,, k,) be the centre
of two circles and |, r, be their radius and C|C, be the distance b/w them.
@) IfC,C,>r +r,= 4 common tangents

(i) £ C,C,=r, +r, = 3 common tangents

(i) It C,C, < |r, =7, = 0 common tangents

@iv) If C,C, = |r; — 5| = 1 common tangent

V) If|r, =7y <C,C,<r +r,= 2 common tangents

Radical Axis and Radical Centre:

(i) Equation of radical axis is S; -8, =0

(i1) Radical centre is the point of intersection of the radical axis of three circles
taken two at a time.



Circle

17. Orthogonality of Two Circles: Two circles S, =0 and S, = 0 are said to be
orthogonal if the tangents at their point of intersection include a right angle.

Condition: 2g.g, + 2f,/,= C, + C,

TIPS| TIPS AND TRICKS: (T-1

The locus of centre of the circle if intercepts of x and y axis are 2/, and 2/,

e

respectively is y* — 1% = Zf — l§

Illustration 1

The locus of centre of the circle if intercepts of x and y axis are 6 and 4
respectively is

@ 2-)>—4 (®) 22-)2=5

() x2+)*=4 (d) x2+)2=5

@ Short-cut solution :
Using T-1 |Here,/, =3 and/, =2

= Locusisx*—1y2=9-4=35 Ans. (b)
TIPS TIPS AND TRICKS: (T-2)

The locus of mid point of chord of circle (x — a)? + (v — b)? = r% which subtends
an angle ‘0’ at centre of circle is

(x—a)* +(y—=b)* =r*cos’ g

Illustration 2

Let C be the circle with centre (0, 0) and radius 3 units. The equation of the
locus of the mid points of the chords of the circle C that subtend an angle

2
B at its centre is [ATEEE 2006]
2 27
(a) xX2+)*=1 ®) x2+y2:7
9
() x2+y2= 7 (d) None of these

% Short-cut solution :
2n
UsingT-2 |a=0,b=0andr=3,0= 3

= Locus is x2 + 3? = 9cos” [23—71) = %
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Illustration 3

The locus of the mid point of a chord of the circle x2 + y2 = 4 which subtends
a right angle at the origin, is

(@ x+y=2 (b) x2+y2=1

(¢) x2+y?=2 d x+y=1

@ Short-cut solution :
Using T-2 |Here,a=b=0,r=2and 0 =90°

. 90°
= Locus is x2 + 32 = 4cos? [7] =2 Ans. (c)

e,

TIPS AND TRICKS: (T-3)

Use of substitution method. Substitute the co-ordinate(s) as the requirement of
problem.

—

Illustration 4

Tangents drawn from the point P(1, 8) to the circle x2 +12 — 6x — 4y — 11 =0
touch the circle at the points A and B. The equation of the circumcircle of
triangle PAB is,

(@) x¥2+12+4x—6y+19=0 (b) x2+32—4x—10y+19=0

(¢) x2+32-2x+6y—-29=0 (d) ¥2+32—6x—4y+19=0

@ Short-cut solution :
Since, circumcircle passes through (1, 8), so this point will
satisfy equation of circle.
Checking options (a), (b), (c), (d)
wx2 42— 4x—10y+19=12+82_-4x1-10x8+19=84—-84=0
Ans. (b)
Illustration S

The equations of the tangents drawn from the point (0, 1) to the circle
x2+y2 - 2x+4y=0are

(a) 2x—y+1=0,x+2y+2=0 (b) 2x—y+1=0,x+2y-2=0
(¢) 2x—y—1=0,x+2y+2=0 (d) 2x—y-1=0,x+2y—-2=0

(@7 Short-cut solution :

Using T-3 | Point (0, 1) must satisfy both the equations of tangent.

Checking options (a), (b), (c), (d)
v 2x—y+1=2x0-1+1=0andx+2y—-2=0+2x1-2=0

Ans. (b)



Circle

TECHNIQUE o0

The x-coordinates of two points A and B are roots of equation pxZ + gx + =0 and
y-coordinates are roots of equation ay? + by + ¢ = 0, then to find the equation
of circle with AB as a diameter in both the quadratic equation first makes the
coefficient of x2 and )2 equal to one and then add.

b
(xz +ix+ij+(y2 +—y+£]= 0
p p a a

Illustration 6

The x-coordinates of two points A and B are roots of equation x2 + 2x — g% =0
and y-coordinate are roots of equation y2 + 4y — b2 = 0 then equation of the
circle which has diameter AB is-

@ G-DPro-22=5+at+b? (b) (+R+(2p-(5+a’+5?)
(© G+1D2+@+22=@@*+b%) (@) (+1)2+@y+2)2=5+a*+5h?

@ Short-cut solution :
p=1lqg=2,r=—
a= l,b:4,C:—b2
Equation of circle
(X+2x-a®)+ (P +4y - bH=0
x+ 12+ @p+22=5+d2+b2 Ans. (d)

a2
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Concept Eooster Exercise

The locus of centre of the circle if intercepts of x and y axis are 8 and 6
respectively is,

(a) x2—y2=5 by x2—32=9

(c) x2—y?=4 (d)y x2—y2=7

Find the locus of mid point of chords of circle x2 + 2 = 36 which subtends
right angle at origin is

(a) x2+y*=36 ®) xZ+y?=18

(c) x2+y%=9 @ x+yr=16

Find the locus of mid point of chord of circle x% + y2 — 8x + 2y + 8 = 0 which

subtends a right angle at the centre of circle

@ G421 ® G4 12= 2
(©) (x+4)2+(y+1)2:% (d) (x—4)2+(y+1)2:%

A pair of tangents are drawn from the origin to the circle x2 + y2 +
20(x + y) + 20 = 0. The equation of pair of tangents is

(a) 2x2+2y2+5xy+2=0

(b) xZ—y2=5

() 2x2+2y2+5xy=0

(d) x2+p2+5xp-2=0

The abscissa of two points A and B are the roots of the equation
x? + 2ax — b2 = 0 and their ordinates are the roots of the equation
2+ 2py — g% = 0. The radius of the circle with AB as a diameter will be-

(a) \/a2 +b? +p2 +q2

) b2 +d

© \/a2+b2—p2—q2

(d) a2+p2



The equation of the locus of the mid points of the chords of the circle

2 . .
4x2 + 4y — 12x + 4y + 1 = 0 that subtend an angle of Tn at its centre is

(a) (x+3)2+(y+1)2:%
® @3
3V 1?9
© (3] +{+3) =%
2 2
3 1Y 9
@ (=-3] -3 %
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g@ Solutions

1L (@
2. ()
3. (@)
4. (o)
5. (a)
6. (o)

(USRI |Here, /= 4 and [, = 3
= LocusisxZ—)p2=16-9=7
Using T-2 |Here,a=5b=0,r=6and 6 = 90°

= Locus is x2 + y2 = 36¢os’ (%) =18

Using T-2 |Here,a=4,b=-1,r=3,06=90°

= Locus is (x— 4)2 + (y + 1)2 = 9cos® (%J:%

Using T-3 | Tangents will always passes through origin.
Checking options (a), (b), (¢), (d)
w22+ 5xy=2x0+2%x0+5x0x0=0

Using Tech. |Equation of circle

x2+32 + 2ax +2py — b2 — g7 =0

C(Ca,—p),r= a* +p2 +b? +q'2
Using T-2
. 1 .
Rewrite as, x2 + y2 — 3x +y + i 0 (Divide by 4)

-1 3 2n
Hence,a=—,b= —,r=—,0=—
2 2 3

. 3\ 1Y 9 (=) 9
= Locusis | x—— | +| y+—| =—cos’| — |=
2 2 4 3 16

[N RO



Conic Sections

‘f/ / Review of Key Notes and Formulae ,

1. Parabola
A parabola is a set of all points in a plane that are equidistance from a fixed
line & a fixed point in a plane.
The fixed line is called the directrix of the parabola and the fixed point is called
the focus.

2. Four Standard Forms of the Parabola

Standard 5
= > = _1 > 2 = > =_ >
Equation | 7 dax(@>0) | y*=—dax(@>0) | x*=day(@>0) 22 =—day (a>0)
Shape of
Parabola I
X
LNP@y)
--g---\L
s (o,i a)
-
Vertex 0 (0, 0) 00,0 0(0.0)
Focus S (—a, 0) S(0,a) S0, -a)
Equation x=—a x=a y=—a y=a
of directrix
Equation y=0 y=0 $=0 =0
of axis
Length 4a 4a da da
of latus
rectum
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Equations of Tangents of all Standard Parabola

Equations of parabola

Tangent at (x,, y,)

v =4dax
y? = dax
x? = 4ay
x?=4ay

wy=2a(x+x)
W= 2a(x +x))
xx, = 2a(y +y1)
xx, =-2a(y +y))

Equations of Normals of all Standard Parabolas at (x;,y,)

Equations of parabola

Normal at (x, y,)

2 =4ax _
y—ylz—?(x—xl)
y? = dax
y-ri3t(r=x)
x2:4ay 2
yfyl—;l(x—xl)
x?=—4ay 20
y*ylx—l(x—xl)

Important Point of Parabola

(i) A point (x;, y,) lies inside, on or outside of the region of the parabola
- : 2 —
12 = 4ax according as y —4ax; <, =or>0
(i1) The equation of chord of contact of tangents drawn from a point (x,, y,)
to the parabola y? = 4ax is yy, = 2a(x + x)).

(ii1) Length of the chord of contact is l\/ ( J’12 - 4ax1)(y12 +4a%)
(iv) The chord of contact joining the ];C)Ioint of contact of two perpendicular
tangents always passes through focus.

(v) The semi latus rectum of a parabola is the H. M. between the segments
of any focal chord of a parabola i.e. if PQR is a focal chord, then
_ 2PQ.QR
‘7 PQrQr
(vi) If the tangent and normal at any point P of parabola meet the axes in T
and G respectively and S is the focus of the parabola then
(a) ST=SG=SP
(b) £ PSK is a right angle, where K is the point where the tangent at P
meets the directrix.




(vii) The area of triangle formed by three points on a parabola is twice the

Conic Sections

area of the triangle formed by the tangents at these points.

6. Ellipse

An ellipse is the set of all points in a plane, the sum of whose distances,
form two fixed points in the plane is a constant.

The two fixed points are called the “foci’ of the ellipse.
7. Two Standard Forms of the Ellipse

Standard 2 2 2 2
ti X .y yo.x _
¢quation 7 +b7 =1 (a> b), where a and b are constants | ~3 o 1(a>b),
a a
(Horizontal Form of an Ellipse) where a and b are
constants (Vertical Form
of an Ellipse)
Shape of the N Y £ v
Ellipse N o
M BO.H b L v
/‘/; (0,a¢)
+ "\ (~ae0) S C S(ae0) /A
X (_‘lwyyaﬂ) X {—b,u)3\7
M B' (0, -b)L'
Directrix Directrix =
M
Y
x=—ale x=ale (30, @)
.
Directrix
Y
Centre (c) (0,0) (0, 0)
Equation of y=0 x=0
major axis
(AA)
Equation of x=0 y=0
MINor axis
(BB)
Length of 2a 2a
major axis
(~AA)
Length of 2b 2b
MInor axis
(~BB)
Foci (S and (+ae, 0) (0, + ae)
S
Vertices (xa,0) 0,+a)
(Aand A")
Equation of x==xale
directrices (¢
and /")




Eccentricity
(e) o a’ —b? or ’az—b2
a? a*
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Length of 2b%a 2b*a
latus rectum
(LL' or
MM)
8. Important Point of Ellipse
(1) The point P (x, ¥,) lies outside, on or inside the ellipse
x2 2 x2 y2
R : 1 1 _
2 +b2 = 1 according as ?+b—2 —-1>0,=00r<0
22
(1) The equation of the tangent to the ellipse a—z + b_2 =1 atthe point (x,, y,)
W
a2 2 2
(iii) The jquati;)n of the normal to the ellipse & + y_2 =1 atthe point (x;, y,)
b
s 2E 2Y g2
XN
(1v) The equation of chord of contact of tangent drawn from a
2P
point P(x,, y,) to the ellipse —+ b_z =1isT=0
a
where T = x_x2'1+&21 -1
a b
(v) Number of tangent drawn from a point : Two tangents can be drawn from

a point to an ellipse. The two tangents are real and distinct, coincident
or imaginary according as the given point lies outside, on or inside the
ellipse.

9. Hyperbola

A hyperbola is the set of all points in a plane, the difference of whose
distances from two fixed points in the plane is a constant.

The two fixed points are called foci of the hyperbola.
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10. Hyperbola and its Conjugate

Hyperbola Conjugate Hyperbola
ag, -4 z $(0.be)
x=72 Y ¢ (B Ekj
P =N
. == - N X ‘—54’)(
X S(ay:&f C zl(af]@ .%W.ynwe
Y s
0, — be)
v
Standard Equation 2 yz ,VZ 2 2 y2
— 2! gl 5=l
a b b” a a b
Centre (0,0 0,0)
Eq. of transverse axis y=0 x=0
Eq. of conjugate axis x=0 y=0
Length of transverse axis 2a 2b
Length of conjugate axis 2b 2a
Foc1 (+ae, 0) (0, +be)
Equation of directrices y==zale y=dble
Vertices (+a, 0) (0, +b)
Eccentricity
ee a* - . a* -
a* »*
Length of latus rectum 2b%a 2a%b
11. Important Point of Hyperbola
2 yz
(i) The point P (x,,y,) lies outside, on or inside the hyperbola a_z_ b_2 =1
2 2
. X
according as _12_37_12 —-1>0,=00r<0
a” b
¥2 yz
(i) The equation of the tangent to the hyperbola ——<=— =1 at the point
oo a b
x,y)is ——=-=1.
11 RS
2 y2
(111) The equation of the normal to the hyperbola —z—b—z =1 at the point
2 2 a
. b
(¥ 1s R

X N
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(iv) The equation of chord of contact of tangent drawn from a point P(x,, y,)

2 2
to the hyperbola x—z—y—z =1isT=0where T = x—zl—lzl -1.
a” b a b
(v) Ifasymptotes of the standard hyperbola are perpendicular to each other,
then it is known as Rectangular Hyperbola.

Then
b

2tan 12 =L =b=agorx*—1?=a>
a 2

1s general form of the equation of the rectangular hyperbola.

(vi) Number of tangents from a point : Two tangents can be drawn from a
point to a hyperbola. The two tangents are real and distinct, coincident
or imaginary according as the given point lies outside, on or inside the
hyperbola.

P )
(a) The angle between the asymptotes of a_2 _b_2 =1lis2tan" (b/a).
(b) A hyperbola and its conjugate hyperbola have the same asymptotes.
(¢) The asymptotes pass through the centre of the hyperbola.
(d) Thebisector of the angle between the asymptotes are the coordinate axes.

(vil) (a)The equation of asymptotes of the rectangular hyperbola are y = + x.

(b) The transverse and conjugate axes of a rectangular hyperbola are
equal in length.

TIPS, TIPS AND TRICKS: (T-1

e

Length of latus rectum of the parabola

(i) Length of latus rectum of the parabola ax> + by + cx +d =0 is
b
a

coefficient of y

coefficient of x2
(i1) Length of latus rectum of the parabola

coefficient of x r

p

pP gyt ts=0is =

coefficient of y2

Illustration 1

The length of the latus rectum of the parabola x> —4x — 8y +12=0is
(a) 4 (b) 6

(c) 8 (d) 10
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@ Short-cut solution :
Using T-1(i)| Length =

e

coefficient of y

‘ Ans. (¢)
coefficient of x°

TIPS AND TRICKS: (T-2

Length of latus rectum of an ellipse

R

Let the equation of ellipse ax* + > + cx +dx +e =0

2 (coefﬁcient of yz)
(i) Length of latus rectum = (a>b)
\/ coefficient of x>
2 (coefﬁcient of xz)
(i) Length of latus rectum = ,(b > a)

J coefficient of y2

Illustration 2

The length of the latus rectum of ellipse 4x> + 9> — 8x 36y +4=01is
(a) 873 ®) 473

© 573 @ 16/3
o@ Short-cut solution :

Since b>a

2 (coefﬁcient of x? )
.. length of latus rectum =

\/ coefficient of y2
_29)_s

‘/§ 3 Ans. (a)
Illustration 3
2 2
The length of the latus rectum of ellipse (x ) (y 3) =11is
16

(a) 8/3 () 92
(c) 473 (d) 3/4
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Q@ Short-cut solution :
Using T-2(i)| 16(x — 2)2 + 9(y — 3)2 = 144

Here,a=16andb=9

2 ( coefficient of y2 )

.. length of latus rectum = (ra>b)

\/ coefficient of x2

Ans. (b)

TIPS AND TRICKS: (T-3)

Angle 6 between two tangents drawn from point (x|, y,) to the parabola y*=4ax is

S

x1+a

tan0 =

,(where S) = y12 = 4ax1)

Illustration 4
Tangents are drawn from the point (-2, —1) to the parabola }? = 4x. If a is

the angle between these tangents then tana equals [JEE M 2014]
(@) 3 (b) 2
(¢) 173 (d) 172

@ Short-cut solution :

s, =y —dax, = (-1’ -4 (-2)

=1+8=9
‘_‘tana=—\/§
x1+a
\/_

9 3
:—:3
-2+1 |-1
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TIPS AND TRICKS-4

—

Eccentricity of an ellipse
Eccentricity of an ellipse ax®> + bhy? + cx +dy + e =0 is

coefficient of y2

@) Ifa>b,thene—\/1— 2
coefficient of x

coefficient of x*

@i1) Ifb>a,thene= |1 b
coefficient of y

Illustration 5

The equation x? + 4y% + 2x + 16y + 13 = 0 represents an ellipse then eccen-

tricity is
@ 3 () g
© 35 (d) %

o@ Short-cut solution :

: 2
e= - coefficient ofx2 (b>a)
coefficient of y
1 3
B oo 1__=£_ Ans. (b)

4 2
Illustration 6

The eccentricity of the ellipse 4x> +3? — 8x + 2y + 1 =01is
@@ 3 (b)

1
2
¥ 5 2
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@ Short-cut solution :

Using T-4(i)

: 2
om \/1 _ coefficient of y

coefficient of x>

1 3
Le= \/; = \/; Ans. (c)
TIPS AND TRICKS: (T-5)

Eccentricity of hyperbola
Let the equation of hyperbola is ax> — by* + cx + dy + e = 0 then

( a> b)

e

coefficient of x> a
1+—

e= |1+ —2 =
coefficient of y ‘ |b|

Illustration 7

The eccentricity of hyperbola 16x% — 3y — 32x + 12y —44=01is

(a) 3/16 (b) 3/4
4 19

d -

© & (d) 3

@ Short-cut solution :

coefficient of x>

e= 4 —M—
‘coefﬁcient of yz‘

_ /1+§ - \/? Ans. (d)
TIPS, TIPS AND TRICKS: (T-6

Area of triangle formed by tangent of parabola y? = 4ax drawn from (x, y,)

——

) e 3/2
and their chord of contact is 2—( - 4ax1)
a
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Illustration 8

The area of triangle formed by tangents of parabola 1> = 4x drawn from the
point (-2, —1) and their chord of contact is

(@ 5 (b) 272
() 27/8 () %?

@ Short-cut solution :

' 1 2 372
Area of triangle = —( n —4ax1)
2 3/2
1 2
=5l -42)]

2(1)
32 _ (9)3/2 _ 27

—p+ﬂ —
2 2 Ans. (b)

TIPS AND TRICKS: (T-7

——

e

The product of the length of perpendicular from the foci to any tangent of

the ellipse x_2+y_2 =1 is equal to b>. Where a > b. i.e. b is length of semi
a

minor axis.
Note: Same result apply in hyperbola.

Illustration 9

The product of the perpendiculars drawn from the foci of the ellipse,
2 2
x—+% =1 upon the tangent to it at the point [E i}

9
(a) 25 () 18
(c) 9 (d) 20

@ Short-cut solution :

P P
et —=l—t—=1
9 25 32 52

v 3<5

.. length of semi minor axis b = 3.
So, product of perpendicular is 32 = 9.
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SHORTCUTS: (SC-1)

Equations of tangent of parabola in slope form
If equation of parabola is y* = 4ax and equation of tangent is y = mx + ¢
then

(i) point of contact = (%,Z_GJ
m? m

a
(i1) condition of tangency is ¢ = —
m

. . a
(111) equation of tangentis y = mx + —
m

Illustration 10

Let L, be a tangent to the parabola y* = 4(x + 1) and L, be a tangent to the
parabola y? = 8(x + 2) such that L, and L, intersect at right angles. Then L,

and L, meet on the straight line : [JEE M 2020]
(a) x +3=0 b 2x +1=0
(¢) x +2=0 d x +2y=0

O@ Short-cut solution :
Using SC-1(iii)

Tyiop= ml(x+1)+mL [Tangent to y? = 4(x + 1)]
1

Ly:y=my(x+ 2)+i [Tangent to % = 8(x + 2)]
iy

mi(x+1)—ym +1=0

m3(x+2)—ym, +2=0

1
My =—— C L LL)
my
[From (ii)]
= 2m} +ym +(x+2)=0 (i)
From (1) and (ii1),
x+1 -y 1

—=x+3=0
2

yoox+2 Ans. (a)
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SHORTCUTS: (SC-2)

Equation of tangent of parabola in slope form

If equation of parabola is x* = 4ay and equation of tangent is y = mx + ¢,
then

(i) point of contact = (2am, am?)

(i1) condition of tangency is ¢ = — am?

(iii) equation of tangent is y = mx — am?

Illustration 11

If line y = 2x — ¢ touches the parabola x> = 8y then value of ¢ is
(@) -8 () 8
(c) 4 (@ 16

@ Short-cut solution :
Herea=2and m=2
- The line touches the parabola if ¢ = — am®
Le=202Y2=c=-8 Ans. (a)

SHORTCUTS: (SC-3)

Equation of normal of parabola in slope form

If equation of parabola is 3> = 4ax and equation of normal is y = mx + ¢,
then

(i) point of foot of normal = (am?, — 2am)

(i1) condition of normality is ¢ = — 2am — am?

(iii) equation of normal is ¥ = mx — 2am — am?

Illustration 12

If the parabolas 37 = 4b(x — ¢) and 1> = 8ax have a common normal, then
which one of the following is a valid choice for the ordered triad (a, b, ¢)?
[JEE M 2019]

(a) (%,2,3) ® (1,1.3)

(©) (%, 2, OJ d (1,1,0)
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@ Short-cut solution :
Normal to y? = 8ax is
v =mx —4am — 2an’ ..(1)
and normal to y* = 4b (x — ¢) with slope m is
v =m(x—c)—2bm — bm> ...(i1)
Since, both parabolas have a common normal.
dam + 2am’ = cm + 2bm + bni’
= da+2am*=c+2b+bm*orm=0
= (@a-—c-2b)=(b-2a)m?
or (X-axis is common normal always)
Since, x-axis i1s a common normal.

Hence all the options are correct for m = 0. Ans. (a,b, ¢, d)

SHORTCUTS: (SC-4)

Equation of normal of parabola in slope form

If equation of parabola is x* = 4ay and equation of normal is y = mx + ¢,
then

. . —2a a
(1) point of foot of normal = (—7—J

.. .. o a
(11) condition of normality is ¢ = 2a + —
m

. . a
(iii) equation of normal is y = mx+2a + ?

Illustration 13

If a line y = mx + 15 is equation of normal of parabola x? = 12y then value

of mis—

@ 3 ) —/3
1

© 7 d 3

O@ Short-cut solution :
Using SC-4(ii)

Herea=3andc=15
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-~ Alline y = mx + 5 is normal of parabola

2a + 4
S = 44d i
m?

3
=15=2%x3+ —

m2
:>i2=9
m
2 1
=m ——3m +_
V3 Ans. (¢)

SHORTCUTS: (SC-5)

Focal chord of a parabola

Focal chord of a parabola is a chord which passes through the focus of
the parabola. Let 3? = 4ax be the equation of a parabola and P(a#?, 2at) a
point on it, then

Z(x-a)

(1) equation of focal chord through Pis y =

2
1
(i1) length of focal chord = a (l‘ +;)

Illustration 14

If the point P(4, —2) is one end of the focal chord PQ of the parabola y*> =
then the length of focal chord is —

9 81
(a) b () ry
81 8
© & 9 &

@ Short-cut solution :

Using SC-5(ii)

Here a = % and one end of focal chord is (a7?, 2ar) but given that (4, -2)

2xixt=—2:>t=—4
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2
1
.. Length of focal chord = a (f + ;)

- -

Equation of tangent of ellipse in slope _form
2 2
If equation of ellipse is x_2 + y—2 =1 and equation of tangent is
b

y = mx + ¢, then 2

(1) points of contacts = (iazm /c, +5%/ c)

(ii) condition of tangency is ¢? = a?’m? + b?

111) equation of tangent1s y = mxi\)azmz +b2
(111) eq T y

Illustration 15

If the tangent to the parabola 3> = x at a point (e, B), (B > 0) is also a tangent

to the ellipse, x> + 2)% = 1, then « is equal to: [JEE M 2019]
@@ 2-1 (b) 2v2-1
(©) 2v2+1 @ v2+1

@ Short-cut solution :

1 1 1
Let tangent to parabola at point | —=-,——— | 1S y=mx+—
& P P [4m2 2m) 7 4m

and tangent to ellipse is, y =mx*, /mz +%

Now, condition for common tangency,

L=i m2+l:> ! =m2+l
am N 2 16m> 2

A S R O e (IR 1
2(16)

_Q+ _
_-8%8V2 2 1 o1

=2+1

1
2(16) 4 R _4J§_1
4
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Illustration 16

The number of values of ¢ such that the straight line y = 4x + ¢ touches the
curve (x*/4) +1y>=11s

(@) 0 () 1

() 2 (d) infinite

Q@ Short-cut solution :
Using SC-6(ii)

2 2
The given curve is T+yT =1 (an ellipse) and given line is y = 4x + c.

‘We know that y = mx + ¢ touches the ellipse
2 e sl r
a b
Hence the given line touches the given ellipse if
c=t/4x16+1 =165
There are two values of ¢ exist. Ans. (c)

Illustration 17

Find the equation of the common tangent in 1% quadrant to the circle

2 2

x?+3?=16 and the ellipse ;—5 + yT =1. Also find the length of the intercept

of the tangent between the coordinate axes. [AIEEE 2005]

% Short-cut solution :
Using SC-6(iii)

Let the common tangent to circle x> + 3> = 16 and ellipse x?/25 + 1% /4 = 1

be y=mx+\/25m2+4 (1)
Since it is tangent to circle x* + y? = 16.

V25m? +4 _

m2+1

4

[Since length of perpendicular from centre of the circle to the tangent is equal
to the radius of the circle.]
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= 25m*+4=16m*+16 = Im*=12

2

V3

[Since, the slope of any tangent to the given circle at any point in the Ist

quadrant will be positive.]
Equation of common tangent is
x+4

y_f i —
\/_ B 3

This tangent meets the axes at A(2ﬁ ,0) and B [0,4@}

m =

x+,[25. 4+4 = y=—

.. Length of intercepted portion of tangent between the axes

2
(2‘/7){4\/;] =14/3
HORTCUTS: (SC-7)

Equation of normal of ellipse in slope _form

2 2
If equation of ellipse is x—2+ y—2=1 and equation of normal is y = mx + c,
then a” b

o +a” +mb®
(1) points of foots of normal =

\,/a2 Ty i \/a2 +b2m?
) m? (a2 —b2)2

(i) condition of normality is ¢~ = ———
+b°m

a
m(a®—b>
i)

(i1i) equation of normal is y = mx =
a’+b°m?

Illustration 18

2 2

The line Ix + my + n =0 is a normal to the ellipse x_2+y_2 =11if
a

2 42 2 ;2.2 2 42 2 2.2
a_2+b_2=w ) a_2+b_2=w
m / n ! m n

2 2 .2 4202
a_2 - b_2 % (d) none of these
“ m n
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Q@ Short-cut solution :
Using SC-7
- n
Since Ix + my +n=0 = y= —X —— is normal of ellipse
m m
2
m* (a2 - b2)

a’ +b*m*

" Cz=

(2] () (-w7)

- 2
m —
a2+b2[l)
m
2
2( .2 2
2 P75

= — =
m2 a2

2
2 ;2
am? + 22 (a -b )
= =

2]2 n2

N G

? m? n?

m? +b212

m

Ans. (b)

HORTCUTS: (SC-8)

Equation of tangent of hyperbola in slope form
2 2
If equation of hyperbola is — = = 1 and equation of tangent is
a~ b
y=mx + ¢, then

2 2
. . am b
(1) points of contacts = [i = —J
@ @

(ii) condition of tangency is ¢? = a’m” — b?

(111) equation of tangentis y = mx =t a’m? - b?
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2

If the line y = mx + ¢ 1s a common tangent to the hyperbola x Y

64

and the circle x> + 1% = 36, then which one of the following is true?
[JEE M 2020]

(a) =369 (b) Sm=4
() 4c =369 (d) 8m+35=0

% Short-cut solution :
Using SC-8(iii)

General tangent to hyperbola in slope form is

v =mx£100m> - 64

and the general tangent to the circle in slope form is
y=mxt6yl+ m*
For common tangent,
36(1+m*) =100m" — 64
=100 = 64m? = o = 120
64
100 164x36 369
64 64 4

e =36[1+

= 4c? =369

Ans. (¢)

HORTCUTS: (SC-9)

Equation of normal of hyperbola in slope form

2 2
b

If equation of hyperbola is — 5= 1 and equation of normal is
a~ b

y=mx + ¢, then
2

i a o mb?
_\/az —b’m? ’_\/az —b%m?
m’ (a2 +b2)2

a’ —b*m*
m(a2 +b2)

2_42.2

(1) points of foot of normal =

(i) condition of normality is o=

(iii) equation of normal is y = mx +
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Illustration 20

2 2
If the line y = mx + 74/3 is normal to the hyperbola )2(_4_)1]_8 =1, thena
value of mis : [JEE M 2019]
V5 V15
a) — b) —
@ - ® =
2 3
) — d —
(c) 5 (d) s

% Short-cut solution :
Using SC-9(iii)

2 2
Since, Ix + my + n = 0 is a normal to _z_y_z =1,
a”~ b

0'2 b2 (aZ + b2)2
then — ——=——"—

2 m? n’

x2 y2

but it is given that mx—y + 743 is normal to hyperbola EYRTY =1

2
e 24 _ 18 (24+18) 2

P R N

Find equation of axis, if the parabola is in the form

(i) ax?+ bx + cy+d = 0, then differentiate given equation w.r.t. x keeping y
as constant

(i) py? + gy + rx + s = 0, then differentiate given equation w.r.t. y keeping x
as constant

Illustration 21

The equation of the axis of the parabola x> — 4x — 3y + 10=01s
(a y+2=0 (b) x+2=0
(¢) x-2=0 (@ y-2=0
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c@ Short-cut solution :
Using Tech.

Differentiating given equation w.r.t. X keeping y as constant, we get

2x—4=0=>x-2=0

.. Equation of axisisx—2=0 Ans. (¢)
Illustration 22

The equation of the axis of the parabola 4y> — 6x — 4y =5 is -

(@ y-1=0 (b) 2y +1=0

(¢) 2y—-1=0 (d y-2=0

c@ Short-cut solution :

Differentiating given equation w.r.t. y keeping x as constant, we get
8y —-4=0=2y-1=0
.. equation of axis is 2y — 1 =10 Ans. (¢)




Concept Eooster Exetcise

1.

10.

Conic Sections

Find the latus rectum of the parabola 3x%> —6x —y + 6 =0 1s —

1 1 2 2

a) — b) — c) — d =

(@ 3 ®) . © 3 (d .
The length of the latus rectum of ellipse 9x? + 1632 — 36x + 96y + 36 =0

9 7 2 5

(@ = ® - (© = @ =

2 2 3 4

Tangents are drawn from the point (—1, 1) to the parabola 12 = 8x. If o is the
angle between these tangents then tan o equals -

1 1
(a) 2 () 3 (c) — d) —=
2 NG}
The eccentricity of the ellipse 2532 + 163 — 150x — 175 =10 1s -
3 4 5 2
2 b = 2 4 =
(a) 5 (b) 5 (c) 7 (d) 3
The eccentricity of the hyperbola x> — 3y2 —4x — 6y — 11 = 0 is -
2 3 1
a) — b) — c) — d) 3
(a) NG (b) 5 (c) 3 (d

The area of triangle formed by tangents of parabola y* = 12x drawn from the
point (4, 1) and their chord of contact is -

1 4 3
(@ 3 () 3 © 3 (@ 2

The product of the perpendiculars from the foci to any tangent to the ellipse
5x*+ 82 =401is

(a) 8 (b) 5 (© 3 @ i3

If the common tangent to the parabolas, > = 4x and x> = 4y also touches the

circle, x? + 32 = ¢2, then c is equal to: [JEE M 2020]
1 1 1 1

(a) 2 (b) N © 7 (d) B}

If y = mx + 4 is a tangent to both the parabolas, > =4x and x*> = 2by, then b is

equal to: [JEE M 2020]

(a) 32 (b) —64 (c) —128 (d) 128

The slope of the line touching both the parabolas > = 4x and x> = -32y is
[JEE M 2014]

1 2 1 3
(a) 3 (b) 3 (©) 3 (d) 5




12.

13.

14.

15.

16.

17.
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. Let P be the point on the parabola, y> = 8x which is at a minimum distance

from the centre C of the circle, x> + (y + 6)*> = 1. Then the equation of the
circle, passing through C and having its centre at P is: [JEE M 2016]

(a) x2+y2—%+2y—24=0

(b)) x2+y? - 4x+9y+18=0

() X*+y?—4x+8y+12=0

@ x>+y?-x+4y-12=0

If a line y = /3x + 14 is equation of normal of parabola x* = 4ay then value
ofais

@) 6 ) 3 (©) 24 ) 12
The focal chord to 3> = 16x is tangent to (x — 6)* + 3> = 2, then the possible
values of the slope of this chord, are [ATIEEE 2003S]

(@ {-1.1} (®) {-2.2} (© {2.-12} () {2.-1/2}
The locus of the foot of perpendicular drawn from the centre of the ellipse

x? + 3)? = 6 on any tangent to it is [JEE M 2014]
2 2

(a) (x2+y2) =6x2+2y2 (b) (x2+y2) =6x2—2y2
2 2

(c) (x2 —yz) =6x2 +2y2 (d) (x2 —yz) =6x2 —,’Zy2

On the ellipse 4x? + 932 = 1, the points at which the tangents are parallel to
the line 8x = 9y are

21 21
@ [5,5) ) (g,g]

2
If the line 2x — gky:—S is a normal to the conic x* + yT =1, then A equals to

V3 1 V3 3
a) — b) — c) — — d) =
(a) 2 (b) B (©) 2 (d) g
The equation of a tangent to the hyperbola 4x* — 5 = 20 parallel to the line
x—y=2is: [JEE M 2019]
(@ x—y+1=0 () x-y+7=0

(c) x—y+9=0 (d) x—y-3=0




18.

19.

20.

21.

22.

23.

24.

25.

Conic Sections

2 2
If y=mx + 74/3 is normal to }1(_87;{_4 =1, then the value of m can be
2 4
a) — b) —
() s ®) 5
1 2
c) — d —
(©) NG (@ NG
The equation of the axis of the parabola }? —2y —4x +5=01s
(a y+1=0 b y-1=0
(¢) 2y-1=0 (d 2y+1=0

NUMERIcCAL VALUE PROBLEMS

Let a line y = mx (m > 0) intersect the parabola, > = x at a point P, other than
the origin. Let the tangent to it at P meet the x-axis at the point O, If area

(AOPQ) = 4 sq. units, then m is equal to . [JEE M 2020]
2 2
The line 2x + y = 1 is tangent to the hyperbola x_2+y_2=1 . If this line
a~ b

passes through the point of intersection of the nearest directrix and the x-axis,

then the eccentricity of the hyperbola is [AIEEE 2010]
2 2 2 2

If the eccentricity of the two ellipse XY rand 4+ =1 are equal,
169 25 a® b2

then the value of % is :

The eccentricity of ellipse 12x2 + 4)? + 24x — 16y + 25 = 0 is +/k, then kis

The eccentricity of the hyperbola of x? — 3y> = 2x + 8 is i, then k is .

Jk
Equation of the tangent to the hyperbola 2x% — 32 = 6 is y = 3x £ k, then value
ofkis .
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fficient of
Length of latus rectum = coefficient o y

2

coefficient of x°

2(coefﬁcient of x2)
Length of latus rectum = ,(b>a)
\/coefﬁcient of y2
_20)_18_9
16 4 2

2 2
4., (a) |[UsingT-4| e= 1_M (va>b)
coefficient of x

coefficient of x2

|coefﬁcient of y2|




7.

10.

(b)

)

(©)

(©)

Conic Sections

2

2
Using T-7] - 5x* +8y° =403%+J’_=1

5

8>5.b% =5
So, product of perpendicular is 5> = 5.

Using SC-1(iii) | Equation tangent to parabola y? = 4x with slope m be:
=mx+ s
7 m (D)

Using SC-2(iii)

- Equation of tangent to x= = 4y with slope m be :
y =mx—am’ ..(ii)
From eq. (i) and (ii),

—=-m*=>m=-1
m

.. Equation tangent : x + y+1=10
It is tangent to circle x2 + 37 = ¢2

1
=Sc=—

\2
Using SC-1(iii) | y = mx + 4 (1)

Tangent of 12 = 4x is

= y=mx+ k. ..(i1)
mn a
[+ Equation of tangent of y? =4 axis y =mx + — |
From (i) and (ii) m
1 1
d=— =>m=—
m 4

1
So, liney = Zx +4 is also tangent to parabola

x% = 2by, so solve both equations.
+16

xr=2p|2
4

2x2 —bx —16b=0

D = 0[For tangent]

bt —4x2x(-16h)=0

b +32x4b=0

b=—128, b =0 (not possible)

Using SC-1(iii) | Let tangent to > =4x be y = mx+i
m

Since this is also tangent to x> = — 32y

b4y
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x? = —32[mx+i)

m
= x2+32mx+Q:0
m
Now, D=0
(32)> - 4(2) =0
m
3 4 1
=>m=— = m=—
32 2

11. (c) | Using SC-3(jii) Putm = -t |
Minimum distance = perpendicular distance
Eq" of normal at p(2(%, 4t)
y=-tx +4t+ 28
It passes through C(0, —6)
t+2t+3=0=>t=-1

—

Pt 40

¢
Centre of new circle = P23, 40) = P2, — 4)
Radius = PC =1/(2—0)2 +(-4+6)2 =22
Equation of circle is :

(X 202+ (y+4) = (2J5)2

= xX+y?—4x+8y+12=0

12. (a) Herem:\/g and c = 14

»Aline y= ng +14 is normal of parabola

a
Le=2a+—
m2

a Ta

14=2a+—=14=—

3 3

=a=6.




Conic Sections

13. (a) Given parabola y* = 16x, its focus = (4, 0). Let m be the slope of focal
chord then its equation is

y=m(x-—4) (1)
But it is given that equation (i) is a tangent to the circle

(x — 6)> + 2 =2 with centre, C (6, 0) and radius (r) =~/2
Length of perpendicular from (6, 0) to (i) = /2

= M:ﬁ = 2m =2(m* +1)

m2+1

= 2m*=m*+1 = m=x1
2 2

14. (a) |Using SC-6(iii)|Given equation of ellipse can be written as % + y? =1

= a*=6,b=
Now, equation of any variable tangent is

y=mxi\/a2m2 +b? (1)

where m is slope of the tangent
So, equation of perpendicular line drawn from centre to tangent is
—
Y=, (i1
Eliminating m, we get
(x +y +2xy) ax+b22
= (x +y ) =azx2+1792y2
= (x2 +)/2)2 = 6x2 +2y2
2 2

15. (b, d)| Using SC-6(ii) | Let y= —x+ ¢ be the tangent to x_+ AR

1/4 1/9
5
where c=+ \)azmz+b2 —+1i4xa+— §

and points of contact are [ —J
c

C
(2 IJ (2 1)
= — L, 01" — .,
55 5°5
16. (a) | Using SC-7

2 .2
y

8 3 9
“2x——hy=-3=y=—Ahx+—L is normal of ellipse Yo
3 477y T
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S IO
La=1,b= ,m74h and ¢ = .
Now, for normality
2
5 mZ(az—bz)
=
a? +bim?
2 (1-4p
81 _ 1622
64 1142
1612
9
81 _ Rx9
64 1607 +36
1622

16)2 + 36 = 6422

480% =36 = b= ?
17. (a) Given, the equation of line,
X—-y=2=>y=x-2
its slope=m =1
Equation of hyperbola is:

2 2
R A N !
5 4

The equation of tangent to the hyperbola is,
y=mxt \a’m?*-b> =x*5-4 =y=xztl
18. (a) |Using SC-9

Here c = 7./3 ;a? =24 and b2 =18
By condition of normality.
2
m? (a2 + b2)

b% —a’m?

c =

2 m?(18+24)°
(7J§) T4 18m?
mzx(42)2

237= 3
24-18m




Conic Sections
24 18 m*=12m?
24 = 30m?
4 2
m =" m=t—
5 NG
19. (b) |Using Tech.
Differentiating given equation w.r. to ¥ keeping x as constant, we get
2y-2=0=y-1=0.
s equation of axisisy — 1 =0

20. (0.5) |Using Key Notes| Let the coordinates of P = P(#2, 1)

2
2

Tangent at P(%, ) is 1y =
=2y=x+F

O(-#,0), 00, 0)
0 01 Q/

1
AreaofAOPQZEI t 1|=4

)
)

3|l|3:8 y = mx yZ:x

=t=+2(>0)
- 4y=x+4is atangent

1
S Pis(4,2); Now,y=mx ..m= 5

21. (2) | Using Key Notes |

y . . . a .. [a
Intersection point of nearest directrix x =— and x-axis is (—,0)
e e

Since 2x +y = 1 passes through (i,OJ

e
2a e
SL—=1l=a=—
e 2
2 2
Also y =-2x+1 is a tangent to _ny_zz
a b
sl=d(2) b= da’ b =1 = 4a” —aP(e? 1) =1

= 4x§—é(ez—l)=l

= ¢’ =4ase>1 for hyperbola = e=2
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22. (2.6)

Herea=13,b=5

-» Both ellipse have same eccentricity therefore values of @ and b are
same

e By
b

5
23. (0.67) Herea > b

. \/1 __ coefficient of y2
coefficient of x>

’ 4 fS 2
12 12 \/; vk
.'.k=3=0.67
3

24. (3) [Using T-5 |Here, x> —3)> —2x-8=0

coefficient of x*

e= |1+

coefficient of y2|

1 2] 2
=|/1+—=—=—:>k=3.
3 3 4k

25. (5) |Using SC-8(iii) | We have the equation of hyperbola as
2 2

22 SR T
3 2
On comparing this equation to the standard equation of the hyperbola
2 2
5

Y
& 5 =L weget
a® b2

a?=3,p2=2

Given equation of line is y = 3x + 4
We know that y=mx +c=>m =3
Equation of tangent to the hyperbola :

y=mxtva’m® —b* =3x++/3x32 2
=3x+27-2 =3x++/25

= y=3x+5=k=5.




Vector Algebra

ﬂfx / Review of Key Notes and Formulae ,

1. Vector Quantity: A quantity which has magnitude & also a direction in space
is called a vector quantity.

Q)

A B
The direct line segment AB is a vector denoted as AB or . The point A from

where the vector AB starts is called its initial point, & the point B where it
ends is called its terminal point. The distance between these two points is called

the magnitude of the vector denoted as | AB| or |d| ora.
2. Position Vector: Let O be the origin & P be a point in space having coordi-

nates (X, v, z) with respect to the origin O. Then the vector OP is called the
position vector of the point P with respect to O.

|O_I’]=«/x2+y2+zz

Properties of magnitude
|a+b| < |d|+|b]|

|a-b| = |d|-|b]|

3. Direction Cosines: The angles made by OP with positive direction of x, y &
z-axes (say o, B & v respectively) are called its direction angles, and the cosine
value of these angles i.e., cos a, cos B & cos y are called direction cosines of

opP , denoted by /, m & n respectively.

4. Types of Vectors:
(1) Zero vector : A vector whose initial and terminal points coincide, is called
a zero vector (or null vector) denoted as O . It has zero magnitude.
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(i1) Unit vector : A vector whose magnitude is unity (i.e., 1 unit) is called

unit vector. The unit vector in the direction of a is denoted as 4 = % .
a

(111) Coinitial vectors : Two or more vectors having the same initial point are
called coinitial vectors.

(iv) Collinear vectors : Two or more vectors are called collinear, if they are
parallel to the same line, irrespective of their magnitude.

(v) Equal vectors : Two vectors are said to be equal, if they have same
magnitude & direction regardless of the position of their initial points.

(vi) Negative of a vector : A vector whose magnitude is the same as that of the
given vector, but the direction is opposite to that of it, 1s called negative
of the given vector.

5. Addition of Vector:

(1) Triangle Law of Vector Addition

C
AC=4B+BC
A B
(i1) Parallelogram Law of Vector Addition
B __d__,_cC

' 04+0B=0C

Properties of Vector Addition :
(1) For any two vectors a & B,
i+b=b+a (commutative property)

(i) For any three vectors 4,b & ¢,
(é’ + B) +¢=a+ (B + E) (Associative property)
6. Section Formulae: The position vector of a point R dividing a line segment

joining the points P & Q whose position vectors are a &b respectively, in
the ratiom : n

(1) Internally, is given by M
m+n

(i1) Externally, is given by M
m—n

The position vector of the middle point of PQ is given by %(E +b ) .
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Vector Algebra

Scalar (or Dot) Product of Two Vectors: Let d &b be the two non-zero
vectors inclined at an angle 0, then scalar product is defined as:

G-b=|d||b|cosB,0<0<n

Propertles of dot product:
i) a- b is areal number.

() G.b=0=alb

(i) G-a=|a|?
(V) i-i=j j=kk=1&i-j=j-k=k-i=
*-I;
V) cosﬂ=f 0=cos [ )
Hil HE
(vi) The scalar product is commutative i.e., G-b=b-a

Projection of Vector Along a Directed Line:

Projection of a vector d on other vector b, is given by

a-é:a-[i}(a;g)
|b] |b]

Vector (or Cross) Product of Two Vectors: Let a & b be two non-zero vectors
inclined at an angle 6.

Then, vector product is defined as : d x b= |Ei| |I; |sin on

where, 7; is aunitvector perpendicular to both vectors 7 & b suchthat 7 b &

form a right handed system.
Properties of cross product:

(i) dx b is a vector which is perpendicular to both d and b.
() axb=0=alb
(i) @-a=0

@1v) fxf=}x}=kAxk=6

(vi) sinf=+—=

e

(vii) Vector product is not commutative.
Gxb=-bxa

jxf=—/€,£xj=—f&fx£=—j"
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(vii) If 7 & b represent the adjacent sides of a triangle, then its area is given
1. =
by E‘a X b|
(ix) If G &b represent the adjacent sides of a parallelogram then its area is
given by ‘Eix 5‘
(x) Cross product of vectors in component form
i ]k
Then @xb = a a, a3z
b by by
Scalar Triple Product : Scalar triple product of three vectors @b and ¢ is
denoted by (Exg)-E or (EXE)-EI' or (¢x E)-I; :
(Eix I;) . E,(l;x E) -d and (Ex Ei) .b can be also written as I:EEEJ,[EEE:I and
I:* ab J respectively.

Ifd= ali + azj + a312,6 = bli + b23+ bglz and ¢ = cli + c23+ c31A(,

a4 dy 43
then (dxb)-¢=[ab&]=[b; by b
€ € €

Properties of scalar triple product:

() [aﬁe]:[ﬁaa]:[eaﬁ] but [aﬁa]:{aeﬁ] etc.
1.e. change of any two vector in scalar triple product changes the sign of
the scalar triple product.

(11) The position of dots and cross in a scalar triple product can be interchanged.
Hence (5 P B). c= 5.(5 P E) .

(1i1) [é.' b E] = volume of the parallelopiped whose coterminous edges are

formed by 5,5, c.
(iv) If any two of the vectors a,b, ¢ are equal, then I:é{ b E} =0.
(v) The value of a scalar triple product is zero, if two of its vectors are parallel.

- =+ =

(vi) Fourpoints A, B, C, D with position vectors a, b, ¢,d respectively are coplanar
ifand only if [AB AC AD] =01ie.ifandonlyif [b—a c—a d—a] =0



11.

12.

13.

14.

15.

16.

Vector Algebra
(vi1) Volume of a tetrahedron with three coterminous edges 5, B,E = %‘ [zg b E] |

(viii)Volume of prism on a triangular base with three coterminous edges
e 1~ -
a,b,c=—| abe ‘
5 [ I

Vector Triple Product : If a,b, ¢ be any three vectors, then (ax B) x¢ and

ax (B X E) are known as vector triple product. Vector triple product of three
vectors is a vector quantity.

(a) ax(bxc) = (a.c)b—(ab)c
(axb)xc =(a.c)b—(b.c)a
(b) The vector triple product is not associative 1.e., ax (l-; X E) * (zg X B) xc

Centroid of a Triangle : If a,b,c be .
P.V.’s of the vertices A, B, C of a triangle A(a)
ABC respectively, then the P.V. of the

centroid G of the triangle is arbre .
Also, the P.V. of incentre I of AABC is
(BC)a +(CA)b +(AB)c
BC+CA +AB

and the P.V. of B(b) C(©)

a(tanA)+ b (tanB)+ ¢ (tanC)
tan A+tan B+ tanC

orthocentre of AABC is

Linear Combination of Vectors : A vector T is said to be a linear combina-

tion of vectors 5,1?),3 ...., ete, if there exist scalars x, y, z,..., etc., such that
T=xa+yb+z + ...

Linearly Independent Vectors : A set of non-zero vectors d,d,,.....d, is
said to be linearly independent, if x,@, + Xyd, +....+ x,d, =0
=>X1=Xp=...=X, =0.

Collinearity of Three Points : The necessary and sufficient condition that
three points with P.V.’s a, b, c¢ are collinear is that there exist three scalars
X, y, Z not all zero such that xz+y5+ Zc=0= xX+y+z=0

Reciprocal System of Vectors: The two system of vectors are called reciprocal
system of vectors if by taking dot product we get unity.

Thus, if E,B and € be three non-coplanar vectors and if
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Then 3" b'and €' are said to be reciprocal system of vectors for the vector
a,band ¢.

.

lont]

X

b

and ¢'=

el o
ol | =
o)

X
b

ol | o}
8ol

X
b

o)

[eX]

TIPS AND TRICKS: (T-1)

R

The unit vector 7 perpendicular to both @ and b is given by 7 =

Illustration 1

If E=1?+JA'—I:7, b= f—}+i€ and ¢ is a unit vector perpendicular to the

vector @ and coplanar with G and p , then a unit vector d perpendicular to

both 4 and ¢ 1s

@ %(zi—hfc) ®) %Gﬂb
© %dﬁ) @ %dﬂb

o@ Short-cut solution :
S =xa +yb = i+ - i-x-yk

cra=0=>x+y+x—y+x-y=0 =3x+y=0 (1)
Also (x+y)* + (x —y)* + (x —y)* = | e

Solving (1) and (2), x = i% , y= i%

Z:%(—hz}—zf;) or E=§(i—2j+2k)

; - . = j+k
So, the desired vector  is d == X -4 Ans. (b)

e,

TIPS AND TRICKS: (T-2)

If @ and b are any two non-collinear vectors and x, y are scalars, then
xa+yb=0 =>x=y=0.

Ifa and b are any collinear vectors then a = Ab or a+Ab =0 where } is scalar.




Vector Algebra

Illustration 2

If @ and b are non-collinear vectors, then the value of o for which the vectors

u=(a—2)a+b and v=(2+3c)a—3b are collinearis: [JEE M 2013]
3

a) — b) =

(@) 5 (b) 3

3 2

© - (d) -3

o@ Short-cut solution :
— — - >
Using T-2|Since, u and v are collinear, therefore ku+ v =0

:>[k(a—2)+2+3oc]Z+(k—3)Z:0 (1)

— —
Since a and b are non-collinear, then for some constant m and n,

- -
ma+nbh=0=> m=0,n=0

Hence from equation (1)
k-3=0=>k=3

And k(o —2)+2+3a=0
=3(a-2)+2+3a=0= a=§

TIPS AND TRICKS: (T-3)

Ans. (b)

| corerereme.

e

Three vectors a,b and ¢ are coplanar if and only if [51' b 5] =0

Illustration 3
The sum of the distinct real values of p, for which the vectors, i+ j+k,

i+ pj+l€, i+j+ pig, are co-planar, is : [JEE M 2019]
(2) -1 ® 0
(e 1 @ 2

@ Short-cut solution :

Using T-3] . Three vectors (Ui + j+k),(f +uj+k) and (i +]+pk) are
copalnar.
1

n
1 =0
1

e =

1
w
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wur—D+1l-pu+1-—p=0
(-2 —p(u+ D] =0
(I-p[wW+p-21=0
p=1,-2
Therefore, sum of all real values=1-2=-1 Ans. (a)

Vector along the bisector of two given vectors a and b= 3\,(& + l;)

Illustration 4

Find aunit vector & if —i + 3 —k bisect the angle between vector ¢ and 3i+ 4].
V Short-cut solution :

Let S=xi+yj+zk.

Given that |E| =Jx2+y?+22 =1 (D)

§ _§+j_1~(=;{x1+);]+zk+31-;41}

_i+3_f(=%|:(5x +3)i+(5y+4)j+5zf<]

5430 S-4h -1
sn 2 s T

=X

Putting in (i), we get
(5+30)2+ (541> +25=25)\2

:>7\,=E
2

.'.E=%(—1ﬁ+103—2f().

SHORTCUTS: (SC-2)

Three vectors @ =ayi +a, ) + a312,13 =bi+byj+ b312 and
@ = clf + czj' + C3lc: will be linearly dependent vectors if

g ey o

b by by=0.

g B &
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Illustration 5
If a=i+j+k b=4i+3j+4kandc=i+0j+pk are linearly dependent
vectors and | ¢|= V3, then
@ a=LB=-1 ®) a=Lp=%I
© a=-1p==I @ a=tLB=1

@ Short-cut solution :
Using SC-2| Since 5,5 and ¢ are linearly dependent vectors

1
4l=0=p=1and [c|=V3 =1+’ +p>=3=a =%l Ans.(d)
p

i
QR w ==

The components of @ along and perpendicular to b are
2 |bandd- % b respectively.
E B

Illustration 6

Express the vector 7 = 51— 23 +5k as sum of two vectors such that one is

parallel to the vector b=3i+k and the other is perpendicular to b.

o@ Short-cut solution :

Using SC-3|Required two vectors are ab band3_ T;TE b
b

)

: F"Bz b=2(3i+k)=6i+2k
b
andi—| 05— (55— 2} 5K) 61+ 28)

b
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=-1-2j+3k.

such that (6§+ 212)+(—i— 2}+312) =5i-2j+5k=3.

SHORTCUTS: (SC-4)

Method of substitution

Substitute vectors ;,] ork in place of any unit, mutually perpendicular
or non-coplanar vector.

Illustration 7

If a,band ¢ are three mutually perpendicular vectors of equal magnitude,

then the angle between a and a + b+3 is
(a) cos! (1/ 3 ) (b) sin! (1 /3 )

(© cos ' (1/3) (d sin~'(1/3)

@ Short-cut solution :

cosB=M= !

[ e Ng

(oa8)
Il
R
=]
=
o
ol
Il
=

=0 =cos | (1/\/5)

Ans. (a)

To prove the geometrical properties or solve the some geometrical problem,
take one vertex at origin.

Illustration 8

Show that the diagonals of a rhombus bisect each other at right angles.




Vector Algebra

Q@ Short-cut solution :
Using Tech.| Let ABCD be a rhombus whose

diagonals [AC] and [BD] intersect at O. Take A
as origin and let b and d be the position vectors
of vartices B and D respectively. Then 4B =b
and AD=4d.

Since ABCD is a rhombus, [BC] is equal and
parallel to [AD], therefore, BC = 4D =d .

From AABC, we get A B

AC = 4B+BC = b+d .

o 0+(b+d) b+d
the P.V. of the mid-point of [AC] = B

2

Also P.V. of the mid-point of [BD] = #

Hence the mid-points of the diagonals [AC] and [BD] coincide, therefore
the diagonals [AC] and [BD] bisect each other.

Again, as ABCD is a thombus, |AB| = |AD|

= |ABP=|AD] = (AB)’ = (AD)
= (AB)Y -(AD)’=0 = (AB+4D)-(4B— AD)=0
= (b+d)-(b-d)=0 =  AC.-DB=0

= AC and DB are perpendicular. (*.' AC and DB are proper vecotrs)
Hence the diagonals of a thombus bisect each other at right angles.
Illustration 9

Using vector algebra, prove that angle in a semi-circle is a right angle.

O@ Short-cut solution :
Using Tech. | Let O be the centre of a circle and [AB] be the diameter. Let C

be a point on the circle, then we want to prove that ZACB = 90°.
Take O as origin and let OB=d and OC = l;,

then OA= OB=-a (' |OA|=|OB|=radius)
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PV.ofA= —d, B
C(b)

PV.ofB= OB=ad and P.V.of C= OC =b .

Now, AC =PV.ofC-PV.ofA

=b-(-a)=a+b -
ACd) g O a
and BC =PV.of C—PV.of B= b—a.

AC-BC=(G+b)-(b-a) =a-b-a-a+b-b-b-a=>b-b-aa

= b*~|af* =joCP - |0B]?
=0 (. |OC| =|OB| = radius)
Thus AC-BC=0 = ACLBC = ZACB=90°.

Hence, the angle in a semi-circle is a right angle.
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Q§| Concept Booster Exercise

b &

1. Leta=3i+ 2}' +2k and B=1i+ 2} —2k be two vectors. If a vector perpen-

dicular to both the vectors a+5 and a—b5 has the magnitude 12 then one

such vector is : [JEE M 2019]
(@) 4(2i+2]+2k) (b) 4(2i-2]-F)
© 4(2§+ 27 —fc) (d) 4(—2?— 27+ fc)

2. Leta= (L-2) a+b and E =(4r-2) a+3b be two given vectors where

vectors a and b are non-collinear. The value of i for which vectors o and

E are collinear, is: [JEE M 2019]
(@) —4 (b -3 (c) 4 (@ 3

3. Leta=i+2j+4k,b=i+A)+4k and c= 25+4j+(/12 —1)12 be coplanar
vectors. Then the non-zero vector dx¢ is : [TJEE M 2019]
(@ -10i—5; (b) -—14i-5] () —14i+5] (d) —10i+5]

4. The vector d=ai+2] +B]€ lies in the plane of the vectors b= i+] and

c=j +k and bisects the angle between b and ¢ . Then which one of the
following gives possible values of a and B? [AIEEE 2008]

(& o=2, B=20b) a=1, B=2 () a=2, B=1() a=Lp=1
5. Ifthevectors @ = 2i+ 3 +4ﬁ, b=4i- 2} +3k and ¢=2i— 3} — )k are linearly

dependent vectors, then find the value of A.

(@ 1 (b -1 (©) 2 (d) -2

6.  What is the component of (3f+ 43) along (; + 3)‘7

@ i+ ® (i) @ 2(i+]) @ (i+)
7.  For any vector a,[a x ;|2 + |§ % 3|2 + |z'i % 1A<;|2 is equal to [AIEEE 2005]
@) [af ® 2if (© 3fa @ 4[]



10.

11.
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Let Zi:f+j’+i€, 5:;—}‘+I€ and 5:2—}—12 be three vectors. A vector ¥

. ~ - . O
mn the plane of a and b, whose projection on ¢ 18 —, 1s given by

NG

[AIEEE 2011]

(@) 7-3j+3k (b) —3i-3j—Fk
(€) 3i—j+3k (d) 7+3j-3%k
If 4, 5, ¢ are three non-zero, non-coplanar vectors and

> >
> > phog > - .
h-b-2a g ety

2 ”02

lal lal

- - ;))—)_) L 27 b—>1—>_>
b d - c-a - e - c-a -C
q=c— _>2a+ _)2b1,62=c— _)261— _>2b1,

lal l el lal 1By |

- = - - p_;=— W —_
_’__’_ c-a _’+ bce?— — ca— b.oc
e T

l el l el
then the set of orthogonal vectors is [ATIEEE 2005S]

e - 5 -
(@) (a,b,c3) (b) (a, b, )
- - > - 5 o

(¢) (a,b.q) (d) (a,by, )
The number of distinct real values of A, for which the vectors A+ j + 12,
i-A%j+k-and i+ j— A%k are coplanar, is [AIEEE 2007]
(a) zero (b) one (¢) two (d) three

The lengths of the diagonals of a parallelogram whose adjacent sides are

a=2m+n and b =m—2n where m and # are unit vectors inclined at an

angle of 60° are \/m and Jn then value of m + n is
(a) 13 by 7 (c) 20 @ 6




12.

13.

14.

15.

16.

Vector Algebra
Numerical Value Problems

Let o= (L-2) a+b and E =(4Ar-2) a+3b be two given vectors where
vectors a and b are non-collinear. The value of |\l for which vectors
and E are collinear, is .

If the vectors, 3 =(@+Di+aj+ ak, Ej =ai+(a+1)j+ ak and

r=ai+ aj+(a+ 1)]2 (a € R) are coplanar and 3(;.5)2 -l ;x_q‘ =0,
then the value of A is . [JEE M 2020]
Let U= f+jﬁ = I—j and W = i+2_‘i+31:1. If n is a unit vector such that
i-i=0and V-n=0, then |¥-f| isequalto . [AIEEE 2003]
Let the vectors @, b, ¢ be such that |d|=2,|b =4 and | |=4. Ifthe projec-
tion of 5 on a is equal to the projection of ¢ on @ and b is perpendicular
to ¢, then the value of |d+b—¢ | is . [JEE M 2020]
Consider the set of eight vectors V:{ai+bji+cl‘(:a,b,ce -1 1}}. Three

non-coplanar vectors can be chosen from V in 2P ways. Then p is .
[JEE M 2013]




Authentic Shortcuts-Tips & Tricks in Mathematics

_@ Solutions

1 o) [CmgTy

Let vector be A[(d+ I;) x(d— 5)]

Given, a=3/+2j+2kandb =7 +2]—2k
a+b=4i+4j and G—b =27+ 4k
vector = A[(4 +4])x (27 +4k)]

— A[16i —16]—8k] = 8A[27 2] k]
Given that magnitude of the vector is 12.

1
12=8| 0| VA+4+1 = |h|= =

2
required vector is +4 (21 —2j — k)

2. ()
Let o and B are collinear for same &
ie. @ =kp
(A—2) d+b =k((4h—2) @ +3b)
(h—2) G+b =k(4\—2) G+ 3kb
(h—2-k(4r=2) d+p (1-3k)=0
But @ and p are non-collinear, then
A—2—k(4h-2)=0,1-3k=0
= k= % and %, — 2 — %(4x72):0

3-6-4n+2=0
h=—4

v

~ a,bandc are coplanar

1 2 4
1 A 4 |=0
2 4 A*-)

= AM-A-16+28-32+1)+44-21)=0
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= M-2)2-9L+18=0
-2 (-3)(L+3)=0
For L=2,¢ = 2i +4j+3k

:...
o

ij ok
Gxé=1 2 4|=-10i+5]
2 4 3

ForAh=3or-3, ¢c=2a=axc=0 (Rejected)

@

.+ d lies in the plane of b and ¢

L G=Mb+6)
oi +2]+Bk =2 f+j‘+j'+12
= = -
’ NN
= af+2j+BI€=if+\/§3\j+LI€
2 V2
a=1p=1
(a) |Using SC-2|Since a,band  are linearly dependent vectors
2 1 4
-4 2 3[=0=8L-8=0=Ar=1
2 -3 -

=42

() (3i+41)-(1+1)=7,

Components = \/; 3 (i + 3) = %(; + 3)

(b) [Using SC-4]Let =1

L2 2 L A2
- laxi +laxk

+‘5xj

ix1

2 e A2 A2 A2 ) AR
= +|1><_] +|1><k| =k| +—_]|

=1+1=2=2fi" =2f]
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. . ab
Trick: Projection of a on p = |5|

We know that vector in the plane of @ and 5 is
—v=a+hb
= v=(1+0)i+(1-2)j+1+0)k

L - -, 1
Projectionof v on ¢ is —

NE)
Cve 1 d+0)-ad-M)-1+2) 1
FR g 5
=1-A=-1
SA=2=2>A=2

v=3i-j+3k

9. (b) [Trick:If @b and ¢ are orthogonal vectors then d b=b-
‘We observe that

e o [ Ba R = -o ,
a4b1=a.b—[ = |a‘ —ab-ab=0 )
lal

o)
Il
(o)}
ST
Il
<
[Bt

- = - —
— = - | = ca — c_bl

acy=dalc———a- b

2 72
la| | by |
— — a_c — C_ — —
=ac—— |a|2 - Hblz (a.b1)
la] | by |
=ac—ac—0 =0 [from (i)]

I — - ca — C. -
And b1c2 =b1.| c——= 2a—_);blzbl
lal | by |

RN Vb a b - 12

=bic— (C'al(i;l a) _ iblz b]‘
FIRTY

=b1.c—0-b.c=0 (from (i))

Hence aby =a.cy; =b1c2 =0

= (a,b1,¢2) is a set of orthogonal vectors.
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10. (c) | Using T-3 |Since given three vectors are coplanar.

Applying, R, — R, + R, + R,

222 2-22 2-37

=] 1 2 1 |=0
1 1 22
11 1

— 2-H]1 =22 1 |=0
11 =2

Applying R,=R, - R, and R, =R, — R,
1 1 1

= 2-Hl0 —a+1?) 0 |=0
0 0 —1+2%)
= @2-A)1+22)2 =0 = A=+/2 [1+22#0]

Two real solutions.

11. (c¢) [Using Tech.| Let the parallelogram be ABCD with AB=d and
AD=b, then AC = AB+BC=AB+AD =a+b
= |4C|=|AC|=|d+b|
and |G+b > = (@+b)* =2+ +m—20)°

_ Bin—7i)-(3m —71)

=9m-m—6m-i+h-n

= 9|m[> —6|m| 7i|cos60°+| 7 [

1
= 9—6x5+1 Co|m|=

=7.




12.

13.

Hence, |AC| = |c—1'+5|= NG

Further BD = BA+ AD = —G+b = —(2m+i)+(m—2#) = —m 37

— |BD|=|BD| = |-m-3i| = |m+3ii|.

Also, |m+3i[? = (M+3i)-(m+34) = m-m+6m-ri+9i-5

— | [ +6|m || 7| cos60°+9 |7 [*

1
=1+6x—+9 =
5 13

— |m+3ii| =13 = |BD|= 4I3.
Hence, the length of the diagonals are /13 and J7.

(4) | UsingT-2 |Let @ and j are collinear for same k

ie.,

a=kb

(A-2) G +b =k(#r—2)a +3b

(h=2)d +b =k@dr-2) g +3kb
—2-k@Ar-2)a +b (1-3k)=0

But g and b are non-collinear, then

A—2—k(Ah—-2)=0,1-3k=0

= k= % and?»727% (4L -2)=0

3L-6-41L+2=0
A=—4=|Ar|=4

a+1 a a

(1) [UsingT-3 || a a+l1 a |=0

a a a+1

= 3a+1=0 = a:—%

The given vectors

S_2
P 3

i—

1

3

A la 1l A oA oA
——k=—(2i—j—k
J 3 3( Jj—k)
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G=iGe2i-h
3

N

r=§(—1—]+2k)

. 1 1
Now, pg=—(2-2+1)=——
Pg=4( )==3

=é(f(4—1)—j(—2—1)+1€(1+2))

i+j+k

=$(3f+3j+31€)=

fril=x3 =[xl =5
3(pg) - MFxgl =0

= 31—Ll=0 = r=1
9 3
14. (3) [Using SC-4]Since i=1i+jand¥=i—]
Given that ui-n=0and v-n=0

So, let n=k

. |w-n|=3.

5 ©

~.* Projection of bond = Projection of ¢ on d

sLda-b=a-c

e

Given, bh-é=
cld+b-c|P=|af +|b P +|cF +2a-b-2b-c-2ad-¢
=4+16+ 16 = 36.

=|d+b-c’=6
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16. (5) [Trick: Use permutation and combination]

Given 8 vectors are

1,1, 0D, 1,-1,-D); (-1, 1, 1), (1, -1, -1); (1, -1, 1),
1, L,=1); (1, 1,-1),(-1,-1, 1)

These are 4 diagonals of a cube and their opposites.

For 3 non-coplanar vectors first we select 3 groups of diagonals and its
opposite in *C, ways. Then one vector from each group can be selected
in2 x 2 x 2 ways.

Total ways =*C, x 2 x 2x 2 =32 =25
p=>5




Three Dimensional
Geometry

f / Review of Key Notes and Formulae ,

Straight Line
1.  Direction Cosines of a Line (DC’s)
The direction cosines are generally denoted by 7, m, n.
Hence, /= cos o, m =cos 3, n =cos y
Note that /2 +mZ+n2=1
2.  Direction Ratios of a Line (DR’s)
Any three numbers a, b and ¢ proportional to the direction cosines /, m and
n, respectively are called direction ratios of the line.
*  The direction ratios of a line passing through two points

P(xl, yl, Zl) a'nd Q(x ’y25 Zz) are (xl 7x1)’ (y2 7}71), (ZZ 721)

a
a b c
. =4 ——— m=%—————andn==%

Va? +b% +c a® +b% +c? Va2 +b2+ 2
3. Equation of a Line
(i) Equation of a line through a given point with position vector g and

parallel to a given vector p:

In vector form, 7 =G+ Ab
X=X _Y=h_zZ7%

" A A ~ b A~ CA ~ ~ A

where, T = xi+yj+ 2K, & = X;1+y,]j+zk, b=ai+bj+ck
Here, a, b, c are also the direction ratios of the line.

In cartesian form,

(ii) Equation of a line passing through two given points with position
vectors @ and b:
In vector form, 7 =G+ A(6 - a)

X=X _Y=Wh _Z2-%

N=X NN 5%

In cartesianform, where, T = xi + yj + Zk,
a= Xli + ylj+Zlk

& b=X2i+y2j+Zzﬁ
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Angle between Two Lines

In vector form,

The angle between two lines

T=4,+Ab, & T =d,+ub, is given as:

B b,

1
A
In cartesian form,
The angle between two lines :
T YN _ETA g XTXe Y7o 277 .
a b, ¢ a) by )
s 0 = | aa, +bb, +cc, |
oz +b7 +ct Jat +bi +2 |
cos O=1|/\/, + mm, + nn,| -
»  Iftwo lines are perpendicular, then b, -5, =0 or a,
+  Iftwo lines are parallel, then & =A5, or 425
5. Shortest Distance Between Two Lines @ b
(i) Distance between parallel lines
The shortest distance between parallel lines
L:F=ad+MAb and L,:7=a,+pb is

_ Bx(a2_al)

cos 0=

a, - blb2 +cie,=0

(ii) Distance between two skew lines
In vector form,
The distance between two skew lines

T=3 +X-151 & T =14, + b, is given as:
4_|Gx5)-@ -a)|

|5, x5, |
In cartesian form,

The distance between two skew lines:
XX _Y"N _Z7%

3 by ¢
X—X — Z—Zy .
and 2_Y ¥ Zis:
ap b, €2
X, =X V2= 5 —E
a b =)
a, b, C

d=
|1](17‘1‘32_b;.cl)2 +(ca, _cz""l)2 +(ab, _"’zbl)2




10.

Three Dimensional Geometry
Plane
Equation of a Plane in Normal Plane Form
Vector form
Fi=d
Here T =x’i\+y3+zlz

1 1s the unit vector along the normal from origin to the plane.
d is perpendicular distance of the plane from the origin.
Cartesian form
x+my+nz=d
where /, m, n are the direction cosines of 7 (unit vector along the normal from
origin to the plane).
Equation of a Plane Perpendicular to a Given Vector and Passing Through
a Given Point
Vector form
Let a plane pass through a point with position vector a and perpendicular to
the vector N, .
Then its equation is given as: ( —@)-N=0
Cartesian form
Let a plane pass through a point (x,, y, z;) & the direction ratio of the vector
perpendicular to the plane be A, B, C. Then its equation is given as:
Ax-x)+By-y)+Cz-27)=0
Equation of a Plane Passing Through Three Non-Collinear Points
Vector form

[Fbé|+[Fab|+[Fea)=[abe]
or (F—d)-[b-a)x(E-a)]=0
where, 4,b,¢ are the position vector of three given non-collinear points through
which the plane passes.
Cartesian form
The equation of plane passing through three non-collinear points Y with
coordinates (X, ¥, 7,), (X5, ¥, Z,) & (X3, Y3, 7;) 1S given as:

X=X Y-y z-z

X, =X »=¥ 2,-3|=0

X=X V3—0N 2374
Intercept Form of the Equation of a Plane

where a, b, c are the intercepts made by the plane on x, y & zaxes respectively.
Plane Passing Through the Intersection of Two Given Planes

Vector form
Equation of plane passing through the line of intersection of two planes
T-f; =d; and -1, =d, is given as:
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F (i, +An,) =d, +A\d,
Cartesian form
Let fiy =Ayi+Byj+Ck
fiy = Ayi+Byj+Cyk
and T = xi+y3+zl§,
therefore its cartesian equation is:
Ax+By+Cz-d)+AMAx+B,y+C,z-d,)=0
11. Coplanarity of Two Lines
Vector form
Two lines 7 =g, +7\.l;1 and 7 =d, +ub,
are coplanar, if (@, — &) (B, xb,) =0
and equation of coplanar plane is (; - aT) . (Ei x b_i) =0

Cartesian form
X=X _ YN _Z—%

Two lines = =
94 b, &1

X=X - zZ—Z

and Nl /Y 2 are coplanar,
a, b, )
X=X Y m M 5T E

if| a b, ¢, |=0 and equation of coplanar plane is

a, b, ]

az by )
12. Angle Between Two Planes

Vector form : The angle between two planes
T-ii=d; & T-1i=d, is given as:

By * iy
il
Cartesian form : The angle between two planesax + by +¢,z+d; =0
and a,x + b,y + ¢,z + d, =0 is given as

cos0 =

aa, +bb, +cc,
Jaf +b +cf \/ag +b} +ck
«  Iftwo planes are perpendicular, then
n-n,=0 or aa,+bb,+cc,=0
If two planes are parallel, then
4 _b_g
a, B b, B )

cos0=

n, =Al, or
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14.

15.

Three Dimensional Geometry
Distance of a Point from a Plane

Vector form
Distance of a point with position vector a from a plane
T-f=dis given as:
|a-ii—d|
il

Cartesian form
Distance of a point (x, y,, 7,) from a plane : ax + by + cz=d is given as :
ax, +by, +cz, —d

va* +b* +c
Angle Between a Line and a Plane
Vector form

Angle between a line

F=a+Ab and a plane T -fi=d is

cosO =

b-n
lb] 17
Cartesian form

X _ Y N_z7%4

Angle between a line x
a by ¢

and a plane a,x + b,y + ¢,z = d is given as:
cos 9 = | alal + ble + cch |

‘\/af +b +cf \/af +b} +c} |
«  Ifline is perpendicular to the plane,

theni=Ab or i=ﬁ=ﬁ
a, b, ¢

«  [Ifline 1s parallel to the plane, then
ib=0 or aa, +bb,+cc,=0
Projection of a Line Segment Joining two Points on a Line
Let PQ be a line segment where P = (x, y,, ;) and Q = (X,, ¥,, Z,); and AB
be a given line with dc's as £, m, n.

If P'and Q' are the foot of perpendicular from P and Q to the line AB, then
P'Q' is the projection of PQ on the line AB.

r'N
j_____
Oj
v




16.

17.

18.

-

Direction vector of line
(i) Direction vector of line which is perpendicular to two given lines

(i1) Direction vector of line which is parallel to two given planes
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If the line segment PQ makes angle 6 with the line AB, then projection of
PQ on line AB is P'Q' = PQ cos 6. On replacing the value of cos 0 in this,
we shall get the following value of P'Q'.

P'Q' =4(x,—x)) + m(y, —y,) +n(z,—z)), where /, m, n are direction cosines
of line AB.

Bisectors of the Angles Between two Lines

The equation of the bisectors of the angle between the straight lines
b +i|}, where t € R.

T=3+Ab and T =4 +1C are given by f=5+t{m_|*
¢

Distance Between Two Parallel Planes : Distance between two parallel
planes ax + by + ¢z + d, =0 and ax + by + ¢z + d, = 0 is given by

d, —d,
Vva®+b*+¢?
Ratio of Division of a Line Segment by a Plane : The ratio in which the
line segment PQ, joining P(x,, ¥,, Z;) and Q(X,, ¥,, Z,), is divided by plane

ax, + by, +cz; +d
ax, +by, +cz, +d |

d:

ax +tby+tecz+d=01s _[

| TS

TIPS AND TRICKS: (T-1)

?=51+;\.Bl and ?=52+],|.62 s BIXBZ

—

Illustration 1

Find the vector equation of the line passing through the point (1, 2, —4) and
perpendicular to the two lines:
x—8 _ y+19 _ z-10 and x—15 _ y—=29 _ z=5

3 -16 7 3 8 -5

o@ Short-cut solution :

i k
UsingT-1() | 5 =|3 -16 7|=24i+36j+72k
3

8 5
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.. Equation of line is
F= (i +2j- 4/2) + p(24f +36)+ 72/2)

= F=(+2]—4k)+ 1 (27 +3]+6k).

Illustration 2
Find the equations of the line passing through the point (3, 0, 1) parallel to
the plane x + 2y =0and 3y —z=0.

@ Short-cut solution :

Using T-1(ii)

ij ok
b=l 2 0|=—=2i+;+3k
0 3 -1
.. Equation of line is x_3=%=ZT_1.

| oS

TIPS AND TRICKS: (T-2)

Normal of Plane
(1) Normal of plane perpendicular to two given planes

—

(i1) Normal of plane parallel to two given lines

Illustration 3

Find the equation of the plane passing through the point (-1, 3, 2) and
perpendicular to each of the planes x + 2y + 3z=5and 3x + 3y +z=0.

@ Short-cut solution :
Hcre> ﬁ1=i+25+31; and ﬁ2=3i+33+f(
ik
cli=fpxdy ={1 2 3|=1(2-9)-j(1-9)+k(3-6) =—7i+8]-3k
3 3 1
.. Equation of plane is—7(x + 1) + 8(y —3)-3(z—-2)=0
= 7x-8y+3z-25=0
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Illustration 4
The equation of the plane through the point (1, 2, 0) and parallel to the lines

x—1 _ 2y+1= z+1 i

3 0 -1 1 2 -1
(a) 2x+3y+z—-4=0 (b)) x-2y+3z+5=0
(¢) x+2y+3z-3=0 d x+ty+3z-1=0

% Short-cut solution :
Using T-2(ii) | Here, 61 =3i-k and 62 =i+j-k

. x—l_y+%_z+1
1 1 -1

X=y+1=Z—2 and

k
-1 =1(0+1)-j(=3+1)+k(3-0)
-1

Bl

Il

K=x!

X

o

[\

Il
—_— W =
—_ O

=i+2j+3k.
.. Equation of plane is (x + 1) + 2(y —2) +3(z-0)=0
= x+2y+32-3=0

TIPS AND TRICKS: (T-3)

Ans. (¢)

| oS

Bisectors of angles between two planes ax + b,y + ¢,z + d; = 0 and
ax+b,y+ecz+d,=0is
ax+by+cz+d, =+azx+b2y+czz+d2

2 2, 2 a 2 2 2
Jal +b +¢ Jaz i e

Illustration S
Equation of the plane bisecting the acute angle between the planes
X—2y+2z+3=0and3x—-6y—-2z+2=0
(@) 2(8x— 16y +4z)+27=0 (b) 8x—16y+4z+27=0
(¢) 16x-32p+8z-27=0 (d) 16x+32y+8z-27=0

@ Short-cut solution :

Using T-3 | Equation of the plane bisecting the angle between given planes are

x=2y+2z+3 _+3x—6y—22+2

2422402 32y y2?
= 2x -4y -20z-15=0and 16x 32y + 82 +27=0




Three Dimensional Geometry
Angle between 16x — 32y +8z+27=0andx -2y +2z+3=01s
16+64+16 4 1

0= = >—
VTN 2 2

= 0 <45° (acute angle)
.. Required equation is 16x — 32y + 8z + 27 =0. Ans. (a)

TIPS AND TRICKS: (T-4)

The lines 7 = a, + Ab, and 7 = d, + b, are intersecting lines,

if (B x B,)- (@, — &) =0.

Illustration 6

-1 1 -1 -3 —k
If the lines oy and P 4 N are intersect, then &
3 4 1 2 1
is equal to: [AIEEE 2012]
2 9
a) —1 b) — c) — d) 0
() () 9 © 5 (d)

G@ Short-cut solution :

-1 +1 z-1 -3 -k
Using T-4 | Given lines are e A S Sk Y [ A
2 3 4 1 2 1

Lay = i—]+k, b=2i +3j+4k
a,=3i+kj, by=i+2j+k
Given lies are intersect if
(@ =) (b xby) =0= (@,=d) (B xb,) =0

2 k+1 -1
=12 3 4(=0
1 2 1

=23-8)—-(k+1)(2-4)-1(@4-3)=0
= 2(-5) - (k+1) (2)—1(1)=0

=-10+2k+2-1=0 = k=% Ans. (¢)

TIPS AND TRICKS: (T-5)

.

——

Centre and radius of sphere x2 + 3% + 22 + 2ux + 2vy + 2wz + d =0
Centre: (—u, — v, — W)

Radius: /3% 412 + w? —d
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Illustration 7
If(2, 3, 5) is one end of a diameter of the sphere x2 +12 + 22— 6x — 12y—2z+20 = 0,
then the cooordinates of the other end of the diameter are [AIEEE 2007]
(a) (4, 39 5) (b) (49 39 - 3) (C) (49 99 73) (d) (49 739 3)
Short-cut solution :

Using T-5 | We know that centre of sphere

x2 42+ 224 2ux +2vy + 2wz +d=0
is (—u, —v, —w)
Given that, x> + 12 + 22 — 6x — 12y — 22+ 20 =0
o Centre=(3,6, 1)
Coordinates of one end of diameter of the sphere are (2, 3, 5). Let the coor-
dinates of the other end of diameter are (3, v)
. 0L+2_3 [3+3_6 y+5

, 1
2 2 2
> a=4,=9%andy=-3
.. Coordinate of other end of diameter are (4, 9, —3) Ans. (c)

SHORTCUTS: (SC-1)

Distance from a point P(x, y,. Z,) to a line

XX _ YN _ 2774

a b c
Let Q(x;, ¥, 2;) and b= ai+bj+clz
o5
sd=—
o

Illustration 8
y-1_ z+1
1 2

g . . . -3
Find the distance between point p(0, 2, 3) and line X 3 =

@ Short-cut solution :

Using SC-1 | Here P(0, 2, 3), Q(3, 1, ~1) and b=2i+j+2k

PQ=3i—j-4k
i j k
=3 -1 -4/=2i-14j+5k
2 1 2

PQxb| 224142452 15

= =—=5units

B V22ei2?




Three Dimensional Geometry

Projection of a line segment on a line or plane.
If P(x,, y,, z,) and Q(X,, y,, Z,), then
(i) projection of PQ on a line having direction vector b is P_Q b.

(i1) projection of PQ on a plane having normal vector n is |PQ X fl| .

Illustration 9

Find the length of projection of the line segment joining (2, -1, 3) and (4, 2, 5)
on a line which makes equal angle with coordinate axes.

@ Short-cut solution :

Using SC-2(i)| Since given line makes equal angle with coordinate axes

1 U TP - v,
wIl=m=n= —&— re. b=——(1+j+k) and PQ=21+3j+2k
7 75 (i+i+K) and PQ =203

.. length of projection 1?2' b= L(I +fi+1A() (ZI + 3j+ 21::)

3

Illustration 10

Find the length of projection of the line segment joining the points (1, 2, 3)
and (4, 5, 6) on the plane 2x +y +z=1.

% Short-cut solution :

T “ o ~ 1
Using SC-2(ii)| Here n =2i+ j+k=>n=—
g ] NG

(2f+j+l"<)

and PQ=3i+3j+3k
ik
POxA=—|2 1 1=i(—}+1"<)
\/63 3 3 Vo

.. length of projection = |l?j X ﬁ| = %x V2 =4.

SHORTCUTS: (SC-3)

If a, b and c are the projections of a line segment on coordinate axis, then

1) the length of the line segment = \/a2 +5%+c?
O] g gm

(11) direction cosines are
a b c

+ , + , +
\/az+b?'+c2 \/avz-i-bz—i-c2 \/az+bz—i-c2
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Illustration 11

The direction cosines of a straight line, whose projections on the coordinates
axes. OX, OY, OZ are 12, 4, 13 respectively are

@ Ei (®) 12 4 13
13713’ 329 /329 7329
1 11 12 4 13

© 2773 @D 39329320

@ Short-cut solution :
Using SC-3()| Here, Va2 +b% + ¢ =122 +4% +13% =329

Direction cosines:

12 4 13
+ , £ , £ . Ans.
4329 V329 \/329 oS- ()

Illustration 12

If the projection of a line segment on x, y and z axis are respectively 3, 4 and 5
then the length of the line segment is

(@) 32 b) 52 © 72 (d) None of these
@ Short-cut solution :
Using SC-3(i)
Length of line segment = /3% + 4% +5% = 54/2 unit Ans. (b)

SHORTCUTS: (SC-4)

Foot of perpendicular of a point on the line: Position vector of foot of
perpendicular of a point P(f’) on the line T=a+Ab

(p’—a)-l;-[;

|5

Illustration 13
Find the foot of the perpendicular from the point (0, 2, 3) on the line
x+3 y-1 z+4
5 2 3
@ Short-cut solution :
Using SC-4 |Here P = 23+31A( and b=5i+ 234_ 3k

d=-3i+j-4k

=a+




Three Dimensional Geometry

.. Position vector of foot of perpendicular
. (31+]+712)-(51"+2}+31}) .
=(—3i+j—4k)+ (5i+2j+3k)

52422432
= (-3 +j-4k)+1(51+2j+3k) = (2 +3j k)
.. Foot of perpendicular = (2, 3, -1)

SHORTCUTS: (SC-5)

Image of point by a given line. Let Q(El) is the image of P(f’) in the line

T=a+Ab, then image of point Q(q) =2 i+~ b |-P.

Illustration 14

Find the image of the point (1, 6, 3) in the line ?: YT—I =

o@ Short-cut solution :
Using SC-5 |Here, P=i+6j+3k,a = j+2k and b=i+2j+3k.
Image of point p is

=2 (3+2f<)+(i+5j+k)'(i+2j+3k) (f+23+31}) _(f+63+312)

12 +22 432
=2[(}+21})+1(i+2}+312)]—(i+6}+31})

=2i+6j+10k—i—6j—3k =i+0.j+7k
.. Image is (1, 0, 7).

SHORTCUTS: (SC-6)

Foot of perpendicular of a point on the plane. The foot (X, y, z) of perpen-
dicular of'a point (x,, y,, z,) In a plane ax + by + ¢z + d = 0 is given by

x-x; _y-y1_z—z —(ax;+by +ez +d)

& b c aZ+b%+c?
Note: Foot of perpendicular from origin to plane 1x + my + nz = d is
(1d, md, nd).
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Illustration 15

Foot of the perpendicular drawn from the point (1, 3, 4) to the plane
2x —y+z+3=0

(@ (1,2.-3) (b) (-1.4,3) (©) (3.5.2) (d (0,4,-7)
o@ Short-cut solution :

Using SC-6 |Foot of perpendicular is given by

x-1_y-3 _z-4_ —(2-3+4+3)

2 -1 1 4+1+1
:>x—1= y—3=z—4=_1
2 -1 1
=>x=-1,y=4,z=3. Point (-1, 4, 3). Ans. (a)

Image of point by a given plane. The image or reflection (X, y, z) of a point
(x,.¥;- 2,) in a plane ax + by + ¢z + d = 0 is given by

X-X) _ Y-y _Z-7 _ —2(ax) +by; +cz; +d)
2 b c a?+b% +c?

INlustration 16
The image of the point (-1, 3, 4) in the plane x — 2y =01is [ATIEEE 2006]

17 19

- b 15,11,4
(@ [ 7, 3,4) ) )
© (—g,—?,l} (d) None of these

@ Short-cut solution :
— - -2(-1-6
Tomg§C7 @y Xt oy—3_z—4_=2(-1-0)

1 -2 0 1+4
x+1 y-3 z-4 14
= = = =

1 -2 0 5
0,13

o>x==,
5 Y 5

SHORTCUTS: (SC-8)

Perpendicular distance from point P(f’) toline F=a+Ab is

,Z=4.
Ans. (d)




Three Dimensional Geometry
Illustration 17

To find distance between point P(0, 2, 3) and line
x=3 y-1_ z+l
2 1 2

c@ Short-cut solution :
Using SC8 |Here P =2)+3k

G=3i+j—k and b =2i + j +2k

p-a=3i+]+4k

i ok
(p-d)xb=|3 1 4
2 1 2

=i2-4)—j(-6-8)+k(-3-2)= 2i+14] -5k

. [(p-a)=5 | J(2)7 +(14) +(-5)? 5 15

H R B3

.~. distance from point to line is equal to 5.
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Concept Eooster Exetcise

——

If the length of the perpendicular from the point (B, 0, B) (B # 0) to the line,

. r-1 = ztl is \/E , then B is equal to: [JEE M 2019]
1 0 -1 2
(@ 1 ®) 2 (©) -1 (d) -2

If the position vector of A and B are 27 + 2 + k oand 2i +4;+ 4k. The length

of projection of the line segment AB on a line which have direction vector

21 +3j+k is
@ - ® Y4 © V4 @
Jia 9 3 Jia
The length of the projection of the line segment joining the points (5, -1, 4)
and (4, -1, 3) on the plane, x4+ y+z=7 is: [JEE M 2018]
2 1 2 2
z by = z ) =
(@) 3 () 3 (© \/; (d) 5

If the projections of a line segment on the x, y and z-axes in 3-dimensional
space are 2, 3 and 6 respectively, then the length of the line segment is :
[JEE M 2013]

(a) 12 (b) 7 () 9 d 6
The projections of a vector on the three coordinate axis are 6, —3, 2 respec-
tively. The direction cosines of the vector are : [AIEEE 2009]
6 -3 2 6 =3 2 -6 =3 2
a) —,—, b R c I d 6973)2
()555 ()777 ()777()

The coordinates of the foot of perpendicular from the point (1, 0, 0) to the line
x—1 y+1 z+10 a

re [ATEEE 2012]
2 -3 8
() (2,-3,8) (b (1,—1,-10)
(C) (57_87_4) (d) (37_43_2)
The length of the perpendicular drawn from the point (3, —1, 11) to the line
x_y-2_z-3 . [AIEEE 2011]
2 3 4

(@) V29 ®) V33 © 53 @ o6



10.

11.

12.

13.

14.

Three Dimensional Geometry

If (a, b, ¢) is the image of the point (1, 2, —3) in the line, XTH = y—_23 = il ,
then a +b + ¢ is equals to: [JEE M 2020]
(a) 2 ) -1 () 3 @ 1

The coordinates of the foot of the perpendicular from the point (1, -2, 1) on

the plane containing the lines,

x+1=y—1=Z—3 and x—lzy—2=z—3
6 7 8 3 5 7
(@ 2,-4.2) ® (1L2,-1) (c) (0,0,0) (@ (1,1, 1D

Jis [JEE M 2017]

_lzy_Hz% to the

A perpendicular 1s drawn from a point on the line

plane x + y + z = 3 such that the foot of the perpendicular Q also lies on the
plane x — y + z = 3. Then the co-ordinates of Q are : [JEE M 2019]
(@ (1,0,2) ®) (2,0,D © 1,049 (@ #0,-D

Let P be a plane passing through the points (2, 1, 0), (4, 1, 1) and (5, 0, 1) and
R be any point (2, 1, 6). Then the image of R in the plane P is:[JEE M 2020]
(@ (6,5,2) (®) 6,5.-2) () 4.3,2) (d) 3.4.-2)

If Q (0, —1, —3) is the image of the point P in the plane 3x —y +4z=2 and R
is the point (3, —1, —2), then the area (in sq. units) of APQR is : [JEE M 2019]

o1 Vo1 J65
@ 2413 ® ~- © - @ =
4 2 2
The distance of the point (1, -2, 4) from the plane passing through the point
(1, 2, 2) and perpendicular to the planes x —y +2z=3 and 2x — 2y + z + 12

-0, is: [JEE M 2016]
(@ 2 ® V2 © 22 @ %

The distance of the point (1, 3, —7) from the plane passing through the point
(1, =1, —1), having normal perpendicular to both the lines [JEE M 2017]
x-1 _ y+2 _ z—4 and X—2 _ y+1 =z+7
1 -2 3 2 -1 -1
10 20 10 5

b) — —— d

18 :




15.

16.

17.

18.

19.

20.

21.
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The equation of the line through the point (-1, 2, 0) and perpendicular to the

x_ y+l z-2 Jc—1_2y+1_:z+1is

lines — and
3 0 -1 1 2 -1
x+1 y-2 =z x=1 y+2 =z
—_— = b —_— ==
@ 75777373 ® = 1 3
x+1 y-2 =z-1 x-1 y+2 =z
() === @ ——==—=3
2 1 3 2 1 3

Find the equation of the plane passing through the point (1, 2, 3) and parallel
to each of the planesx + 2y +3z+4=0and4x +3y+2z+1=0

x+1 x-2 z-3 x—-1 x-2 z-3
a = = b = =
@ 1 -2 1 ®) 1 -2 1
x=1 x-2 z-3 x+1 x-2 2z-3
1 2 1 1 2 1

©

A plane which bisects the angle between the two given planes 2x —y +2z—-4=0

and x + 2y + 2z — 2 = 0, passes through the point : [JEE M 2019]

(@ 1,41 O (L4-1)  (© 241 (d 240D

x—1 -2 z-3 x—2 -3 z-1
:yz R :yk -

at a point, then the integer k is equal to [JEE M 2008]

@ = ®) 5 (© 2 (@ -2

If the plane 2ax — 3ay + 4az + 6 = 0 passes through the midpoint of the

intersect

If the straight lines

line joining the centres of the spheres x* + y* +z* +6x -8y —2z=13 and

x4+ y* +2* —10x+4y —2z =8 then a equals [JEE M 2005]
(@ -1 ® 1 () -2 (@ 2
Ifthelinesx=ay+b,z=cy+dandx=a'z+b',y=c'z+d" are perpendicular,
then: [JEE M 2019]
(a) ab'+bc'+1=0 (b) cc'+at+a =0
(c) bb'+cc'+1=0 (d) aa'+c+c¢'=0

o ) ) x-1 y-2 z+3
The number of distinct real values of A for which the lines 1 = 2 = 22

x-3 y-2 z-1 .
and = = are coplanar is :
1 A2
[JEE M 2016]

() 4 (© 3 (@1



22.

23.

24.

25,

26.

27.

Three Dimensional Geometry

. . x-1 y+l =z
The shortest distance between the lines —— = 171 andx+y+z+1=0,
2x—y+z+3=0is: 0 B [JEE M 2020]
1 b . . d 1
(a) ®) B (©) 2 (@) 5
. .. . .o Xx )y z .
Equation of the plane containing the straight line 2 = 3 = n and perpendicular
to the plane containing the straight lines XV 2 gai=L-Z5
3 4 2 4
[AIEEE 2010]
(a) x+2y-2z=0 (b) 3x+2y—-2z=0
(c) x—2y+z=0 (d) 5x+2y—4z=0
The length of the perpendicular from the point (2, —1, 4) on the straight line,
X3 _y=2_zy, JEE M 2019
0 7 1 [ ]

(a) greater than 3 but less than 4 (b) less than 2
(c) greater than 2 but less than 3 (d) greater than 4
x-3 y+1 z-6 x+5 y-2 z-3
= — an = =
1 3 -1 7 —6
R. The reflection of R in the xy- plane has coordinates: [JEE M 2019]
(a) (2, 45 77) (b) (2) 4’ 7) (C) (25 4) 7) (d) (725 45 7)

Two lines intersect at the point

If the angle between the lines, F_Y_Z and Sox = Ty-14 =z 3 is
2 2 1 -2 P 4
2
cos ! [5] , then P is equal to [JEE M 2018]
7 2 4 7
_ L by = = 4 =
@ ®) > © - @ 3

The length of the perpendicular drawn from the point (2, 1, 4) to the plane
containing the lines 7 = (;+ )+ )\,(;4- 2j— l’é) and y = (lj\+ D+ }1(—;+ j —2]::)
is [JEE M 2019]

1 1
@ 3 ® 3 © 3 @ 75
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30.

31.

32.

33.
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. 1 2
. Ifthe plane 2x —y + 2z + 3 =0 has the distances ) and 3 units from the planes

4x =2y +4z+h=0and 2x —y + 2z + p = 0, respectively, then the maximum
value of A + pis equal to : [JEE M 2019]

(@ 9 (b) 15 () 5 (d) 13
The plane through the intersection of the planes x + y+z=1and 2x +3y—z+4=0
and parallel to y-axis also passes through the point:

[JEE M 20191)

(a) (73) 0571) (b) (73’ 1, 1) (C) (3’3)71) (d) (35 27 1)
An angle between the plane, x + y + z=5 and the line of intersection of the
planes, 3x +4y+z—1=0and 5x + 8y +2z+ 14 =0, is [JEE M 2018]

(a) cos™ [%] (b) cos™ [\/%j
O | 3 = -1 3
(c) sin [ﬁj (d) sin [\/; j

If the distance of the point P (1, -2, 1) from the plane x + 2y —2z = o, where
o > 0, is 5, then the foot of the perpendicular from P to the plane is

[AIEEE 2010]

8 4 7 4 41 1 210 2 15
@ (3373 ® (3733) © (3373 @ (3737

NUMERICAL VALUE PROBLEMS

If the foot of the perpendicular drawn from the point (1, 0, 3) on a line passing

through (o, 7, 1) is (g,%,%} , then a is equal to

[JEE M 2020]
Let a plane P contain two lines ¥ =i +A(i + j), A€ R and
F=—jtu(- k), peR. If O(a, B,7v) is the foot of the perpendicular drawn
from the point M(1, 0, 1) to P, then 3(a.+ f+7v) equals

[JEE M 2020]




34.

35.

36.

Three Dimensional Geometry

If the distance between the plane, 23x — 10y — 2z + 48 = 0 and the plane
containing the lines

x+1:y—3:z+1 an x+3:y+2:z—1(keR)

2 4 3 2 6 A
i 1t i then ki 1t [JEE M 2020]
1s equal to —==, then & 1s equal to .

a V633 1

If the equation of a plane P, passing through the intersection of the planes,
x+4y—z+7=0and3x +y+5z==81s ax + by + 6z =15 for some then the
distance of the point (3, 2, —1) from the plane P is

[JEE M 2020]
Three lines are given by r= 7\,’1:,7\, eR; r= u(;+;i),p €R and
r= v(;+} +I:t),v € R. Let the lines cut the plane x +y + z = 1 at the points

A, B and C respectively. If the area of the triangle ABC 1s A then the value of
(6A)? equals . [JEE Adyv. 2019]
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j@ Solutions

Lo

Here P(B, 0, B) . Q(0, 1, 1)and b=1-k
PQ=-pi+j-(p+1)k

i j  k
PQxb=|-B 1 —(B+1)|=-i—j(2B+1)-k
10 -l

L (2B+1) 1 _\/E
Sz 2

:>4B2+4B+3:3:>B:0 “1(pz0)
-1

2. (b) UsmgSC | Using SC-2(i) | )| Here b=2i+3j+k

—(2i +3j+k)

Jl_
AB=2j+ 3k
: length of projection = AB-b

J—(21+3]+k) (2] +3k)

9
. 0+6+3)=——.
O

3. (c) [UsingSC-2(ii) Hereﬁ=f+}+k::>ﬁ=%(f+}+lg)

PG=—i—

—

i L
PQ ZT 11 =$(—z+k)

-1

S =~

.. length of projection = ‘ﬁ X ﬁ| = Jg




Three Dimensional Geometry

4. (b) [Using SC-3(1)] Length of the line segment = N2+ +(6)* =7
0

Here, ya® +b° +¢° = J_r\/62 +(-3)2+2% =449 =47
3
-

.. Direction cosines, £—, F

6. (d) | Using SC-4

Here, P=1i,a =1 j—10k and b =2i—3j+8k

+2
7

.. Position vector of foot of perpendicular
(]+101})-(2i—3j+81})
22 4(-3)7 +8

=(i—j—10k)+

-(21—3j+81”<)

= (1—3—101})+1(2i—3j+81})= 3i-4j-2k
.. Foot of perpendicular = (3, -4, -2)
7. (c) | Another from of SC-4 |
_y-2 z-3

x
Any point on line —=-——
v P 2 3 4

=a is

(2(1,3(1 +2, 400+ 3)
Direction ratio of the L line is
2a—3,3a0+ 3,40 —8. and

Direction ratio of the given line are 2, 3, 4
=2Q2a-3)+3Ba+3)+44a—-8)=0
=29 -29=0

Sa=1

Footof L is (2,5, 7)

Length Lis = /1> + 62 +42 =\/§
8. Using SC-5

Here P=1+2j-3k, a=-i+3]j and b=2i-2j—k

Image of point (1, 2, -3) is

(25—}—312)-(2%—2}—12)
22 4(22)" +(-1)°

g=2|-i+3j+

-(25—2}—12) —(i+2j—31})

=2[—i+3}+1(2i—2}—12)]—({+2}—31})
=2i+2j-2k—i-2j+3k=i+0j+k
Latbte=1+0+1=2
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=(09,-18,9=(1,-2,1)

9. (¢) [UsingT2(i) | n=5b x by =

~] 00 =

j
;
5

W O\ S

Equation of plane is 1(x + 1) 2 (y—- 1)+ (z-3)=0
= x-2y+z=0

footto z
x=1_ y+2 z-1_  [1+4+]]
1 =2 1 6

|x=0,y=0,z=0|

10. (b) Itmay be solve| Using SC-6 |, try it.
Ao M

1, -
PO R

<1,1, 1>
d.r's of normal to
x+ty+z=3

/ 8116 ) /

Let co-ordinates of Q be (a, B, y), then

at+B+y=3 ..(4)

a-B+y=3 ..(i)

>a+y=3andpB=0

Equating direction ratio’s of PQ, we get

oa—2A-1 A+l y-X
111

>a=3A+2,y=20+1

Substituting the values of o and y in equation (i), we get

=>5+3=3=>L=0

Hence, pointis Q (2, 0, 1)

11. (b) | Using SC-7 |Image of (2, 1, 6,) is optimize by Equation of plane is

x+ty—-2z=3
x=2 y-1 z-6 -2(2+1-12-3)
11 =2 6
= ((x,1,2)=(6,5,-2)




Three Dimensional Geometry
12. (c¢) | Using SC-7 |Image of Q (0,1, —3) in plane is,
x-0) (y+D) z+3 -2(1-12-2)
3 -1 +4 9+1+16 =1

=>x=3,y=-2,z=1
:>P(37727 1)7Q(0771: 73)7R(3771’72)

. Area of APQR is
| > N ) i j ok
—|OPxQR|=—|3 -1 4
2IQ OR| >

3 0 1

- %| (1= j(3-12)+k(3)}|

_ 1 fiTsi49) - Vo1
2 2
13. | Using T-2(i)

1] k
A=fxd, =1 -1 2/=3i+3]
2 21

Equation of plane is
3(x-D+3(y-2)+0z-2)=0
=>x+y-3=0

Distance from (1, -2, 4) will be

[1-2-3 4
- ——=—=22
PTm T 2

14. (c¢) | Using T-2(ii) |Let the plane be

ax—-D+b(y+D+ec(@Ez+1)=0
Normal vector

i ]k
A=byxby=|1 -2 3 |=51+7j+3k
2 -1 -1

Soplaneis5 (x—1)+7(y+1)+3(z+1)=0
= 5Sx+7y+3z+5=0

Distance of point (1, 3, —7) from the plane is
5+21-21+5 10

V2514919 /83




15.
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@

0 —1|=i+2j+3k

>

5:51)( 2:

— o~

1 -1
.. Equation of line 1s

x+1_y—2_£
1 2 3

6 o

17.

18.

ij ok
b=iiyxii,=[1 2 3|=-5i+10j-5k
4 3 2
Equation of line is = *—2 Vs =
1 -2 1

(d) Using T-3 | The equations of angle bisectors are,

x+2y+2z-2 +2x—y+22—4
3 3

= x-3y-2=0

or 3x+y+4z—-6=0

(2,—4, 1) lies on the second plane.

(a) Using T-4 | the two lines intersect

(d, —ay)-byxb, =0

where, G, =i +2]+3k, b = ki +2]+3k
G,=20+3j+k, by=3i+ki+2k

1 1 2
= |k 2 3|=0

3k 2

1(4 -3k) ~1(2k—9) — 2(k2- 6) =0
2k2 5k +25=0=k=-5or %

=

=

*+ k 1s an integer, therefore k= -5



Three Dimensional Geometry

19. (c¢) [ UsingT-5

Plane 2ax —3ay +4az+ 6 =0 passes through the mid point of the line
joining the centres of spheres x +y2 +z25 +6x - 8y—-2z=13 and
x*+ 7 +2" —10x+4y—2z=8 respectively centre of spheres are
c,(—=3,4, 1) and c,(5, - 2, ). Mid point of ¢,c, is (1, 1, 1).
Satisfying this in the equation of plane, we get
2a—-3a+4a+6=0
= a=-2.

20. (d) Firstlineis:x=ay+b,z=cy+d
[Trick: Solve y from both equations then equate to convert standard

form of line]

x—>b Y z—d

a 1 c
and another lineis:x=a'z+b',y=c'z+d"’

x—b _ y—d’ _z

=

4 ’

a c 1
- Both lines are perpendicular to each other

sLaa'+c'+e=0
21. (c¢) Lines are coplanar [Trick: For coplanar use (51'2 -&'1)-(51 X 52) =0]

3-1  2-2 1-(3)

1 2 2| =0
1 A2 2
2 0 4
1 2 A2
= =0
1 A2 2

= 2(4-MH+402-2)=0
= 4 +22-4=0=02Q2-2)=0
= i=0, J,Z_—JE
22. (b) Forline of intersection of planesx + y +z+1=0and2x-y +z+3=0:
i jok
by=ryxi,=|l 1 [1|=27+j-3k
2 -1 1




23.

24.

(©

()
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[Trick: The direction vector of line of intersection of planes is 7 X i,
and for point take the value of one variable to zero and solve other
variables. |

Puty=0,wegetx=-2andz=1

L, :F = (=2i +k)+ M2 + j—3k) and
L :F=(i— j)+u(—j+k) (Given)
Now, b, xb, =-2i+j+k] and @ -7 =-3i+j+k

1
.. Shortest distance = E

[Trick: Equation of coplanar plane is (7 —aj) (1;1 X 52) =0]

. . . x y z X y z

Equation of plane containing two lines —=-—=— and —=—=—
1s given by 342 42 3

X y z

3 4 2[=0=>8x-y-10z=0

4 2 3

. ¢ .Xx z .

Now equation of plane containing the line 2 = 3 = 1 and perpendicular
to the plane 8x — y — 10z = 0 is given by,

x oy z

2 3 4=0

8 -1 -10

= —26x+52y —-26z=0 or x—-2y+z=0
Here P=2i — j+4k

G=3i+2j and b=10i -7 +k
p-a=>5i-3j+4k

iJ ok
(p-a)xb=|5 -3 4|=251+35j-5k
10 -7 1

. J(zs)z +(35)7 +5° 534

V100 +49+1




Three Dimensional Geometry

25. (a) | Using SC-7 |Let the coordinate of P with respect to line
L

=L
1 3 -1
x+5 y-2 z-3
= = = p'
7 —6 4

L=MA+33L-1,-1+6)
and coordinate of P w.r.t.
line L, = (Tp—35,-6p + 2, 4u + 3)
oA =Tu=-830L+6u=3, A +4p=3
From above equation : A =-1, p=1
Coordinate of point of intersection R = (2, -4, 7).
Image of R w.r.t. xy plane = (2, —4, -7).
26. (d) Let 6 be the angle between the two lines

Here direction cosines of % = % = % are 2,2, 1

x-5 y-2 z-3
Also second line can be writtenas: 2 =~ P 4

7

[Trick: Convert the equation of line in standard form]

» ¥ . P
.. 1ts direction cosines are 2, 7, 4

2
Also, cos 0= 3 (Given)
cosh — a,a, +bb, +cc,
JaZ +B7 +cf \JaZ +b7 + 2
(2x2)+ 2x L +(1x4)
2 7
Nt
3

- 2
J22 422 4+ 1 1[22 PSP
49




Authentic Shortcuts-Tips & Tricks in Mathematics

4+ 4y
7

2
3><\/22’+P+42
49

2 2 2 2
= 4+B =20+P— =>16+Q+P—=20+P—
7 49 7 49 49
= g=4 =>le
7 2

27. (c¢) [Trick: Use formula of coplanar plane]

The equation of plane containing two given lines is,

x-1 y-1 =z
1 2 -1 =0
-1 1 2

On expanding, we getx —y—z=0
Now, the length of perpendicular from (2, 1, 4) to this plane

2-1-4 NG
| 2-1-4 i
ax) + by, +cz) +d
28. (d) [Trick: Use d = 2L
Na? +02 42

Let,P:2x -y +2z+3=0
A
P :2x-y+2z+ 5=0

P:2x—y+2z+p =0 )
Given, distance between P and P, is 5

1 3_2‘ A
— =23 ——=1= Ak, =8
S

2
And distance between P, and P, is g




Three Dimensional Geometry

29. (d) [Trick: Use equation of intersection plane — 131 + }\ﬁz =0]
Since, equation of plane through intersection of planes
x+y+z=land2x+3y—z+4=0is
2x+3y—z+H+AMx+y+z-1)=0
R+ +@+Ay+1+)z+E—-2)=0 (D)
But, the above plane is parallel to y-axis then
R+ x0+GB+R)x1+(1+1)x0=0
= L=-3
Hence, the equation of required plane is —x —4z+7=0
=x+4z-7=0
Therefore, (3, 2, 1) the passes through the point.

30. (d) [Using T2(i) | Normal to 3x + 4y +z— 1is 3i +4; + k.

Normal to 5x + 8y +2z = — 14 is 57 + 8 + 2k
The line of intersection of the planes is perpendicular to both normals,

so, direction ratios of the intersection line are directly proportional to
the cross product of the normal vectors.

Therefore the direction ratios of the line 1s ,} + 4k,

Hence the angle between the planex + y +z+ 5 = 0 and the intersection

line is sin* ﬂ =sin ! [\/z)
V1743 17

31. (a) | Using SC-6 |Since perpendicular distance of x + 2y — 2z —a =0
from the point (1,—2, 1)is 5
|i—4-2-a

=5

P(1,-2,1)

AL

x+2y-2z=0

5
= OL=50r—5

= a=-20o0r10
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Buta>0= a=10

Equation of plane : x +2y - 2z-10=0
‘We know that foot of perpendicular from point (x, ¥, z) to the plane
ax + by +cz+d=0 1is given by
x—xy y-y z—z1 —(ax +by +cz+d)
a b ¢ (@® +b* +c?)

Cx-l_y+2 _z-1_—(1-4-2-10) _5
| 2 -2 9 3

7
: x: 7y: 72:__

3
8 4 -7
Footof "= | =, —,—
333
32. (4) Since, PQ is perpendicular to L.
P(1,0,3)

wloo I
w4

L(a,7,1)

57 17
9(5’5’?)

[Trick: For perpendicular a,a, + b,b, + ¢,c, = 0]

(ST

—+ + 0
3 9 9 9

2024

— = a=4
3 9

B®

S =

Normal of plane =

=R
— Sy

A=—i+]+k

Direction ratios of normal to the plane=<-1, 1, 1>
Equation of plane

—“1(x=D+1(y—0)+1(z=0)=0




34.

35.

)]

(O]

Three Dimensional Geometry

=>x-y—-z-1=0

If (x, y, 2) 1s foot of perpendicular of M(1, 0, 1) on the plane then
- x-1_y-0_z-1_—-(1-0-1-1
1 -1 -1 3

R N
. 37y 2

3

a+p+y=

w |

+

W | Ln

2
3
5

S3+B+Hy)=3%x==5

3
[Trick: Distance between two planes always same]
x+1 y-3 z+1
=
x+3 y+2 =z-1
2 6 A

Then, the distance between the plane

Since, the line contains the point (-1, 3, — 1) and

line contains the point (-3, -2, 1).

23x—10y—2z+48=0and the plane containing the lines = perpendicular
distance of plane

23x — 10y -2z + 48 = 0 either from (-1, 3, -1) or (-3, -2, 1).
_‘ 23(-1)-10(3)=2(-1) |_ 3
‘J(23)2 +(10)? +(-2)? | V633

It is given that distance between the planes
k k

3
= - =
633 \633 /633

[Trick: Equation of intersecting plane P, + AP, = 0]

= k=3

Equation of plane P is
(x+4y—z+7)+ACBx+y+5z-8)=0

= x(1+30) + p(4+ 1)+ 2(~1+5L) +(7—81) =0

_Le3h 44k Sh-1_7-8)
a b 6  -15

From last two ratios, A =—1
-2 3

o> —=—=
a b

-1
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La=2,b=-73

.. Equation of plane is, 2x—3y+6z—-15=0

|6-6-6-15] 21

Distance = 3.
7 7
36. (0.75) Given thatlinesare F=Ai .. D
F=pG+) 2)
F=vi+j+k) 3)

These lines cut the plane x + y +z =1 at points 4 (A, 0, 0), B (u, H;O)

and C (V,V,V) respectively
Since, 4 liesonplane =i =1=4(1,0,0)

Since, B liesonplane = p+p=1=p =
2
11
_7_,0
=>B(2 5 )

Since, C lies onplane > v+v+v=1=v =§

o[l
=333

ik
Area(AABC)=1|ExR|=l 11
2 202 2
201 1
3 3 3
1. 1. 14 1 1 3
=——i+—'+—k=—x—J§=—
26" "6’ 6‘ 276 12

(6A) =36x——=> =075
144 4






